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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
348 |. This is test number [ 66 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Mathematica | 99.71 (1347 )| 029 (1)
Rubi 95.11 (331) | 4.89 (17)
Fricas 90.23 (314) | 9.77(34)
Maple | 75.86 (264 ) | 24.14 ( 84)
Maxima | 58.33 (203 ) | 41.67 ( 145 )
Giac 52.59 (183 ) | 47.41 (165 )
Mupad | 41.09 (143 ) | 58.91 ( 205)
Sympy 33.33 (116 ) | 66.67 ( 232 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 74.713 0.000 0.000 25.287
Mathematica 54.023 16.954 8.621 20.402
Fricas 39.655 30.460 0.000 29.885
Maple 31.897 16.379 7.184 44.540
Giac 16.092 7.471 10.632 65.805
Maxima, 5.460 19.540 15.230 59.770
Sympy 3.448 11.207 0.000 85.345
Mupad 0.000 20.690 0.000 79.310

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 1 0.00 100.00 0.00

Rubi 17 100.00 0.00 0.00

Fricas 34 17.65 0.00 82.35

Maple 84 100.00 0.00 0.00

Maxima, 145 35.86 0.00 64.14

Giac 165 86.06 13.94 0.00

Mupad 205 0.00 100.00 0.00

Sympy 232 80.17 18.97 0.86

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Fricas 0.32
Maple 0.38
Rubi 0.83
Maxima 1.28
Mupad 1.83
Giac 4.66
Mathematica 5.34
Sympy 7.20

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 107.23 1.55 30.00 1.10
Rubi 193.05 1.01 113.00 1.00
Sympy 273.68 3.23 59.00 1.51
Maple 309.54 1.69 112.00 1.13
Mathematica | 508.35 1.44 123.00 1.09
Fricas 688.19 2.38 160.00 1.57
Maxima 716.07 13.18 239.00 2.15
Giac 2884.27 16.23 94.00 1.24

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used

1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{26127, 31} 32, [36} 37|65}, 166} [7 T, [75} 76} [L 10} [T11], [TT5} [LT6}, [[20} [[21} [137} [138}, 142} [143} 144} [145} 149,
[150}[166},[167, 17T} 172,173} 177} [T78} [183} [184} [189} [190}, 195, [196}, 20T}, 202} 207} [208} 213}, 214} 215,

216} 217} 218, [219}, 240}, 241}, [242} [243} [244} [255] [256}, 273}, [274}, [279} [280} 285}, 286, (290}, 291}, 292}, [293]
314, 315|316}, 317,318}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {203},[209]210,[220} 221} 226|228, 229} 230|234 236} 237, 238, 245} 246|247, 248,

249} [250} 269} [270}[275, 276} [281}, 282, [300},[308}, 310} 311}, [312} [324}, [327} [329} 330} 335} [341} 343}

1.9. list of integrals with no known antiderivative
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Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.12. Timing
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1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
‘ maxima_lib.set('extra_integration_methods', '[]')

See [https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
Ferent-from-using-maxima/| for reference.

1.14. Important notes about some of the results
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1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/b57123/could-we-have-a-leaf count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
returnl
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
from the SQL

database

grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1 List of integrals sorted by grade for each

CAS

2.1.1 Rubi. . . . . e e 21
2.1.2 Mma. . . . .. e e e e
2.1.3 Maple . . . . o 22
2.1.4 Fricas . . . . . . . e e e 23]
2.1.5 Maxima . . . . . .. e e e e e e e e 23]
2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e e
2.1.8 Sympy . . . . .
2.1.1 Rubi

A grade { [2,505L6) 750,10} 1 12} 3 145 16,7 15,19} 20, 21} 2 23 A 25,28 9,
30}, 33,34} 351, 138} 39, 40} (AT}, 42} 43} 44}, (45, {6}, (47, 48}, 49}, [60}, 5T} 62, [53} 54} [55} 56, 57} B8, [BI},
60} (611,62} (63, [64}[671, (68} [69, [70} [72} [73} [74,[77], [78, [79}, B0} [T}, B2} [83, B4}, [851, [86}, 871, [B8} 89, [90,
91}[92, 93} [94, 95} [96, 97} 98, 99} [100} [T0T}, [T02} [T03},[T04}, [T05}, [106} [107} [0S} [T09} [T T2} T3} [TT4}
(117, 118}, 119} [122} [123},[124} [125], [T26}, [T27}, [128}, [129, [T 30}, [T31} 132, 133} 134}, [135}, 136}, 139} [140),
[T4T},[146}, 147} [148}, 151}, [152} 153} [T54} [T55], 156} [157, (158}, [159} [160} 16T} 162} 163}, 164}, 165} [168]
[169, [T70}, 174} [175], 176}, 179, 180}, [18T], [182], 185}, [186}, (187} [188}, 191}, 192} 193}, [194}, [197], 198, [199}
(200,203, [204, 205}, 206}, 211}, 212, 220} 221], 222}, 223} 224}, 225}, [226], 227, 228, 229} 230}, [231}, 232,
233,234, [235, 236}, 237}, 238,239, 245}, 246}, [247], 248,249} 250}, 251}, 252, 253, 254} 257}, [258], 259,
260,261,262 263}, 264}, [265],[266], 267} 268}, 269}, [270, 27T} 272} 2735}, 276}, [277} 278} [282] [283] [284]
[287],[288, [289}, 294} 295}, 296}, 297, 298], 299}, 300, [301}, (302}, 303}, 304}, 305}, [306}, 307} [308},[309}, 310,
511,512,513, 519,520, 321} 322, 523, 524, 526, 527, 528, 550,551 532,536, 340} B4 S )

B grade { }
C grade { }

F normal fail {[209}210}[281}[325}[329} 333} 334} 335} 337} 338} [339} 341} [342} [343} 45, [346, [347]
}

F(-1) timedout fail { }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.2 Mma

A grade { 125 55,750 0} T2 03,14 5 16,7 [0 19,20, 21,22 23 2, 25 B0 53
67,[69, [70} [72, [73} [74, [77} [78, [79} 80, [B1}, 82} [83} 84} [85}, 86} 87, B8} [89}, [90} (911, [92} 93, [94} 95, (96},
[97,[©8},[99}[100} [10T}, 102, [T03}, [104}, [105}, 106}, 107} 108}, [T09}, 112}, 113}, [T14}, [TT7} [T18] 119, [T22}[T23],
(124, [T25}, 126}, [127], 128], 129, [130} (13T}, 134}, 135}, [T36}, (139} [140}, 14T}, 146}, (147, [148} [T51], 152, [153]
[154,[155, (156}, [157], 158, [159, [160} (16T}, 162}, 163, [164, (165}, [168}, 169, 170, [T74, [175} [176}, 179, [180}
(186}, (188}, 19T}, [193], 194}, [197}[T98}, 200} (206}, 212, [220}, 22T}, 222}, 223}, [224} 225}, 227} [229}, [231}, 232}
[233},[235,[236}, 237} 239}, (25T}, 252, 254}, 257}, 258}, [259, [26 T, 262}, [26 3], 264, [265], 266}, 267}, 268, 272,
[276],[277,[278], 284} [287], 288, [289, 294, 295}, 296}, 297,298}, 299} 305}, 309, 310}, 31T}, [313}, 319, [320,
(21,523, 575, 576, 575, 533, 533, 54 535, 336, 540, 54, B4, B )

B grade {[28,29555) 18] [52} 155} 157 (92, 199} 203 204 (205, 209 210, 211, 226, 228, 250
234} 238} 245,246}, 247} 248}, 249, 250}, 253, 260}, 269, 270}, (271}, 275}, 28], 282}, 283}, [300} [301], (302,
1303},[304} 306}, 307} [308}, 312} 323}, 324}, 327, [329, [3301, [331}, 337, 338}, 339}, [341], [343}, [345), [346}, [347]
}

C grade {3839 40} 41} |42} 43} 44} |45} 46} |47} 48} 49} 50} 51} 52} 63} 54 55} 56, 57} 58} 6% (60} 6T
[621[631[64,68} [132}[133] }

F normal fail { }
F(-1) timedout fail {214 }
F(-2) exception fail { }

2.1.3 Maple

A grade {[2I[3}[4 5 [6(7)[81[0}[10} 1T} [14)15}[16} 17} [I8} 19} [20} 21} [22} 30} 38} 89} 40} (A1} 42} 43
[A2 25, 46, 7} 28, 49, 50, 63 52 53, 5465}, 56 57} 58 59 (60 BT} 62 63} 6 195 96, 97 8} 09
[TO} 10T} (102} 03} 104 05} 106, [51} [T52, [[53} [54) (155, [156} (57} (158, [159} 160} 161} (162, 187

[188,[200, 206}, 212}, [223], 227, 230}, 231}, 235}, 239, 245, 248}, 254} [257], 258, 259, 260} 261}, 262, 26 3],
264, 265|266}, 271] 272] 276, 284, 297, 301}, 505|309 313, 328}, 332, 336}, 340, 344} 348 }

B grade {[23)[24[25] 28] 29] 3] 34} 35} [£07 [108} [[12} {13} 117 [[18} 165} [L70} 179}, [[80)[£85} [L8G),
(19T, 192, (197, [T98, [T99} 203} [204} 205, 209} 210, 211}, 222} 226} 234, 238, 25T, 252, 253, [269} 270,
[275] [281] [282} 283} 296 300 304} [308} 312} 320} 323, 327} [331}[335}[339), 343} 347 }

C grade { [12)[T3)77) 75 79} B0} 1) 52} 53 109, 14 19 {2 123} 24 [51) 152} 93} 104 267
(68, 277 278 519,522}

F normal fail { 576869, 70} 72,73, 725 5 56,57 5559, 00} 07,52 03,74 125,26 127
(128129, (130}, [131], 132} [133], [134} [135], 136}, 139, [T40}, [141}, 146}, [147, 148}, 163, 164}, 168, 169}, 174,
[175,[176], 220, 221}, 224, [225], 228}, 229, 232} [233], 236}, (237, 246}, (247, 249}, (250, 287}, 288, 289}, 294,
295, [298],1299,[302},[303}, 306}, (307, (310}, B1T}, (321,324}, [325], 326}, (329}, [330}, 333}, 334}, 337, [338, [341],
512,545,316 )

2.1. List of integrals sorted by grade for each CAS
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F(-1) timedout fail { }
F(-2) exception fail { }

2.1.4 Fricas

A grade { (1251785} B) 7)) BV} 1) 2 3,135 167 15 15,204 21, 2 50,58 50} A
(A2} 43} [44, [45], 46} 47, 48, [49} [50} B T} [53} 54} 55} [661 57} 58} 594 (60} 61}, [62} (63} 64} 69} 724 [731 [74,
[77,[78,[79, B0, BT}, 82} B3}, B4}, 85}, 861, B7], 88} 89, 90}, [95}, 96}, (97, [08}, 99} [10C} (101}, [102, [103} [104} 105},
[106}, 114} [146},[147], (148} [T51],[152} [T53], 154} [155} [156}, (157, (158}, [159, (160}, 161}, 162}, 174 175}, 176
(182,188, [193}[194, 223} [227], 231}, [235], 254, [257], 258}, [259, [260} [26 1, 26 2}, (26 3, 264}, 265, 266, 267
268,272}, 277, [278], (284, [287], 288, 289}, 297, [301], 305}, [309, 313}, 319, [328, 332, [336}, (340}, (344}, [348]
}

B grade { (2524 25)[28,[20} 33) 5 55,52 07 108} [0} 12} [} {77 T8} 119} 163} 164 57
[168,[169, 170} [179}, 180, 18T} [185}, [186}, [187], 191}, [T92} 197} [198}, 199, [200}, 203} (204} [205}, 206}, 209}
210, 211, 212} 220} 221}, 222, 224, 225} 226, 228,229, 230} 233}, 234}, 237, 238, 239} 245}, [246], 247,
248,249, [250, 251}, 252}, 253,269, 270} 271, 275}, 276, 28T}, 282}, 283}, 294}, 295, 296}, 298}, [299}, (300,
1302,[303,[304 (306}, [307},[308, (310}, 311}, 312}, [320},[321},[322}, 323}, 324}, 3261, [327, 330} [331}, [334, [335],
(538,339,512 343, 516,47 )

C grade { }
F normal fail { [134,[I35[136}[139}[140} [I41] }
F(-1) timedout fail { }

F(-2) exception fail {[67,68}[70}[91}[92}[93}[94,[122[123}[124}[125[126}[127] [128] [129} [130} [131]
132133} [144) 232, [236),[325) 329} 333 337}, 341}, 345 }

2.1.5 Maxima

A grade {19103 55 [52 200} 253 253 (64 63, (160, 172, 254 297, 505, 500, 332 B0, B
}

B grade {[1)35,,0} 10,1} 16,17 (15,25} 24 25,5, 29,50, 33,4 55,95 96, 07 101, 102, 107
(108109, 112} [T13] 114} [TT7, [T18}[TT9, [I51} [152, [T53}[157, [T58} [179, 180}, 18T}, 185}, 186}, [187], 188
[194,[197],[198,[199, [206} 209, 210} 211}, 212} (251}, 252}, 257, 258}, 259, [260}, (26 3, 269}, 270}, 271, 275,
PT8 TR }

C grade { 5)0)7) 213,14 15,20} 21 22 55 59V )T, 3, 5, ) T A5 50,51 2
b3} 54} b5} 66} B7} 58}, 59460461162, 63, 64, 98} [99} [100}, 104} 105}, (106}, 154} [155}, 156} 160} [161}
[162, 26T, 262 267269

F normal fail { [67,[68}[69,[70}[72}[73}[74}[77, (78| 79,80} 8182} 83} /848586187 |88 [89}[90} 01}
(92,93} [94}, 122}, [123},[124} [125), [126}, [T27} [128},[129} T30}, [T 31} 132, [133], 134, [135}, 136}, 139} [140} [141],
[T46) [T47,[148}[T74}[175} [176| 287 288}, [289] }

2.1. List of integrals sorted by grade for each CAS
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F(-1) timedout fail { }

F(-2) exception fail {[163|[164}[165} 168} 169 [L70}[191}[192} 193} [195} 196} 203} 204}, 205 207,
[208, 220} [22T}, 222} [223} 224 [225), [226}, 227, [228} [229, 230} [231], 232} 233}, [234} 235}, 236}, 237, 238,
239, 245} [246,, 247, [248} [249 250} [281}, 282} [283}, [285, 286} 292} 293, 294} [295], 296} 298} [299, 300,
301,302} 303, 304} [306}, 307, [308, 310}, 311}, 312} 313, 319} [320}, 321}, [322} 323} 324}, [325} 326}, 327,
[B28}[329} 330} 831} 333} 334} 335} [336} [337} [338} [339) [341} [342} |43} [344} 45} 46,347 }

2.1.6 Giac

A grade {[1}[2}3}[4[8}[9}[10},[L1} 16} 17} [L8} [19}[95}[96}[97} [10T]} 102} 103} [122} [123) [124} [130} [131]
[T5T, (152} 153, [157} [T58, 159} 182, 188, (194 200} (206, 212, 223} 227, 23T} [235, 239, [254, 260, (266,
[272,[278} 284 297 [301} [305} (309} B13} [328) [332} 336,340} 348 }

B grade { [§[[3)(21} 50} 09) 05} 09} 14 TT0} 28} [20) 132, 33, [55 [T61} {51, [57 153, 257
{55 259,263, 264,265, 277,514 }

C grade {[5}[7[12}[14)[15] 20} [22} 38|39} {10} 41} 45} 46} [47} 48} [53} 54} [55, 5660} [61}[62} 98}, [100)
[104}[106}[125}[126} 127} [L54} [[56} 160} 162} 261} [262, 267} 268] }

F normal fail { [25) 27 25) 529,55 54,57 1213, 19,50, 51, 52 7 53,50, 63,6 6. 63
69, [70, [72}[73, [74} [77,[78} [79} {80} 8T} [82} 83} [84} 85} (86, 87} [88,, B9} (90, [91}[92, (93} [94,[107} 108} [112],
[TT3,[T17} 118}, [134}, 135}, (136}, 140}, [14T],[146], 147, [148], 163}, [164}, [165] [168], 169} [170} [174}, 175} [176}
(179, (180}, 185}, [186}, 191}, 192} [T97} [198},[199}, 203, 204, 205} (209} (210} 21T}, 220}, 221], 222}, 224}, [225]
[226],228,[229, 230} 245}, 246}, 247, 248}, 249}, 250}, 251}, 252} 253}, 269}, 270, 7T, 275} 276}, [281], 282,

283,287, [288], 289} 294}, 295}, 296, 298, 299}, (300}, [302, (303}, (304}, (306}, 307, (308}, 310}, [311}, 312}, [319,
320}, 321}, 322} 323|324 [329), 330}, 331}, 337} |38}, 339, [345) 346}, 347 }

F(-1) timedout fail { [37[139}[143,[202, 208, 213} 214} [232} 233} 234} 236} 237} 238} 236} 25},
[826},327},[333} 334} 335} 341} 342, [343] }

F(-2) exception fail { }

2.1.7 Mupad
A grade { }

B grade {12348, 9}[10}[L1} 16} 17} [L8) 9} 30,67} 69} [70} 95| 96} 97} [L01] [L02} [103} [L09} 114}
[TT9} 122, (123} 124 [T5T} [[52} [T53} 157 [[58, [[59} [811 (182, 187 (188} (193, [194 200} [206) 212, 223,
[227) [231, 235, [239} [254, 257 [258) [259) (260, 263} [264 265, 266, 272 [277, 278} 284 [207 01, |80,
[B09} 813|328} [332} 336340} [344, [348) }

C grade { }
F normal fail { }

2.1. List of integrals sorted by grade for each CAS



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 25

F(-1) timedout fail {[5|[6[7[L2[13}[L4[15}[20 2122 23,24 2528 [29] 33 [34} 35| 38} |39} |0
FAT) 2} 43, 4 5, 46, 7, 48, 49} 50, BT} 52, 53} 54 55 56, 57 58} 69 B0} 6T}, 624 63} 64 68} 723
[73, 7477, 78} [79, B0}, B, B2, 83} 84, 85 56, BT B8} [BY, 190, 0T}, 92} 3} 94 U8, [0 (100} 104 (105}
[TOB) (107, (108} [T12} [.T3, (L7} (T8} 125 (126, [[27} [28) [[20} [T30} [31) [T32, [133} 134 [[35 (136} 39
[T40} 141} (126, 147} (148, [T5% 55 [56, [T60, (161, 162} (163, 163} (65} 168, 169 [[70} 74 [L75 76
[T79} 180, (185, 86, [T} (192, 197} (198} [T99} 203} 204 [205} 209} 210} (211} 220, 221) [222, 224 225
[226, (228, 229, 230} [232, 233} 234 [236) (237, 238 [245) (246, 247} [248) [249, 250, [251) [252, 253, 261,
[262 [267, (263, 269} (270, (271 [275 [276, (281, 282 [283) (287, 288, [289), [2974, 295 206 [208, 299, (300,
/302 [303, U4} 36 [307, U8} 810} 311} 12, B9, [320) (321} 822} 323, ;324 B2, 826, 327, 29, 830
[B31}[833}[334} 335} [337) [338) [339, 341} [342, 343} 345}, 346,47 }

F(-2) exception fail { }

2.1.8 Sympy

A grade { [4[19)[60}[61}62}63,/64,[07 103} 153} [159, 254 }

B grade {[1}[2}3}[8,[9,[10}[11}[16}[17,[18,[05} (96} [101} [102} [0} [114} [119} [151} [152} [L57} [L58} [181],
[182} [187} [188}[193} [194} 223} [227} 257 [258} [259} 260} 263} [264}, 265} [266} 297,307 }

C grade { }

F normal fail {[5§[7[12[13[14 15,20 2122 (25} [28) 20} 30 33} 34 35| 38} [39} |40} L1} 2} 43,
[ 5, 46, 7} 28, 9, 50, 53 (54 65, 563,67, 58} 69 67 68} 6% 70} 72, 73} 73 77 [78} 79 BU B}
82,8384 [85} [86} 187} 88} 89} 90}, O} 92} 93, 04 [98} [99}, [L00} [0 [105, 106}, 107} [108} [1 T2} T13} 117
[TT8) (122, (123} 124 [T25) [[26} 127} [28) (129} [[30), [31) [[32, [133} 134 (I35, (136 [[39} [0} (141} 146
(147} [148, 154 [[55 (156, (160, (16T, (162} (163, (164} [65) [ 74, [L75} 176 179} (180, [85 186} (191} 192,
(197} [T9%8, [T99, 200} [203, (204 205 (206, (209, 210, 211} [212, 220} [221) [222, 232, 233, [23% 235, 236,
[237 [238, 239} 2511 [252, 253} [26°T) [262) (269 270, [271) (272, 275, 276, [277, 278 281 [2872 283 28,

287,289, [295}, 296}, (306}, (307, (308}, 309} [310}, 311}, 312} 313}, [325), (326, 327, [328), 329} [330}, [331}, 332,
333,[334,[335} 337,338 [339) 340}, 341}, 342} 43| 344} [346), 347 }

F(-1) timedout fail { {23,252, 53) 45,168 {60} [70) 71} 72} 73,196, 224 225,226, 228
[229] 230} 231}, 245 246}, 247} 248}, 249} [250}, 268, [288] [294, [298} [299} [300} 302}, [303}, 304}, [305)}, [319}
(520, 521 522,523, 524 556, 545,548 }

F(-2) exception fail {[195267 }

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 92 101 7 168 490 170 311 171 221
N.S. 1 1.10 0.84 1.83 5.33 1.85 3.38 1.86 2.40
time (sec) N/A 0.547 0.215 0.210 0.215 0.281 0.348 0.268 0.524
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 7 62 108 285 110 202 111 147
N.S. 1 1.08  0.87 1.52 4.01 1.55 2.85 1.56 2.07
time (sec) N/A 0.424 0.138 0.156 0.212  0.295 0.263 0.288 0.384
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 50 52 45 61 141 63 112 65 84
N.S. 1 1.04  0.90 1.22 2.82 1.26 2.24 1.30 1.68
time (sec) N/A 0.316 0.119 0.138 0.197 0.284 0.201 0.284 0.317

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 27 29 53 30 46 31 35
N.S. 1 1.00 0.96 1.04 1.89 1.07 1.64 1.11 1.25
time (sec) N/A 0.218 0.092 0.085 0.191 0279 0.147 0.273 0.281
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 49 78 141 61 0 597 0
N.S. 1 1.00 0.96 1.53 2.76 1.20 0.00 11.71  0.00
time (sec) N/A 0.374 0.080 0.135 0.235  0.278 0.000 0.295 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 76 66 112 164 97 0 521 0
N.S. 1 1.06  0.92 1.56 2.28 1.35 0.00 7.24 0.00
time (sec) N/A 0.473 0.170 0.174 0.259  0.280 0.000 0.306 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 104 105 87 150 199 163 0 5727 0
N.S. 1 1.01 0.84 1.44 1.91 1.57 0.00 55.07  0.00
time (sec) N/A 0.584 0.540 0.243 0.297  0.299 0.000 0.460 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 166 132 145 735 286 660 222 349
N.S. 1 1.03  0.82 0.90 4.57 1.78 4.10 1.38 2.17
time (sec) N/A 0.485 0.388 0.398 0.221 0302 0.492 0.271 0.827
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 134 129 106 121 442 189 456 153 229
N.S. 1 096 0.79 0.90 3.30 1.41 3.40 1.14 1.711
time (sec) N/A 0.341 0.290 0.247  0.204 0301 0.364 0.275 0.381
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 95 97 7 79 232 112 264 94 179
N.S. 1 1.02 0.81 0.83 2.44 1.18 2.78 0.99 1.88
time (sec) N/A 0.304 0.219 0.191 0.203 0.291 0.267 0.289 0.215
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 52 46 96 54 126 48 57
N.S. 1 1.00 0.95 0.84 1.75 0.98 2.29 0.87 1.04
time (sec) N/A 0.201 0.169 0.082 0.194 0.290 0.189 0.288 0.099

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 78 78 65 107 162 73 0 612 0
N.S. 1 1.00 0.83 1.37 2.08 0.94 0.00 7.85 0.00
time (sec) N/A 0.355 0.080 0.161 0.245 0314 0.000 0.386 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C C A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 81 85 75 155 171 102 0 535 0
N.S. 1 1.05 0.93 1.91 2.11 1.26 0.00 6.60 0.00
time (sec) N/A 0.512 0.297 0.231 0.275  0.288 0.000 0.354 0.000
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 113 147 101 193 206 181 0 5141 0
N.S. 1 1.30 0.89 1.711 1.82 1.60 0.00 45.50 0.00
time (sec) N/A 0.468 0.863 0.343 0.307  0.282 0.000 0.502 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 162 162 122 229 258 284 0 7832 0
N.S. 1 1.00 0.75 1.41 1.59 1.75 0.00 4835 0.00
time (sec) N/A 0.723 0.891 0.502 0.395 0324 0.000 0.542 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 302 150 181 934 351 772 351 533
N.S. 1 1.34 0.67 0.80 4.15 1.56 3.43 1.56 2.37
time (sec) N/A 1.756 0.656 0.437 0.236  0.314 0.648 0.303 1.281
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 175 218 127 142 541 227 495 231 365
N.S. 1 1.25 0.73 0.81 3.09 1.30 2.83 1.32 2.09
time (sec) N/A 1.068 0.652 0.327  0.214  0.285 0.482 0.289 0.867
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 135 86 106 270 131 284 137 174
N.S. 1 1.10  0.70 0.86 2.20 1.07 2.31 1.11 1.41
time (sec) N/A 0.596 0.295 0.279 0.204 0313 0335 0.279 0.744
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 59 63 104 62 126 69 79
N.S. 1 1.00 0.79 0.84 1.39 0.83 1.68 0.92 1.05
time (sec) N/A 0.334 0.186 0.204 0.193 0326 0.236 0.278 0.193

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 121 121 102 172 279 124 0 6296 0

N.S. 1 1.00 0.84 1.42 2.31 1.02 0.00 52.03 0.00
time (sec) N/A 0.445 0.172 0.214 0278 0.281 0.000 0.511 0.000

Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 148 175 245 306 188 0 1000 0

N.S. 1 1.02 1.21 1.69 2.11 1.30 0.00 6.90 0.00
time (sec) N/A 0.438 0.763 0.336 0311  0.310 0.000 0.433 0.000

Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac  Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 184 242 221 318 341 315 0 116534 0

N.S. 1 1.32 1.20 1.73 1.85 1.71 0.00 633.34 0.00

time (sec) N/A 0.908 0.562  0.508 0.395 0.339 0.000 3.311 0.000

Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 185 203 221 633 716 820 0 0 0
N.S. 1 1.10 1.19 3.42 3.87 4.43 0.00 0.00 0.00
time (sec) N/A 0.667 0.296 0.280  0.288  0.359 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 131 148 361 398 504 0 0 0
N.S. 1 1.07 1.20 2.93 3.24 4.10 0.00 0.00 0.00
time (sec) N/A 0.467 0.214 0.205 0.271  0.339 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 67 134 124 175 252 0 0 0
N.S. 1 1.00  2.00 1.85 2.61 3.76 0.00 0.00 0.00
time (sec) N/A 0.281 0.097 0.166 0.261  0.342 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 14 14 16 14 16 16 12 16 18
N.S. 1 1.00 1.14 1.00 1.14 1.14 0.86 1.14 1.29
time (sec) N/A 0.195 4.427 0.079 0356 0310 0.367 0.372 0.309
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 14 14 16 14 16 27 14 16 18
N.S. 1 1.00 1.14 1.00 1.14 1.93 1.00 1.14 1.29
time (sec) N/A 0.193 4.848 0.085 0.600 0303 0.533 2.170 0.314

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 113 150 486 541 1654 676 0 0 0
N.S. 1 1.33  4.30 4.79 14.64 5.98 0.00 0.00 0.00
time (sec) N/A 0.674 6.623 0.249 0.326 0.334 0.000 0.000 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 83 106 181 276 552 379 0 0 0
N.S. 1 1.28 218 3.33 6.65 4.57 0.00 0.00 0.00
time (sec) N/A 0.484 3.631 0.223 0.299  0.329 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 29 31 52 53 217 46 0 1027 55
N.S. 1 1.07 1.79 1.83 7.48 1.59 0.00 3541 1.90
time (sec) N/A 0.245 0.163 0.177  0.197 0375 0.000 0.531 0.981
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 477 18 14 18 18
N.S. 1 1.00 1.12 1.00 29.81 1.12 0.88 1.12 1.12
time (sec) N/A 0.205 4.837 0.065 0481 0317 0.385 0.296 0.325

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 718 29 15 18 18
N.S. 1 1.00 1.12 1.00 44.88 1.81 0.94 1.12 1.12
time (sec) N/A 0.207 4.990 0.076 1.020 0.306 0.546 0.771  0.380
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 309 330 528 1056 3886 1744 0 0 0
N.S. 1 1.07 1.7 3.42 12.58 5.64 0.00 0.00 0.00
time (sec) N/A 1.182 3.504 0.320 1.224  0.400 0.000 0.000 0.000
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 180 194 471 548 1938 972 0 0 0
N.S. 1 1.08  2.62 3.04 10.77 5.40 0.00 0.00 0.00
time (sec) N/A 0.688 6.914 0.263 0.467  0.367 0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 109 110 292 246 763 452 0 0 0
N.S. 1 1.01  2.68 2.26 7.00 4.15 0.00 0.00 0.00
time (sec) N/A 0.399 1.438 0.201 0.322 0.343 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 1791 18 14 18 18

N.S. 1 1.00 1.12 1.00 111.94 1.12 0.88 1.12 1.12
time (sec) N/A 0.208 24.215 0.073 2.523 0.306 0413 2.774 0.449

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 2287 29 15 0 18

N.S. 1 1.00 1.12 1.00 142.94 1.81 0.94 0.00 1.12
time (sec) N/A 0.206 25.495 0.074 8.300 0.329 0.585 0.000 0.495

Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 195 204 127 233 263 190 0 1239 0

N.S. 1 1.05  0.65 1.19 1.35 0.97 0.00 6.35 0.00

time (sec) N/A 0.960 0.050 0.118 0.211 0.306  0.000 0.406 0.000

Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 170 174 125 188 242 156 0 773 0

N.S. 1 1.02 0.74 1.11 1.42 0.92 0.00  4.55 0.00
time (sec) N/A 0.796 0.075 0.089 0214 0.326 0.000 0.388 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 142 147 125 145 196 127 0 422 0
N.S. 1 1.04 0.88 1.02 1.38 0.89 0.00 2.97 0.00
time (sec) N/A 0.643 0.042 0.091 0.207 0326 0.000 0.352 0.000
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 117 117 121 99 159 107 0 166 0
N.S. 1 1.00 1.03 0.85 1.36 0.91 0.00 1.42 0.00
time (sec) N/A 0.497 0.038 0.095 0.214 0.330 0.000 0.336 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 139 145 148 140 129 146 0 0 0
N.S. 1 1.04 1.06 1.01 0.93 1.05 0.00 0.00 0.00
time (sec) N/A 0.634 0.212 0.089 0.367 0.304 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 168 175 162 180 129 208 0 0 0
N.S. 1 1.04 0.96 1.07 0.77 1.24 0.00 0.00 0.00
time (sec) N/A 0.778 0.402 0.091 0.376  0.288 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 193 207 208 220 129 297 0 0 0
N.S. 1 1.07 1.08 1.14 0.67 1.54 0.00 0.00 0.00
time (sec) N/A 0.928 0.354 0.092 0.381  0.300 0.000 0.000 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 231 238 150 242 295 258 0 1331 0
N.S. 1 1.03  0.65 1.05 1.28 1.12 0.00 5.76 0.00
time (sec) N/A 0.673 0.596 0.197 0.304 0.309 0.000 0.546 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 203 210 150 197 274 195 0 821 0
N.S. 1 1.03 0.74 0.97 1.35 0.96 0.00 4.04 0.00
time (sec) N/A 0.634 0.437 0.120 0313 0.354 0.000 0.455 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 158 158 130 150 229 148 0 436 0
N.S. 1 1.00 0.82 0.95 1.45 0.94 0.00 2.76 0.00
time (sec) N/A 0.457 0.530 0.115 0311  0.329 0.000 0.405 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 130 130 128 108 187 114 0 167 0
N.S. 1 1.00 0.98 0.83 1.44 0.88 0.00 1.28 0.00
time (sec) N/A 0.401 0.395 0.116 0.307  0.297 0.000 0.334 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 135 140 175 145 135 138 0 0 0
N.S. 1 1.04 1.30 1.07 1.00 1.02 0.00 0.00 0.00
time (sec) N/A 0.676 0.513 0.160 0.383  0.303 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 170 213 188 189 136 209 0 0 0
N.S. 1 1.25 1.11 1.11 0.80 1.23 0.00 0.00 0.00
time (sec) N/A 0.581 0.714 0.161 0.397 0323 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 216 223 237 230 136 328 0 0 0
N.S. 1 1.03 1.10 1.06 0.63 1.52 0.00 0.00 0.00
time (sec) N/A 0.935 0.729 0.162 0.384 0331 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 247 296 277 273 136 422 0 0 0
N.S. 1 1.20 1.12 1.11 0.55 1.71 0.00 0.00 0.00
time (sec) N/A 0.757 0.912 0.163 0.387  0.367 0.000 0.000 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F(-1) C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 410 578 252 476 547 371 0 2476 0
N.S. 1 141  0.61 1.16 1.33 0.90 0.00 6.04 0.00
time (sec) N/A 2.520 1.106 0.513 0.318 0.306 0.000 0.841 0.000
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 354 501 254 384 499 300 0 1546 0
N.S. 1 142 0.72 1.08 1.41 0.85 0.00 4.37 0.00
time (sec) N/A 2.054 0.880 0.122 0.318 0315 0.000 0.643 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 304 304 251 296 424 246 0 848 0
N.S. 1 1.00 0.83 0.97 1.39 0.81 0.00 2.79 0.00
time (sec) N/A 0.767 0.732 0.121 0.305 0311 0.000 0.474 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 257 257 233 210 377 212 0 332 0
N.S. 1 1.00 091 0.82 1.47 0.82 0.00 1.29 0.00
time (sec) N/A 0.645 0.517 0.129 0.308 0.292 0.000 0.331 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 286 294 288 253 274 0 0 0
N.S. 1 1.06 1.09 1.07 0.94 1.01 0.00 0.00 0.00
time (sec) N/A 0.653 1.145 0.124 0.453  0.332 0.000 0.000 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 292 444 374 368 253 388 0 0 0
N.S. 1 1.52  1.28 1.26 0.87 1.33 0.00 0.00 0.00
time (sec) N/A 1.517 1.156 0.125 0.457  0.343 0.000 0.000 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 356 507 460 450 254 549 0 0 0
N.S. 1 142  1.29 1.26 0.71 1.54 0.00 0.00 0.00
time (sec) N/A 1.738 1.823 0.128 0.457 0362 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A C A A C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 90 60 73 106 72 117 220 0

N.S. 1 1.03 069 0.84 1.22 0.83 1.34 253 0.00
time (sec) N/A 0.396 0.015 0.076 0.210 0.315 11.223 0.333 0.000

Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A C A A C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 61 54 84 54 85 178 0

N.S. 1 1.00 0.94 0.83 1.29 0.83 1.31 2.74 0.00
time (sec) N/A 0.298 0.012 0.065 0.211  0.300 0.974 0.323 0.000

Problem 62 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A C A A C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 46 46 59 33 67 38 54 134 0

N.S. 1 1.00 128  0.72 1.46 0.83 .17 291 0.00

time (sec) N/A 0.224 0.008 0.064 0200 0.295 0.530 0.391 0.000

Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A C A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 64 55 38 57 80 0 0

N.S. 1 1.00 1.00 0.86 0.59 0.89 1.25 0.00 0.00
time (sec) N/A 0.296 0.020 0.076 0321  0.304 1.439 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A C A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 91 111 73 38 69 114 0 0
N.S. 1 1.05 1.28 0.84 0.44 0.79 1.31 0.00 0.00
time (sec) N/A 0.390 0.067 0.067  0.332  0.280 11.442 0.000 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 14 16 16 15 16 18
N.S. 1 1.00 1.12 0.88 1.00 1.00 0.94 1.00 1.12
time (sec) N/A 0.199 15449 0.087 0.677 0.276 2704 0.397 0.341
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 14 16 16 15 16 18
N.S. 1 1.00 1.12 0.88 1.00 1.00 0.94 1.00 1.12
time (sec) N/A 0.201 22.441 0.091 0.585  0.281 1.478 0.353 0.327
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 38 38 33 0 0 0 0 0 36
N.S. 1 1.00 0.87  0.00 0.00 0.00 0.00 0.00 0.95
time (sec) N/A 0.199 0.772  0.000 0.000  0.000 0.000 0.000 0.828

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 62 62 163 0 0 0 0 0 0
N.S. 1 1.00 2.63 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.244 2.436 0.000 0.000  0.000 0.000 0.000 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 42 42 35 0 0 48 0 0 140
N.S. 1 1.00 0.83 0.00 0.00 1.14 0.00 0.00 3.33
time (sec) N/A 0.200 0.657  0.000 0.000 0.273 0.000 0.000 2.893
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 83 83 58 0 0 0 0 0 253
N.S. 1 1.00 0.70 0.00 0.00 0.00 0.00 0.00 3.05
time (sec) N/A 0.234 0.954 0.000 0.000  0.000 0.000 0.000 4.346
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 18 20 20 17 20 20
N.S. 1 1.00 1.11 1.00 1.11 1.11 0.94 1.11 1.11
time (sec) N/A 0.211 0.731 0.051 0.651  0.306 11.975 1.458 0.591

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 267 267 251 0 0 188 0 0 0
N.S. 1 1.00 094 0.00 0.00 0.70 0.00 0.00 0.00
time (sec) N/A 0.520 0.425 0.000 0.000  0.114 0.000 0.000 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 162 162 150 0 0 136 0 0 0
N.S. 1 1.00 0.93 0.00 0.00 0.84 0.00 0.00 0.00
time (sec) N/A 0.401 0.496 0.000 0.000  0.104 0.000 0.000 0.000
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 127 127 121 0 0 94 0 0 0
N.S. 1 1.00 0.95 0.00 0.00 0.74 0.00 0.00 0.00
time (sec) N/A 0.298 0.033  0.000 0.000  0.092 0.000 0.000 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 14 14 16 14 16 16 14 16 18
N.S. 1 1.00 1.14 1.00 1.14 1.14 1.00 1.14 1.29
time (sec) N/A 0.182 6.960 0.046 0.338 0.297 1.241 0.303 0.343

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 15 18 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.94 1.12 1.12
time (sec) N/A 0.200 0.745 0.054 0.414 0270 2990 0.316 0.475
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 79 79 454 0 52 0 0 0
N.S. 1 1.00 1.00 5.75 0.00 0.66 0.00 0.00 0.00
time (sec) N/A 0.258 0.016 0.139 0.000  0.097 0.000 0.000 0.000
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 75 353 0 52 0 0 0
N.S. 1 1.00 1.00 4.71 0.00 0.69 0.00 0.00 0.00
time (sec) N/A 0.261 0.013 0.111 0.000  0.091 0.000 0.000 0.000
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 79 79 290 0 52 0 0 0
N.S. 1 1.00 1.00 3.67 0.00 0.66 0.00 0.00 0.00
time (sec) N/A 0.253 0.013 0.109 0.000  0.091 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 75 378 0 48 0 0 0
N.S. 1 1.00 1.00 5.04 0.00 0.64 0.00 0.00 0.00
time (sec) N/A 0.248 0.012 0.102 0.000  0.097 0.000 0.000 0.000
Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 69 63 426 0 48 0 0 0
N.S. 1 1.00 0.91 6.17 0.00 0.70 0.00 0.00 0.00
time (sec) N/A 0.251 0.016 0.108 0.000  0.095 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 71 65 529 0 52 0 0 0
N.S. 1 1.00 0.92 7.45 0.00 0.73 0.00 0.00 0.00
time (sec) N/A 0.251 0.015 0.113 0.000  0.097 0.000 0.000 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 79 79 599 0 52 0 0 0
N.S. 1 1.00 1.00 7.58 0.00 0.66 0.00 0.00 0.00
time (sec) N/A 0.261 0.013 0.118 0.000  0.099 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 97 97 118 0 0 7 0 0 0
N.S. 1 1.00 1.22 0.00 0.00 0.79 0.00 0.00 0.00
time (sec) N/A 0.351 0.235 0.000 0.000  0.090 0.000 0.000 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 103 103 120 0 0 7 0 0 0
N.S. 1 1.00 117  0.00 0.00 0.75 0.00 0.00 0.00
time (sec) N/A 0.319 0.228 0.000 0.000  0.112 0.000 0.000 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 99 99 116 0 0 7 0 0 0
N.S. 1 1.00 117  0.00 0.00 0.78 0.00 0.00 0.00
time (sec) N/A 0.318 0.220 0.000 0.000  0.113 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 103 103 120 0 0 69 0 0 0
N.S. 1 1.00 117  0.00 0.00 0.67 0.00 0.00 0.00
time (sec) N/A 0.320 0.204 0.000 0.000  0.090 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 83 83 76 0 0 64 0 0 0
N.S. 1 1.00 0.92 0.00 0.00 0.77 0.00 0.00 0.00
time (sec) N/A 0.319 0.217  0.000 0.000  0.098 0.000 0.000 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 101 101 90 0 0 7 0 0 0
N.S. 1 1.00 0.89 0.00 0.00 0.76 0.00 0.00 0.00
time (sec) N/A 0.317 0.285 0.000 0.000  0.102 0.000 0.000 0.000
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 97 97 94 0 0 7 0 0 0
N.S. 1 1.00 097  0.00 0.00 0.79 0.00 0.00 0.00
time (sec) N/A 0.327 0.292  0.000 0.000  0.109 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 42 42 29 0 0 0 0 0 0
N.S. 1 1.00 0.69 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.238 0.576  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 111 111 87 0 0 0 0 0 0
N.S. 1 1.00 0.78 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.330 0.628 0.000 0.000  0.000 0.000 0.000 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 42 42 29 0 0 0 0 0 0
N.S. 1 1.00 0.69 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.224 0.623 0.000 0.000  0.000 0.000 0.000 0.000
Problem 94 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 83 83 57 0 0 0 0 0 0
N.S. 1 1.00  0.69 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.259 3.732  0.000 0.000  0.000 0.000 0.000 0.000
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 90 123 107 462 168 264 155 191
N.S. 1 1.00 1.37 1.19 5.13 1.87 2.93 1.72 2.12
time (sec) N/A 0.311 0476 0.224 0.215 0.282 0.285 0.295 0.521

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 81 81 239 102 151 93 112
N.S. 1 1.00 1.19 1.19 3.51 1.50 2.22 1.37 1.65
time (sec) N/A 0.282 0.350 0.168 0.203 0327 0.223 0.286 0.151
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 45 51 42 93 51 68 45 54
N.S. 1 1.00 1.13 0.93 2.07 1.13 1.51 1.00 1.20
time (sec) N/A 0.223 3.381 0.118 0.200 0.285 0.171 0.291  0.099
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 54 87 171 74 0 693 0
N.S. 1 1.00 0.84 1.36 2.67 1.16 0.00 10.83  0.00
time (sec) N/A 0.323 0.322 0.164 0.243 0311 0.000 0.325 0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 88 110 122 196 105 0 533 0
N.S. 1 1.00 1.25 1.39 2.23 1.19 0.00 6.06 0.00
time (sec) N/A 0.356 0.416 0.217  0.267 0.287 0.000 0.321 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 123 104 160 265 178 0 6033 0
N.S. 1 1.00 0.85 1.30 2.15 1.45 0.00 49.05 0.00
time (sec) N/A 0.399 0.518 0.292 0.314 0.296 0.000 0.439 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 237 224 216 195 969 368 779 335 452
N.S. 1 0.95 0.91 0.82 4.09 1.55 3.29 1.41 1.91
time (sec) N/A 0.474 0.846 0.427 0.240 0.336 0432 0.311 1.106
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 168 168 182 138 508 212 456 203 255
N.S. 1 1.00 1.08 0.82 3.02 1.26 2.711 1.21 1.52
time (sec) N/A 0.397 0.410 0.289 0.206 0.298 0.330 0.317 0.734
Problem 103 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 98 80 83 205 101 219 103 127
N.S. 1 0.83  0.68 0.70 1.74 0.86 1.86 0.87 1.08
time (sec) N/A 0.291 12.372 0.200 0.203 0.305 0.222 0.311 0.487

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 104 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 139 114 198 337 145 0 6807 0

N.S. 1 096 0.79 1.37 2.32 1.00 0.00 46.94 0.00
time (sec) N/A 0.525 0.357 0.220 0.268 0.319 0.000 0.468 0.000

Problem 105/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A C A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 162 165 206 274 372 219 0 1048 0

N.S. 1 1.02 1.27 1.69 2.30 1.35 0.00 6.47 0.00
time (sec) N/A 0.516 0.411 0.314 0.320 0.297 0.000 0.439 0.000

Problem 106/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac  Mupad

grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 312 353 347 477 373 0 120870 0

N.S. 1 1.39  1.57 1.54 2.12 1.66 0.00 537.20 0.00

time (sec) N/A 1.266 0.753 0.439 0.404 0338 0.000 2425  0.000

Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 148 175 126 484 979 915 0 0 0

N.S. 1 1.18 0.85 3.27 6.61 6.18 0.00 0.00 0.00

time (sec) N/A 0.816 0.777 0.251 0.300 0.316  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 113 129 94 254 309 493 0 0 0
N.S. 1 1.14 0.83 2.25 2.73 4.36 0.00 0.00 0.00
time (sec) N/A 0.596 0.504 0.200 0.284 0.283 0.000 0.000 0.000
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 63 51 73 169 100 272 548 66
N.S. 1 1.05 0.85 1.22 2.82 1.67 4.53 9.13 1.10
time (sec) N/A 0.338 0.115 0.212 0.195 0.292 0.469 0.359 0.782
Problem 110/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 285 27 27 22 22
N.S. 1 1.00 1.10 1.00 14.25 1.35 1.35 1.10 1.10
time (sec) N/A 0.222 5.350 0.076 0.482 0.295 1.081 0.300 0.458
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 442 51 58 22 22
N.S. 1 1.00 1.10 1.00 22.10 2.55 2.90 1.10 1.10
time (sec) N/A 0.220 4.920 0.094 0.735 0270 2.128 0.482 0.567

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 309 329 257 895 3593 1708 0 0 0
N.S. 1 1.06 0.83 2.90 11.63 5.53 0.00 0.00 0.00
time (sec) N/A 1.259 1377 1.121 0.778 0.390 0.000 0.000 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 247 175 463 827 876 0 0 0
N.S. 1 1.02 0.72 1.91 3.40 3.60 0.00 0.00 0.00
time (sec) N/A 0.904 1.585 1.158 0.451  0.316 0.000 0.000 0.000
Problem 114 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 148 146 225 132 910 204 1336 2486 183
N.S. 1 099 1.52 0.89 6.15 1.38 9.03 16.80 1.24
time (sec) N/A 0.494 1.718 0.628 0219 0325 0.818 0.728 4.730
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2914 60 54 22 22
N.S. 1 1.00 1.10 1.00 145.70 3.00 2.70 1.10 1.10
time (sec) N/A 0.224 9.741 0411 7980 0.288 2.100 0.320 0.664

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 116| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 3521 102 105 22 22
N.S. 1 1.00 1.10 1.00 176.05 5.10 5.25 1.10 1.10
time (sec) N/A 0222 10.190 0.391 16.290 0.312 6.426 0.878 0.652
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 147 153 124 484 984 916 0 0 0
N.S. 1 1.04 0.84 3.29 6.69 6.23 0.00 0.00 0.00
time (sec) N/A 0.782 0.831 0.248 0.314 0.369 0.000 0.000 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 117 92 254 311 496 0 0 0
N.S. 1 1.04 0.82 2.27 2.78 4.43 0.00 0.00 0.00
time (sec) N/A 0.575 0.530 0.210 0.279 0325 0.000 0.000 0.000
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 59 61 47 73 169 101 272 549 66
N.S. 1 1.03 0.80 1.24 2.86 1.71 4.61 9.31 1.12
time (sec) N/A 0.331 0.118 0.220 0215 0324 0458 0.374 0.678

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 21 285 28 29 25 23
N.S. 1 1.00 1.10 1.00 13.57 1.33 1.38 1.19 1.10
time (sec) N/A 0.233 5.268 0.087 0.484  0.284 1.688 0.307 0.503
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 21 21 23 21 442 52 60 25 23
N.S. 1 1.00 1.10 1.00 21.05 2.48 2.86 1.19 1.10
time (sec) N/A 0.228 4.992 0.085 0.807 0311 3.750 0.480 0.599
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-2) F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 120 145 108 145 0 0 0 117 82
N.S. 1 1.21  0.90 1.21 0.00 0.00 0.00 0.98 0.68
time (sec) N/A 0.602 2.199 0.174 0.000  0.000 0.000 0.325 0.728
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-2) F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 98 113 92 119 0 0 0 93 64
N.S. 1 1.15 094 1.21 0.00 0.00 0.00 0.95 0.65
time (sec) N/A 0.466 0.699 0.091 0.000  0.000 0.000 0.326 0.600

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-2) F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 81 76 93 0 0 0 69 47
N.S. 1 140 131 1.60 0.00 0.00 0.00 1.19 0.81
time (sec) N/A 0.342 0.337 0.084 0.000  0.000 0.000 0.311 0.243
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F C F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 101 70 83 0 0 0 0 383 0
N.S. 1 0.69 0.82 0.00 0.00 0.00 0.00 3.79 0.00
time (sec) N/A 0.464 0.293 0.000 0.000  0.000 0.000 0.365 0.000
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F C F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 130 103 117 0 0 0 0 1140 0
N.S. 1 0.79  0.90 0.00 0.00 0.00 0.00 8.77 0.00
time (sec) N/A 0.555 0.469  0.000 0.000  0.000 0.000 0.441 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F C F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 174 130 153 0 0 0 0 1487 0
N.S. 1 0.75  0.88 0.00 0.00 0.00 0.00 8.55 0.00
time (sec) N/A 0.657 0.506  0.000 0.000  0.000 0.000 0.483 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 337 363 231 0 0 0 0 989 0
N.S. 1 1.08 0.69 0.00 0.00 0.00 0.00 2.93 0.00
time (sec) N/A 1.392 0.766  0.000 0.000  0.000 0.000 0.436 0.000
Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 271 246 191 0 0 0 0 499 0
N.S. 1 091 0.70 0.00 0.00 0.00 0.00 1.84 0.00
time (sec) N/A 0.821 0.592  0.000 0.000  0.000 0.000 0.365 0.000
Problem 130/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 165 161 113 0 0 0 0 226 0
N.S. 1 098 0.68 0.00 0.00 0.00 0.00 1.37 0.00
time (sec) N/A 0.510 4.382 0.000 0.000  0.000 0.000 0.340 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F(-2) F A F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 221 124 127 0 0 0 0 130 0
N.S. 1 0.56 0.57  0.00 0.00 0.00 0.00 0.59 0.00
time (sec) N/A 0.518 1.535 0.000 0.000  0.000 0.000 0.326 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F(-2) F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 263 153 226 0 0 0 0 505 0
N.S. 1 0.58 0.86 0.00 0.00 0.00 0.00 1.92 0.00
time (sec) N/A 0.508 0.882 0.000 0.000  0.000 0.000 0.364 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F(-2) F B F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 332 249 295 0 0 0 0 1256 0
N.S. 1 0.75  0.89 0.00 0.00 0.00 0.00 3.78 0.00
time (sec) N/A 0.931 0.773  0.000 0.000  0.000 0.000 0.463 0.000
Problem 134 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 417 254 306 0 0 0 0 0 0
N.S. 1 061 0.73 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.848 0.703  0.000 0.000  0.000 0.000 0.000 0.000
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 293 178 245 0 0 0 0 0 0
N.S. 1 0.61 0.84 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.633 0.561 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 136| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 175 112 231 0 0 0 0 0 0
N.S. 1 0.64 1.32 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.416 1.376 0.000 0.000  0.000 0.000 0.000 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 18 30 17 18 18
N.S. 1 1.00 1.11 0.89 1.00 1.67 0.94 1.00 1.00
time (sec) N/A 0.241 3.102 0.039 0.564 0271 0.738 0.343 0.641
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 18 34 19 18 18
N.S. 1 1.00 1.11 0.89 1.00 1.89 1.06 1.00 1.00
time (sec) N/A 0.242 0.704 0.041 0.569 0.269 1.018 0.340 0.664
Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 691 419 455 0 0 0 0 0 0
N.S. 1 0.61 0.66 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.444 2216 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 435 281 352 0 0 0 0 0 0
N.S. 1 0.65 0.81 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.907 1.571  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 249 188 308 0 0 0 0 0 0
N.S. 1 0.76 1.24 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.584 2.061 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 18 50 17 18 18
N.S. 1 1.00 1.11 0.89 1.00 2.78 0.94 1.00 1.00
time (sec) N/A 0.244 24.711 0.035 0.710 0.306 2.411 83.428 1.171
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 18 56 19 0 18
N.S. 1 1.00 1.11 0.89 1.00 3.11 1.06 0.00 1.00
time (sec) N/A 0.252 13.205 0.036 0.821 0271 3.631 0.000 1.178

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 18 18 20 16 18 0 15 18 18
N.S. 1 1.00 1.11 0.89 1.00 0.00 0.83 1.00 1.00
time (sec) N/A 0.235 2.862 0.029 0.542  0.000 0.786 0.452 0.452
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.10
time (sec) N/A 0.217 0.733 0.057  0.639  0.272 0.000 1.138 0.667
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 449 433 376 0 0 386 0 0 0
N.S. 1 096 0.84 0.00 0.00 0.86 0.00 0.00 0.00
time (sec) N/A 0.819 0.576  0.000 0.000  0.123 0.000 0.000 0.000
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 299 293 260 0 0 270 0 0 0
N.S. 1 098 0.87 0.00 0.00 0.90 0.00 0.00 0.00
time (sec) N/A 0.628 0.200 0.000 0.000  0.119 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 148 148 137 0 0 136 0 0 0
N.S. 1 1.00 0.93 0.00 0.00 0.92 0.00 0.00 0.00
time (sec) N/A 0.358 0.288  0.000 0.000  0.109 0.000 0.000 0.000
Problem 149 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.10
time (sec) N/A 0.226 0.669 0.079 0.366  0.264 1.029 0.366 0.518
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 42 29 22 22
N.S. 1 1.00 1.10 1.00 1.10 2.10 1.45 1.10 1.10
time (sec) N/A 0.222 6.082 0.158 0.655  0.280 10.386 0.377 0.827
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 90 90 124 111 462 168 264 155 191
N.S. 1 1.00 1.38 1.23 5.13 1.87 2.93 1.72 2.12
time (sec) N/A 0.322 0.259 0.233 0.222 0.276 0.285 0.444 0.610

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 84 85 239 102 151 93 112
N.S. 1 1.00 1.24 1.25 3.51 1.50 2.22 1.37 1.65
time (sec) N/A 0.282 0.217 0.191 0.212 0.262 0.232 0.337 0.452
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 45 43 42 93 51 68 45 50
N.S. 1 1.00 0.96 0.93 2.07 1.13 1.51 1.00 1.11
time (sec) N/A 0.229 0.123 0.121 0.198  0.288 0.157 0.283 0.102
Problem 154 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 57 87 171 74 0 693 0
N.S. 1 1.00 0.89 1.36 2.67 1.16 0.00 10.83  0.00
time (sec) N/A 0.313 0.118 0.171 0.244 0.267 0.000 0.331 0.000
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 88 72 122 196 105 0 533 0
N.S. 1 1.00 0.82 1.39 2.23 1.19 0.00 6.06 0.00
time (sec) N/A 0.359 0.259  0.220 0.268  0.279 0.000 0.331 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 156/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 123 94 160 265 178 0 6033 0
N.S. 1 1.00 0.76 1.30 2.15 1.45 0.00 49.05 0.00
time (sec) N/A 0.389 0.587 0.293 0.314 0.280 0.000 0.435 0.000
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 250 237 232 213 959 382 779 367 497
N.S. 1 095 0.93 0.85 3.84 1.53 3.12 1.47 1.99
time (sec) N/A 0.488 0.705 0.431 0.231  0.289 0.449 0.305 2.449
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 182 182 249 158 502 226 456 225 281
N.S. 1 1.00 137 0.87 2.76 1.24 2.51 1.24 1.54
time (sec) N/A 0.391 0.458 0.299 0.210 0.299 0.323 0.313 0.953
Problem 159 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 116 113 96 105 202 109 219 115 143
N.S. 1 097 0.83 0.91 1.74 0.94 1.89 0.99 1.23
time (sec) N/A 0.291 4.773 0.197  0.217 0.280 0.226 0.324 0.511

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 156 156 134 203 336 149 0 7139 0
N.S. 1 1.00 0.86 1.30 2.15 0.96 0.00 45.76  0.00
time (sec) N/A 0.499 0.241 0.230 0.288  0.273 0.000 0.501 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 183 183 232 284 371 218 0 1050 0
N.S. 1 1.00 1.27 1.55 2.03 1.19 0.00 5.74 0.00
time (sec) N/A 0.565 0.434 0.316 0.430 0.300 0.000 0.445 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac  Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 245 245 395 359 476 368 0 120406 0
N.S. 1 1.00 1.61 1.47 1.94 1.50 0.00 49145  0.00
time (sec) N/A 0.651 0.861 0.425 0.560  0.288 0.000 2.530  0.000
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 495 463 401 0 0 2173 0 0 0
N.S. 1 094 0381 0.00 0.00 4.39 0.00 0.00 0.00
time (sec) N/A 1.701 0.168 0.000 0.000 0.464 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 367 347 296 0 0 1543 0 0 0
N.S. 1 095 0.81 0.00 0.00 4.20 0.00 0.00 0.00
time (sec) N/A 1.302 0.141 0.000 0.000 0.431 0.000 0.000 0.000
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 234 237 182 501 0 997 0 0 0
N.S. 1 1.01  0.78 2.14 0.00 4.26 0.00 0.00 0.00
time (sec) N/A 0.797 0.035 0.232 0.000  0.437 0.000 0.000 0.000
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 27 17 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.35 0.85 1.10 1.10
time (sec) N/A 0.222 0.632 0.077 0.801 0.264 10.900 0.342 0.514
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 51 19 22 22
N.S. 1 1.00 1.10 1.00 1.10 2.55 0.95 1.10 1.10
time (sec) N/A 0.226 0.527 0.079 1.258  0.252 64.028 0.604 0.643

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 925 857 742 0 0 5112 0 0 0
N.S. 1 0.93 0.80 0.00 0.00 5.53 0.00 0.00 0.00
time (sec) N/A 4.032 2.238 0.000 0.000 0.633 0.000 0.000 0.000
Problem 169 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 671 631 530 0 0 3091 0 0 0
N.S. 1 094 0.79 0.00 0.00 4.61 0.00 0.00 0.00
time (sec) N/A 2.779 1.205 0.000 0.000  0.519 0.000 0.000 0.000
Problem 170/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 305 317 236 650 0 1512 0 0 0
N.S. 1 1.04 0.77 2.13 0.00 4.96 0.00 0.00 0.00
time (sec) N/A 1.125 0.716 1.254 0.000  0.489 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 1601 64 0 22 22
N.S. 1 1.00 1.10 1.00 80.05 3.20 0.00 1.10 1.10
time (sec) N/A 0.219 23.749 0.274 7195 0.296 0.000 0.495 0.638

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 2265 109 0 22 22
N.S. 1 1.00 1.10 1.00 113.25 5.45 0.00 1.10 1.10
time (sec) N/A 0.220 87938 0.305 20.303 0.310 0.000 2.717 0.618
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 0 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.00 1.10 1.10
time (sec) N/A 0.212 0.832 0.049 0.715  0.280 0.000 0.902 0.889
Problem 174 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 607 607 415 0 0 436 0 0 0
N.S. 1 1.00 0.68 0.00 0.00 0.72 0.00 0.00 0.00
time (sec) N/A 0.995 9.288 0.000 0.000  0.120 0.000 0.000 0.000
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 318 318 268 0 0 278 0 0 0
N.S. 1 1.00 0.84 0.00 0.00 0.87 0.00 0.00 0.00
time (sec) N/A 0.599 8.515 0.000 0.000  0.114 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 148 148 138 0 0 136 0 0 0
N.S. 1 1.00 0.93 0.00 0.00 0.92 0.00 0.00 0.00
time (sec) N/A 0.345 0.129  0.000 0.000  0.099 0.000 0.000 0.000
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.10
time (sec) N/A 0.216 0.616 0.062 0.398  0.257 0948 0.311 0.434
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 46 19 22 22
N.S. 1 1.00 1.10 1.00 1.10 2.30 0.95 1.10 1.10
time (sec) N/A 0.213 8.984 0.210 1.103  0.284 10.860 0.329 0.724
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 164 193 261 606 1303 1044 0 0 0
N.S. 1 1.18  1.59 3.70 7.95 6.37 0.00 0.00 0.00
time (sec) N/A 0929 1.712 0.271 0.435 0.304 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 180 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 129 147 213 335 402 583 0 0 0
N.S. 1 1.14  1.65 2.60 3.12 4.52 0.00 0.00 0.00
time (sec) N/A 0.710 1.247 0.228 0.393 0301 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 81 199 88 273 151 456 656 80
N.S. 1 1.07  2.62 1.16 3.59 1.99 6.00 8.63 1.05
time (sec) N/A 0.432 0.569 0.253 0.288 0.293 0.682 0.472 0.984
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B C A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 28 28 72 29 50 54 80 32 27
N.S. 1 1.00  2.57 1.04 1.79 1.93 2.86 1.14 0.96
time (sec) N/A 0.248 0.111 0.114 0.275  0.267 0.618 0.377 0.532
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 373 34 32 28 28
N.S. 1 1.00 1.08 1.00 14.35 1.31 1.23 1.08 1.08
time (sec) N/A 0.215 7.057 0.094 0.517 0.272 1.229 0.362 0.621

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 522 58 63 28 28
N.S. 1 1.00 1.08 1.00 20.08 2.23 2.42 1.08 1.08
time (sec) N/A 0.213 7.675 0.105 0.905 0.267 4.201 0.638 0.634
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 247 274 1314 759 4592 1313 0 0 0
N.S. 1 1.11  5.32 3.07 18.59 5.32 0.00 0.00 0.00
time (sec) N/A 1.885 2.846 0.501 0.615 0.335 0.000 0.000 0.000
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 188 203 295 419 602 716 0 0 0
N.S. 1 1.08  1.57 2.23 3.20 3.81 0.00 0.00 0.00
time (sec) N/A 1.395 2300 0.675 0.503  0.300 0.000 0.000 0.000
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 113 236 127 1762 196 1867 2952 164
N.S. 1 1.02 2.13 1.14 15.87 1.77 16.82  26.59 1.48
time (sec) N/A 0.783 6.300 0.409 0318 0.299 1176 0.615 1.530

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 45 42 85 48 129 69 422 7 69
N.S. 1 093 1.89 1.07 2.87 1.53 9.38 1.71 1.53
time (sec) N/A 0.339 0.133 0.145 0.286  0.258 1.019 0.337 0.941
Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 1266 39 34 30 30
N.S. 1 1.00 1.07 1.00 45.21 1.39 1.21 1.07 1.07
time (sec) N/A 0.236 6.066 0.306 0.690 0.260 2.670 0.370 0.847
Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 1388 63 65 30 30
N.S. 1 1.00 1.07 1.00 49.57 2.25 2.32 1.07 1.07
time (sec) N/A 0.238 7.904 0.345 1.194  0.265 12.747 0.793  0.907
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 382 408 538 1054 0 1565 0 0 0
N.S. 1 1.07 141 2.76 0.00 4.10 0.00 0.00 0.00
time (sec) N/A 2905 2.609 0.571 0.000  0.335 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 278 305 830 591 0 846 0 0 0
N.S. 1 1.10 299 2.13 0.00 3.04 0.00 0.00 0.00
time (sec) N/A 2.289 2.647 0.732 0.000  0.301 0.000 0.000 0.000
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F(-2) A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 158 173 298 187 0 250 4653 7564 246
N.S. 1 1.09 1.89 1.18 0.00 1.58  29.45 47.87 1.56
time (sec) N/A 1.166 6.790 0.586 0.000 0.273 2.152 0.984 1.904
Problem 194 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 117 81 212 92 1127 91 92
N.S. 1 1.00 1.56 1.08 2.83 1.23 15.03 1.21 1.23
time (sec) N/A 0.302 0.182 0.188 0.276  0.254 1.885 0.366 3.287
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A F(-2) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 0 45 0 30 30
N.S. 1 1.00 1.07 1.00 0.00 1.61 0.00 1.07 1.07
time (sec) N/A 0.238 3.528 0.632 0.000 0.256 0.000 0.395 1.165

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A F(-1) N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 0 69 0 30 30
N.S. 1 1.00 1.07 1.00 0.00 2.46 0.00 1.07 1.07
time (sec) N/A 0.240 3.748 0.713 0.000 0.280 0.000 1.192 1.296
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 352 383 443 1151 2796 2924 0 0 0
N.S. 1 1.09 1.26 3.27 7.94 8.31 0.00 0.00 0.00
time (sec) N/A 2.072 2.403 0.470 0.695  0.382 0.000 0.000 0.000
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 249 265 330 643 1418 1642 0 0 0
N.S. 1 1.06 1.33 2.58 5.69 6.59 0.00 0.00 0.00
time (sec) N/A 1.405 1.908 0.385 0371 0336 0.000 0.000 0.000
Problem 199 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 134 135 300 245 514 609 0 0 0
N.S. 1 1.01 224 1.83 3.84 4.54 0.00 0.00 0.00
time (sec) N/A 0.665 6.304 0.395 0.302 0.292 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 200, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 38 38 48 34 51 97 0 38 39
N.S. 1 1.00 1.26 0.89 1.34 2.55 0.00 1.00 1.03
time (sec) N/A 0.289 0.053 0.141 0.190 0.260 0.000 0.348 0.995
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 559 34 32 28 30
N.S. 1 1.00 1.08 1.00 21.50 1.31 1.23 1.08 1.15
time (sec) N/A 0.206 7.247 0.145 0.758 0.279 1.149 14.276 1.205
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 915 58 63 0 30
N.S. 1 1.00 1.08 1.00 35.19 2.23 2.42 0.00 1.15
time (sec) N/A 0.211 8.836 0.152 1.242  0.274 4.453 0.000 1.443
Problem 203 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 463 538 1052 1774 0 4799 0 0 0
N.S. 1 1.16  2.27 3.83 0.00 10.37  0.00 0.00 0.00
time (sec) N/A 3.504 8.614 0.602 0.000  0.450 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 327 376 709 984 0 2539 0 0 0
N.S. 1 1.15 217 3.01 0.00 7.76 0.00 0.00 0.00
time (sec) N/A 2.464 8.039 0.451 0.000  0.378 0.000 0.000 0.000
Problem 205 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 169 171 404 369 0 858 0 0 0
N.S. 1 1.01 239 2.18 0.00 5.08 0.00 0.00 0.00
time (sec) N/A 1.083 6.965 0.426 0.000 0.324 0.000 0.000 0.000
Problem 206/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 52 57 59 112 156 0 88 83
N.S. 1 1.02 1.12 1.16 2.20 3.06 0.00 1.73 1.63
time (sec) N/A 0.416 0.140 0.197 0.201 0.28 0.000 0.344 1.021
Problem 207| | Optimal | Rubi MMA Maple Maxima Fricas Sympy  Giac  Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 0 36 34 30 30
N.S. 1 1.00 1.07 1.00 0.00 1.29 1.21 1.07 1.07
time (sec) N/A 0.236 19.226 0.163 0.000 0.293 1.165 281.579 1.426

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 208 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 0 60 65 0 30
N.S. 1 1.00 1.07 1.00 0.00 2.14 2.32 0.00 1.07
time (sec) N/A 0.241 38.906 0.175 0.000 0.312 4.493 0.000 1.617
Problem 209 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B B B B F F F(-1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD
size 600 0 1493 2326 12815 7842 0 0 0
N.S. 1 0.00 249 3.88 21.36 13.07  0.00 0.00 0.00
time (sec) N/A 0.000 20.456 0.716 10.828 0.550  0.000 0.000 0.000
Problem 210, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B B B B F F F(-1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD
size 392 0 951 1257 6160 4026 0 0 0
N.S. 1 0.00 243 3.21 15.71 10.27  0.00 0.00 0.00
time (sec) N/A 0.000 12.368 0.524 2295 0.451 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 216 285 492 487 2080 1359 0 0 0
N.S. 1 1.32  2.28 2.25 9.63 6.29 0.00 0.00 0.00
time (sec) N/A 2.096 8351 0.477 0.78¢ 0331 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 82 83 85 87 157 232 0 112 116
N.S. 1 1.01 1.04 1.06 1.91 2.83 0.00 1.37 141
time (sec) N/A 0.514 0.372 0.220 0.195 0.279 0.000 0.317 1.216
Problem 213 | Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 7381 36 34 0 30
N.S. 1 1.00 1.07 1.00 263.61 1.29 1.21 0.00 1.07
time (sec) N/A 0.240 128.860 0.184 11.757 0.313 1.938 0.000 2.384
Problem 214 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A F(-1) N/A N/A N/A  N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 0 28 9726 60 65 0 30
N.S. 1 1.00  0.00 1.00 34736  2.14 2.32 0.00 1.07
time (sec) N/A 0.238 0.000 0.186 24.343 0.343 4471 0.000 2.761
Problem 215 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 30 33 26 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.18 0.93 1.07 1.07
time (sec) N/A 0.228 5.876 0.176 0.773 0276 5.689 0.416 1.546

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 216/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 28 24 28 28
N.S. 1 1.00 1.08 1.00 1.08 1.08 0.92 1.08 1.08
time (sec) N/A 0.207 1.175 0.059 0.392 0.282 1968 0.506 1.289
Problem 217 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.10
time (sec) N/A 0.219 0.569 0.083 0.369 0274 0978 0.517 1.107
Problem 218 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 28 24 28 30
N.S. 1 1.00  1.08 1.00 1.08 1.08 0.92 1.08 1.15
time (sec) N/A 0.207 22.176 0.080 0.633 0.292 8.657 0.606 1.174
Problem 219 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 30 30 26 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.93 1.07 1.07
time (sec) N/A 0.228 26.231 0.100 1.096 0.281 40.669 0.588 1.406

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 220, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 544 485 956 0 0 2322 0 0 0
N.S. 1 0.89 1.76 0.00 0.00 4.27 0.00 0.00 0.00
time (sec) N/A 1.808 2.581 0.000 0.000 0.496 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 408 369 445 0 0 1646 0 0 0
N.S. 1 090 1.09 0.00 0.00 4.03 0.00 0.00 0.00
time (sec) N/A 1.434 1.669 0.000 0.000  0.445 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 267 259 299 539 0 1052 0 0 0
N.S. 1 097 1.12 2.02 0.00 3.94 0.00 0.00 0.00
time (sec) N/A 0.908 1.312 0.256 0.000  0.431 0.000 0.000 0.000
Problem 223 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 63 59 68 0 237 253 7 139
N.S. 1 1.11 1.04 1.19 0.00 4.16 4.44 1.35 2.44
time (sec) N/A 0.279 0.156  0.138 0.000 0.313 11.960 0.310 1.702

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 643 573 1020 0 0 2671 0 0 0
N.S. 1 0.89  1.59 0.00 0.00 4.15 0.00 0.00 0.00
time (sec) N/A 2.745 5.946 0.000 0.000  0.528 0.000 0.000 0.000
Problem 225 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 479 432 531 0 0 1855 0 0 0
N.S. 1 090 1.11 0.00 0.00 3.87 0.00 0.00 0.00
time (sec) N/A 2.089 2.363 0.000 0.000  0.514 0.000 0.000 0.000
Problem 226/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 311 298 773 616 0 1154 0 0 0
N.S. 1 096  2.49 1.98 0.00 3.71 0.00 0.00 0.00
time (sec) N/A 1.263 6.588 0.618 0.000  0.456 0.000 0.000 0.000
Problem 227| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 84 71 90 0 283 1690 99 127
N.S. 1 1.12 0.95 1.20 0.00 3.77 22.53 1.32 1.69
time (sec) N/A 0.380 0.498 0.187  0.000 0.301 113.695 0.387 2.289

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 228 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 802 713 1923 0 0 3008 0 0 0
N.S. 1 0.89 240 0.00 0.00 3.75 0.00 0.00 0.00
time (sec) N/A 4.057 4.437 0.000 0.000  0.588 0.000 0.000 0.000
Problem 229 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 592 540 1166 0 0 2050 0 0 0
N.S. 1 091 197  0.00 0.00 3.46 0.00 0.00 0.00
time (sec) N/A 3.062 3.142 0.000 0.000  0.487 0.000 0.000 0.000
Problem 230, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F(-2) B F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 382 364 816 677 0 1247 0 0 0
N.S. 1 095 214 1.77 0.00 3.26 0.00 0.00 0.00
time (sec) N/A 1.732  7.536 0.843 0.000  0.454 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 107 124 97 146 0 359 0 151 199
N.S. 1 1.16 0.91 1.36 0.00 3.36 0.00 1.41 1.86
time (sec) N/A 0.598 0.804 0.268 0.000 0.309 0.000 0.318 3.047

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 732 675 894 0 0 0 0 0 0
N.S. 1 092 1.22 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2,570 2.141 0.000 0.000  0.000 0.000 0.000 0.000
Problem 233 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 528 487 573 0 0 2412 0 0 0
N.S. 1 092 1.09 0.00 0.00 4.57 0.00 0.00 0.00
time (sec) N/A 2.065 1.420 0.000 0.000  0.533 0.000 0.000 0.000
Problem 234 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F(-1) F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 325 313 828 651 0 1428 0 0 0
N.S. 1 096  2.55 2.00 0.00 4.39 0.00 0.00 0.00
time (sec) N/A 1.207 6.304 0.362 0.000  0.525 0.000 0.000 0.000
Problem 235 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 67 73 7 67 0 297 0 83 173
N.S. 1 1.09 1.15 1.00 0.00 4.43 0.00 1.24 2.58
time (sec) N/A 0.339 0.363 0.181 0.000 0.337 0.000 0.510 2.565

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 236/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) F(-2) F F(-1) F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 882 836 1735 0 0 0 0 0 0
N.S. 1 095 197  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.291 9.068 0.000 0.000  0.000 0.000 0.000 0.000
Problem 237 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F(-1) F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 639 604 868 0 0 2972 0 0 0
N.S. 1 095 1.36 0.00 0.00 4.65 0.00 0.00 0.00
time (sec) N/A 3.002 7.914 0.000 0.000  0.541 0.000 0.000 0.000
Problem 238 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F(-1) F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 370 355 894 757 0 1686 0 0 0
N.S. 1 096  2.42 2.05 0.00 4.56 0.00 0.00 0.00
time (sec) N/A 1.628 10.043 0.438 0.000  0.535 0.000 0.000 0.000
Problem 239 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 83 94 111 101 0 400 0 130 222
N.S. 1 1.13 1.34 1.22 0.00 4.82 0.00 1.57 2.67
time (sec) N/A 0.464 0.765 0.205 0.000 0339 0.000 0.334 2.672

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 240 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 30 33 26 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.18 0.93 1.07 1.07
time (sec) N/A 0.228 13.001 0.159 0.827  0.273 5970 0.598 2.484
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 28 24 28 28
N.S. 1 1.00 1.08 1.00 1.08 1.08 0.92 1.08 1.08
time (sec) N/A 0.210 0.629 0.053 0.425 0.270 1.949 0.681 2.331
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.10
time (sec) N/A 0.220 0.567 0.064 0389 0.272 0936 0937 2.292
Problem 243 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 28 24 28 30
N.S. 1 1.00 1.08 1.00 1.08 1.08 0.92 1.08 1.15
time (sec) N/A 0.208 23.058 0.069 2.039 0276 8.036 0.310 2.357

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 30 30 26 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.93 1.07 1.07
time (sec) N/A 0.227 27.074 0.072 10.495 0.276 37.940 0.349 2.305
Problem 245 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F(-2) B F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 574 574 2286 750 0 1506 0 0 0
N.S. 1 1.00 3.98 1.31 0.00 2.62 0.00 0.00 0.00
time (sec) N/A 1.807 14.813 1.253 0.000  0.478 0.000 0.000 0.000
Problem 246 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1106 1106 2279 0 0 3122 0 0 0
N.S. 1 1.00  2.06 0.00 0.00 2.82 0.00 0.00 0.00
time (sec) N/A 2.820 21.253 0.000 0.000 0.526 0.000 0.000 0.000
Problem 247 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1512 1512 4970 0 0 5184 0 0 0
N.S. 1 1.00 3.29 0.00 0.00 3.43 0.00 0.00 0.00
time (sec) N/A 3.427 24.156 0.000 0.000 0.620 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 248 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F(-2) B F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 751 751 2666 1084 0 2429 0 0 0
N.S. 1 1.00  3.55 1.44 0.00 3.23 0.00 0.00 0.00
time (sec) N/A 3.059 15.899 2.334 0.000  0.550 0.000 0.000 0.000
Problem 249 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 1584 1584 13567 0 0 5755 0 0 0
N.S. 1 1.00  8.57 0.00 0.00 3.63 0.00 0.00 0.00
time (sec) N/A 5.648 19.726 0.000 0.000  0.671 0.000 0.000 0.000
Problem 250, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 2348 2348 29732 0 0 10614 0 0 0
N.S. 1 1.00 12.66  0.00 0.00 4.52 0.00 0.00 0.00
time (sec) N/A 7.348 22.189 0.000 0.000 0936 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 151 156 276 691 519 492 0 0 0
N.S. 1 1.03  1.83 4.58 3.44 3.26 0.00 0.00 0.00
time (sec) N/A 0.681 1.347 0.351 0.304 0.284 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 114 117 221 433 297 304 0 0 0
N.S. 1 1.03 194 3.80 2.61 2.67 0.00 0.00 0.00
time (sec) N/A 0.543 0.897 0.313 0.264 0.290 0.000 0.000 0.000
Problem 253 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B A B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 81 246 203 116 156 0 0 0
N.S. 1 1.03 3.11 2.57 1.47 1.97 0.00 0.00 0.00
time (sec) N/A 0.366 5.892 0.362 0.245 0.271  0.000 0.000 0.000
Problem 254 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 16 18 16 19 18 16 24 19 16
N.S. 1 1.12  1.00 1.19 1.12 1.00 1.50 1.19 1.00
time (sec) N/A 0.188 0.017  0.089 0.192 0.269 0.251 0.280 0.056
Problem 255 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 34 32 28 28
N.S. 1 1.00 1.08 1.00 1.08 1.31 1.23 1.08 1.08
time (sec) N/A 0.203 2.736 0.152 0377 0267 1.203 0.292 2.522

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 256| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 58 63 28 28
N.S. 1 1.00 1.08 1.00 1.08 2.23 2.42 1.08 1.08
time (sec) N/A 0.204 4.291 0.154 0.506 0.247 4.208 0.722 2.540
Problem 257 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 100 102 108 534 157 984 1077 184
N.S. 1 1.01  1.03 1.09 5.39 1.59 994 10.88 1.86
time (sec) N/A 0.559 0.908 0.293 0.337 0.275 2236 0.323 2.820
Problem 258 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 74 88 309 96 605 656 110
N.S. 1 1.00  0.99 1.17 4.12 1.28 8.07 875 1.47
time (sec) N/A 0.435 0.724 0.240 0317 0264 1.737 0321 2.693
Problem 259 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 51 51 53 44 151 49 326 322 53
N.S. 1 1.00 1.04 0.86 2.96 0.96 6.39 6.31 1.04
time (sec) N/A 0.317 1.454 0.180 0290 0265 1.301 0.296 2.572

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 260, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 19 19 97 19 52 17 88 34 29
N.S. 1 1.00 5.11 1.00 2.74 0.89 4.63 1.79 1.53
time (sec) N/A 0.197 0.102 0.151 0.280 0274 0970 0.285 2.365
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 70 58 104 163 73 0 670 0
N.S. 1 0.97 0.81 1.44 2.26 1.01 0.00 9.31 0.00
time (sec) N/A 0.494 0.287 0.256 0.250  0.275 0.000 0.352 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A C A F C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 95 97 80 137 172 101 0 3192 0
N.S. 1 1.02 0.84 1.44 1.81 1.06 0.00 33.60 0.00
time (sec) N/A 0.612 0.359 0.342 0.274  0.287 0.000 0.752 0.000
Problem 263 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 219 214 132 159 572 270 2725 3893 339
N.S. 1 0.98 0.60 0.73 2.61 1.23 12.44 17.78 1.55
time (sec) N/A 1.083 1.273 0.360 0.244 0.284 4374 0.484 3.218

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 146 95 112 289 149 1528 2190 187
N.S. 1 091  0.59 0.70 1.80 0.93 949 13.60 1.16
time (sec) N/A 0.745 0.947 0.325 0.208 0.272 3.309 0.417 2.892
Problem 265 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 91 91 52 69 114 67 724 947 84
N.S. 1 1.00 0.57  0.76 1.25 0.74 796 1041 0.92
time (sec) N/A 0.496 6.196 0.237  0.192  0.285 2492 0.349 2.600
Problem 266| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 32 23 24 25 25 25 158 25 22
N.S. 1 0.72  0.75 0.78 0.78 0.78 4.94 0.78 0.69
time (sec) N/A 0.204 0.033 0.103 0.189  0.272 1.866 0.287 2.370
Problem 267 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C C A F(-2) C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 123 105 204 282 127 0 4510 0
N.S. 1 096 0.82 1.59 2.20 0.99 0.00 3523 0.00
time (sec) N/A 0.975 0.405 0.826 0.269  0.258 0.000 0.568 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 268 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C C A F(-1) C F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 175 176 203 297 309 188 0 46878 0
N.S. 1 1.01  1.16 1.70 1.77 1.07 0.00 267.87 0.00
time (sec) N/A 1.288 0.497 1.029 0.327 0.268 0.000 2.501  0.000
Problem 269 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 502 496 1025 1196 3854 1884 0 0 0
N.S. 1 099 2.04 2.38 7.68 3.75 0.00 0.00 0.00
time (sec) N/A 2.893 8.459 0.672 1.043  0.372 0.000 0.000 0.000
Problem 270, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 278 274 725 617 1932 1064 0 0 0
N.S. 1 099 261 2.22 6.95 3.83 0.00 0.00 0.00
time (sec) N/A 1.638 7.868 0.408 0.466  0.334 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 172 163 655 254 725 508 0 0 0
N.S. 1 095 3.81 1.48 4.22 2.95 0.00 0.00 0.00
time (sec) N/A 0.804 7.490 0.603 0.337 0334 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 272 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 39 30 43 47 58 0 58 33
N.S. 1 1.05 0.81 1.16 1.27 1.57 0.00 1.57 0.89
time (sec) N/A 0.235 0.032 0.222 0.198 0.265 0.000 0.289 0.104

Problem 273 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 1504 34 32 28 30

N.S. 1 1.00 1.08 1.00 57.85 1.31 1.23 1.08 1.15
time (sec) N/A 0.204 9.903 0.207 2.880 0.257 1355 2.447 3.910

Problem 274 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 2018 58 63 28 30

N.S. 1 1.00 1.08 1.00 7762 223 242 108 115

time (sec) N/A 0.206 14.036 0.207 5175 0280 8529 10.248 3.904

Problem 275 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 475 474 1173 1135 5130 1531 0 0 0
N.S. 1 1.00 247 239 10.80 3.22 0.00 0.00 0.00
time (sec) N/A 2.592 8.375 0.861 1.119  0.358  0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 276/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 343 326 637 568 1328 859 0 0 0

N.S. 1 095 1.86 1.66 3.87 2.50 0.00 0.00 0.00

time (sec) N/A 1.786 5.071 0.581 0.573 0.315 0.000 0.000 0.000

Problem 277 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C B A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 152 148 231 166 1115 156 0 5555 240
N.S. 1 097  1.52 1.09 7.34 1.03 0.00 36.55 1.58
time (sec) N/A 0.886 6.872 0.556  0.227  0.307 0.000 1.546 9.150

Problem 278 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A C B A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 45 51 129 49 0 67 71
N.S. 1 1.00 1.07 1.21 3.07 1.17 0.00 1.60 1.69

time (sec) N/A 0278 0.046 0241 0196 0.257 0.000 0.291 3.636

Problem 279 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 3760 36 34 30 30

N.S. 1 1.00 107 1.00 13429 129 121 107  1.07
time (sec) N/A 0.229 13.807 0.236 10.300 0.293 1.370 29.592 4.223

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 280 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 4597 60 65 30 30
N.S. 1 1.00 1.07 1.00 164.18 2.14 2.32 1.07 1.07
time (sec) N/A 0.232 17.114 0.279 21.578 0.276 8.766 71.052 4.136
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B B F(-2) B F F F(-1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD
size 698 0 2278 2041 0 2572 0 0 0
N.S. 1 0.00 3.26 2.92 0.00 3.68 0.00 0.00 0.00
time (sec) N/A 0.000 10.139 1.178 0.000 0.434 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 431 421 1579 1035 0 1517 0 0 0
N.S. 1 098  3.66 2.40 0.00 3.52 0.00 0.00 0.00
time (sec) N/A 2.676 9.557 0.799 0.000  0.368 0.000 0.000 0.000
Problem 283 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 241 225 853 434 0 792 0 0 0
N.S. 1 093 3.54 1.80 0.00 3.29 0.00 0.00 0.00
time (sec) N/A 1.082 12.354 0.829 0.000  0.327 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 80 75 67 91 125 0 96 74
N.S. 1 1.04 097 0.87 1.18 1.62 0.00 1.25 0.96
time (sec) N/A 0.267 0.082 0.407  0.202 0.262 0.000 0.299 0.128
Problem 285 | Optimal | Rubi MMA Maple Maxima Fricas Sympy  Giac  Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 0 36 34 30 30
N.S. 1 1.00 1.07 1.00 0.00 1.29 1.21 1.07 1.07
time (sec) N/A 0.229 23.344 0.288 0.000 0.331 2.802 269.759 4.584
Problem 286/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A  N/A F(-1) N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 0 60 65 0 30
N.S. 1 1.00 1.07 1.00 0.00 2.14 2.32 0.00 1.07
time (sec) N/A 0.233 32.825 0.326 0.000 0.346 8.557 0.000 4.499
Problem 287 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 449 439 405 0 0 340 0 0 0
N.S. 1 0.98  0.90 0.00 0.00 0.76 0.00 0.00 0.00
time (sec) N/A 1.006 9.367 0.000 0.000  0.113 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 288 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 277 280 253 0 0 189 0 0 0
N.S. 1 1.01 091 0.00 0.00 0.68 0.00 0.00 0.00
time (sec) N/A 0.814 8.210 0.000 0.000  0.110 0.000 0.000 0.000
Problem 289 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 154 154 220 0 0 130 0 0 0
N.S. 1 1.00 1.43 0.00 0.00 0.84 0.00 0.00 0.00
time (sec) N/A 0.422 0.795 0.000 0.000  0.115 0.000 0.000 0.000
Problem 290, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 28 24 28 28
N.S. 1 1.00 1.08 1.00 1.08 1.08 0.92 1.08 1.08
time (sec) N/A 0.215 6.524 0.068 0370 0.262 2.020 0.358 3.668
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.10
time (sec) N/A 0.225 0.127 0.002 0.365 0270 0956 0.326 0.003

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 0 28 24 28 30
N.S. 1 1.00 1.08 1.00 0.00 1.08 0.92 1.08 1.15
time (sec) N/A 0.211 91.957 0.094 0.000 0.263 18435 0.377 3.591
Problem 293 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 0 30 26 30 30
N.S. 1 1.00 1.07 1.00 0.00 1.07 0.93 1.07 1.07
time (sec) N/A 0.231 15.041 0.098 0.000 0.269 79.493 0.388  3.860
Problem 294 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 432 438 410 0 0 1777 0 0 0
N.S. 1 1.01  0.95 0.00 0.00 4.11 0.00 0.00 0.00
time (sec) N/A 1.479 0.138 0.000 0.000  0.428 0.000 0.000 0.000
Problem 295 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 320 322 302 0 0 1235 0 0 0
N.S. 1 1.01 094 0.00 0.00 3.86 0.00 0.00 0.00
time (sec) N/A 1.122  0.123  0.000 0.000  0.401 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 296/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 212 197 988 0 773 0 0 0
N.S. 1 1.00 0.93 4.66 0.00 3.65 0.00 0.00 0.00
time (sec) N/A 0.670 0.034 0.336 0.000  0.388 0.000 0.000 0.000
Problem 297 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 19 18 18 41 19 18
N.S. 1 1.00 1.00 1.06 1.00 1.00 2.28 1.06 1.00
time (sec) N/A 0.197 0.007 0.154 0.194 0.262 0.337 0.342 0.070
Problem 298 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 618 576 1025 0 0 2331 0 0 0
N.S. 1 093 1.66 0.00 0.00 3.77 0.00 0.00 0.00
time (sec) N/A 2.611 2.308 0.000 0.000  0.475 0.000 0.000 0.000
Problem 299 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 460 435 536 0 0 1636 0 0 0
N.S. 1 095 1.17  0.00 0.00 3.56 0.00 0.00 0.00
time (sec) N/A 1.950 1.996 0.000 0.000 0.431 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 300, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F(-1) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 298 301 780 1123 0 1034 0 0 0
N.S. 1 1.01  2.62 3.77 0.00 3.47 0.00 0.00 0.00
time (sec) N/A 1.118 6.411 0.637  0.000  0.408 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F(-2) A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 81 361 96 0 214 1923 95 318
N.S. 1 1.16 5.16 1.37 0.00 3.06 27.47 1.36 4.54
time (sec) N/A 0.407 0.942 0.217 0.000 0.307 114.137 0.323 5.224
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 737 667 2452 0 0 2684 0 0 0
N.S. 1 091 3.33 0.00 0.00 3.64 0.00 0.00 0.00
time (sec) N/A 3.345 5.928 0.000 0.000  0.478 0.000 0.000 0.000
Problem 303 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 548 483 2283 0 0 1779 0 0 0
N.S. 1 0.88 417  0.00 0.00 3.25 0.00 0.00 0.00
time (sec) N/A 2.262 3.291 0.000 0.000  0.473 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 351 318 816 1750 0 1037 0 0 0
N.S. 1 091 232 4.99 0.00 2.95 0.00 0.00 0.00
time (sec) N/A 1.312 2417 1.271 0.000  0.435 0.000 0.000 0.000
Problem 305 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 54 54 54 55 53 0 56 55
N.S. 1 0.89 0.89 0.89 0.90 0.87 0.00 0.92 0.90
time (sec) N/A 0.243 0.063 0.208 0.196 0.296 0.000 0.346 0.101
Problem 306/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 937 814 2496 0 0 3069 0 0 0
N.S. 1 0.87  2.66 0.00 0.00 3.28 0.00 0.00 0.00
time (sec) N/A 2.889 6.876 0.000 0.000  0.622 0.000 0.000 0.000
Problem 307 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 667 591 1461 0 0 2035 0 0 0
N.S. 1 0.89 219 0.00 0.00 3.05 0.00 0.00 0.00
time (sec) N/A 2.090 3.786 0.000 0.000  0.570 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 308 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 413 386 1185 846 0 1181 0 0 0
N.S. 1 093 2.87 2.05 0.00 2.86 0.00 0.00 0.00
time (sec) N/A 1.335 9.047 0.487 0.000 0.494 0.000 0.000 0.000
Problem 309 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 80 64 71 64 62 0 71 69
N.S. 1 1.07  0.85 0.95 0.85 0.83 0.00 0.95 0.92
time (sec) N/A 0.274 0.046 0.210 0.190 0.277 0.000 0.337 0.230
Problem 310/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 923 774 1438 0 0 4116 0 0 0
N.S. 1 0.84 1.56 0.00 0.00 4.46 0.00 0.00 0.00
time (sec) N/A 3.346 8.246  0.000 0.000  0.725 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 659 561 1122 0 0 2659 0 0 0
N.S. 1 0.85 1.70 0.00 0.00 4.03 0.00 0.00 0.00
time (sec) N/A 2.556 7.645 0.000 0.000  0.579 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 349 324 906 2035 0 1267 0 0 0
N.S. 1 0.93  2.60 5.83 0.00 3.63 0.00 0.00 0.00
time (sec) N/A 1.519 8.062 0.729 0.000  0.459 0.000 0.000 0.000
Problem 313 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 84 90 152 112 0 305 0 107 149
N.S. 1 1.07 181 1.33 0.00 3.63 0.00 1.27 1.77
time (sec) N/A 0.345 0.429 0.232 0.000 0.280 0.000 0.306 5.712
Problem 314 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 30 30 26 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.93 1.07 1.07
time (sec) N/A 0.231 12.397 0.132 0.834 0254 6.160 0.305 5.778
Problem 315 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 28 24 28 28
N.S. 1 1.00 1.08 1.00 1.08 1.08 0.92 1.08 1.08
time (sec) N/A 0.208 8.652  0.066 0.484 0263 1966 0.297 5.487

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 316/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 20 20 22 20 22 22 17 22 22
N.S. 1 1.00 1.10 1.00 1.10 1.10 0.85 1.10 1.10
time (sec) N/A 0.219 0.043 0.004 0.394 0.258 0.942 0.311 0.003
Problem 317 | Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 26 26 28 26 28 28 24 28 30
N.S. 1 1.00 1.08 1.00 1.08 1.08 0.92 1.08 1.15
time (sec) N/A 0.206 105.758 0.084 2765  0.250 16.540 0.310 5.717
Problem 318 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD
size 28 28 30 28 30 30 26 30 30
N.S. 1 1.00 1.07 1.00 1.07 1.07 0.93 1.07 1.07
time (sec) N/A 0.237 16.185 0.088 19.304 0.273 72.634 0.335 5.543
Problem 319 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F(-2) A F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 7 83 73 194 0 339 0 0 0
N.S. 1 1.08 0.95 2.52 0.00 4.40 0.00 0.00 0.00
time (sec) N/A 0.304 0.962 1.501 0.000  0.283 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 320, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 280 272 311 597 0 1393 0 0 0
N.S. 1 097 1.11 2.13 0.00 4.98 0.00 0.00 0.00
time (sec) N/A 0.967 2.143 1327  0.000 0.391 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 418 382 446 0 0 2284 0 0 0
N.S. 1 091 1.07  0.00 0.00 5.46 0.00 0.00 0.00
time (sec) N/A 1.463 1.708 0.000 0.000  0.467 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F(-2) B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 116 128 112 349 0 625 0 0 0
N.S. 1 1.10 0.97 3.01 0.00 5.39 0.00 0.00 0.00
time (sec) N/A 0.425 1.407 2.770 0.000  0.295 0.000 0.000 0.000
Problem 323 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 357 355 1017 937 0 2375 0 0 0
N.S. 1 099 285 2.62 0.00 6.65 0.00 0.00 0.00
time (sec) N/A 1.284 11.331 2.615 0.000 0.459 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F(-1) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 753 672 2259 0 0 4917 0 0 0
N.S. 1 0.89  3.00 0.00 0.00 6.53 0.00 0.00 0.00
time (sec) N/A 3.005 15.405 0.000 0.000 0.568 0.000 0.000 0.000
Problem 325 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F A F F(-2) F(2) F  F(1) F(1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 765 0 1194 0 0 0 0 0 0
N.S. 1 0.00 1.56 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 1.406 0.000 0.000  0.000 0.000 0.000 0.000
Problem 326/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-2) B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 557 627 607 0 0 2109 0 0 0
N.S. 1 1.13  1.09 0.00 0.00 3.79 0.00 0.00 0.00
time (sec) N/A 3.909 1.278 0.000 0.000  0.529 0.000 0.000 0.000
Problem 327| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F(-1) F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 351 406 876 1189 0 1273 0 0 0
N.S. 1 1.16  2.50 3.39 0.00 3.63 0.00 0.00 0.00
time (sec) N/A 2.097 6.188 0.606 0.000  0.499 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 328 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 87 90 94 0 262 0 94 896
N.S. 1 1.16  1.20 1.25 0.00 3.49 0.00 1.25 11.95
time (sec) N/A 0.500 0.212 0.273 0.000 0.335 0.000 0.415 6.885
Problem 329 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B F F(-2) F(-2) F F F(-1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD
size 763 0 4052 0 0 0 0 0 0
N.S. 1 0.00 5.31 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 9.843 0.000 0.000  0.000 0.000 0.000 0.000
Problem 330, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-2) B F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 566 701 1741 0 0 2260 0 0 0
N.S. 1 1.24  3.08 0.00 0.00 3.99 0.00 0.00 0.00
time (sec) N/A 4.477 8.600 0.000 0.000  0.532 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) B F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 379 463 884 1721 0 1293 0 0 0
N.S. 1 1.22 233 4.54 0.00 3.41 0.00 0.00 0.00
time (sec) N/A 2.668 3.177 2.510 0.000 0.496 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 332 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 59 57 53 55 54 55 0 56 98
N.S. 1 097 090 0.93 0.92 0.93 0.00 0.95 1.66
time (sec) N/A 0.291 0.053 0.668 0.186  0.330 0.000 0.307 6.666

Problem 333 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F A F F(-2) F(2) F  F(1) F(1)
verified N/A N/A Yes N/A TBD TBD TBD TBD TBD
size 1138 0 1181 0 0 0 0 0 0

N.S. 1 000 104 000 000 000 000 0.00 0.0
time (sec) N/A 0.000 4.307 0.000 0.000 0.000 0.000 0.000 0.000

Problem 334 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F A F F(2) B F  F(l) F(-1)
verified N/A N/A Yes N/A TBD TBD TBD TBD TBD
size 825 0 1254 0 0 2787 0 0 0

N.S. 1 0.00 152 000 000 338 000 000 000

time (sec) N/A 0.000 3.212  0.000 0.000  0.626 0.000 0.000 0.000

Problem 335 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F A B F(-2) B F  F(1) F(1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD
size 524 0 998 1874 0 1611 0 0 0

N.S. 1 000 190 358 000 307 000 000 0.0
time (sec) N/A 0.000 11.784 3.043  0.00 0.505 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 336| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 124 138 143 180 0 350 0 183 1320
N.S. 1 1.11 1.15 1.45 0.00 2.82 0.00 1.48 10.65
time (sec) N/A 0.685 0.534 1.576 0.000 0.369 0.000 0.358 8.887
Problem 337 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B F F(-2) F(-2) F F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 852 0 3039 0 0 0 0 0 0
N.S. 1 0.00  3.57 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 11.373 0.000 0.000  0.000 0.000 0.000 0.000
Problem 338 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B F F(-2) B F F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 616 0 1752 0 0 2529 0 0 0
N.S. 1 0.00 2.84 0.00 0.00 4.11 0.00 0.00 0.00
time (sec) N/A 0.000 9.801 0.000 0.000  0.496 0.000 0.000 0.000
Problem 339 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B B F(-2) B F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 386 0 915 1705 0 1419 0 0 0
N.S. 1 0.00 237 442 0.00 3.68 0.00 0.00 0.00
time (sec) N/A 0.000 7.379 0.791 0.000  0.479 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 340, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A F A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 60 60 54 59 57 69 0 72 118
N.S. 1 1.00 090  0.98 0.95 1.15 0.00 1.20 1.97
time (sec) N/A 0.306 0.073 0.300 0.190 0.273 0.000 0.318 6.350

Problem 341 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F B F F(-2) F(2) F  F(l) F(1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD
size 1144 0 3915 0 0 0 0 0 0

N.S. 1 000 342 000 000 000 000 000 0.0
time (sec) N/A 0.000 8.232 0.000 0.000 0.000 0.000 0.000 0.000

Problem 342 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F A F F(2) B F  F(l) F(-1)
verified N/A N/A Yes N/A TBD TBD TBD TBD TBD
size 840 0 9713 0 0 3075 0 0 0

N.S. 1 0.00 116 000 000 366 000 000 0.00

time (sec) N/A 0.000 5.900 0.000 0.000  0.592 0.000 0.000 0.000

Problem 343 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A F B B F(-2) B F  F(1) F(1)
verified N/A N/A No Yes TBD TBD TBD TBD TBD
size 517 0 1091 5310 0 1751 0 0 0

N.S. 1 000 211 1027 000 339 000 000 0.0
time (sec) N/A 0.000 12.252 2818 0.000 0.546 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 104 123 146 155 0 396 0 221 1167
N.S. 1 1.18 1.40 1.49 0.00 3.81 0.00 2.12 11.22
time (sec) N/A 0.671 0.906 1317  0.000 0.361 0.000 0.376 8.137
Problem 345 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B F F(-2) TF(-2) F(-1) F  F(1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 1432 0 4009 0 0 0 0 0 0
N.S. 1 0.00  2.80 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 10.309 0.000 0.000  0.000 0.000 0.000 0.000
Problem 346/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B F F(-2) B F F F(-1)
verified N/A N/A  No N/A TBD TBD TBD TBD TBD
size 1051 0 5075 0 0 3131 0 0 0
N.S. 1 0.00 4.83 0.00 0.00 2.98 0.00 0.00 0.00
time (sec) N/A 0.000 9.369 0.000 0.000  0.595 0.000 0.000 0.000
Problem 347 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B B F(-2) B F F F(-1)
verified N/A N/A  No Yes TBD TBD TBD TBD TBD
size 641 0 1666 5156 0 1707 0 0 0
N.S. 1 0.00 2.60 8.04 0.00 2.66 0.00 0.00 0.00
time (sec) N/A 0.000 8.520 6.460 0.000  0.556 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 348 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 96 90 86 90 91 133 0 105 233
N.S. 1 094 090 094 0.95 1.39 0.00 1.09 2.43
time (sec) N/A 0.337 0.137 2.951 0.185 0.310 0.000 0.353 6.516

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [16] had the largest
ratio of [1.50000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand ummber of rules
# grade s;:;s uziize antll:aefns‘i,:zwe leaf size integrand leaf size
1] A 12 12 1.10 14 0.857
2 A 9 9 1.08 14 0.643
3 A 7 7 1.04 14 0.500
4 A 4 4 1.00 12 0.333
¥ A ) ) 1.00 14 0.357
6 A 7 7 1.06 14 0.500
7 A 10 10 1.01 14 0.714
3 A 9 9 1.03 16 0.562
9 A 6 6 0.96 16 0.375
10j A 6 6 1.02 16 0.375
11 A 3 3 1.00 14 0.214
12] A 3 3 1.00 16 0.188
13] A 8 8 1.05 16 0.500
14] A 6 6 1.30 16 0.375
15) A 11 11 1.00 16 0.688
16} A 25 24 1.34 16 1.500
17} A 16 16 1.25 16 1.000
18] A 12 11 1.10 16 0.688
19 A 6 6 1.00 14 0.429
20] A 3 3 1.00 16 0.188
21 A 3 3 1.02 16 0.188
22] A 9 9 1.32 16 0.562
Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul.
# grade SJ: 5 ds uz?e l;e antli;laefrisxir:(‘:ive leaf size irﬁggllfaflrdcie;?seiie
23 A 7 6 1.10 14 0.429
24 A 6 5 1.07 14 0.357
25 | A 5 4 1.00 12 0.333
N/A 2 0 1.00 14 0.000
N/A 2 0 1.00 14 0.000
28 A 10 9 1.33 16 0.562
29 A 9 8 1.28 16 0.500
300 | A 5 5 1.07 14 0.357
N/A 2 0 1.00 16 0.000
N/A 0 1.00 16 0.000
33 A 11 10 1.07 16 0.625
34 A 9 8 1.08 16 0.500
35 | A 7 6 1.01 14 0.429
N/A 2 0 1.00 16 0.000
N/A 2 0 1.00 16 0.000
38 A 15 14 1.05 16 0.875
39 A 13 12 1.02 16 0.750
40 A 10 9 1.04 16 0.562
41] A 8 7 1.00 16 0.438
42) A 10 9 1.04 16 0.562
43 A 13 12 1.04 16 0.750
44 A 15 14 1.07 16 0.875
45) A 6 6 1.03 18 0.333
46 A 6 6 1.03 18 0.333
4T A 3 3 1.00 18 0.167
48 A 3 3 1.00 18 0.167
49 A 11 10 1.04 18 0.556
50 A 6 6 1.25 18 0.333
51] A 14 13 1.03 18 0.722
52 A 9 9 1.20 18 0.500
53 A 19 18 1.41 18 1.000
54 A 17 16 1.42 18 0.889
55 A 3 3 1.00 18 0.167
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
i grade Slfse:;s ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
56 A 3 3 1.00 18 0.167
57 A 3 3 1.06 18 0.167
58 A 12 11 1.52 18 0.611
59 A 14 13 1.42 18 0.722
60 A 9 8 1.03 12 0.667
61 A 6 5 1.00 12 0.417
62 A 4 3 1.00 12 0.250
63 A 6 5 1.00 12 0.417
64 A 9 8 1.05 12 0.667
N/A 2 0 1.00 16 0.000
N/A 2 0 1.00 16 0.000
67 A 1 1 1.00 25 0.040
68 A 1 1 1.00 29 0.034
69 A 1 1 1.00 28 0.036
70| A 1 1 1.00 28 0.036
N/A 2 0 1.00 18 0.000
72 A 3 3 1.00 16 0.188
73 A 3 3 1.00 16 0.188
74 A 3 3 1.00 14 0.214
N/A 2 0 1.00 14 0.000
N/A 2 0 1.00 16 0.000
77 A 3 3 1.00 12 0.250
78 A 3 3 1.00 12 0.250
79 A 3 3 1.00 12 0.250
30 A 3 3 1.00 10 0.300
81 A 3 3 1.00 12 0.250
82) A 3 3 1.00 12 0.250
83 A 3 3 1.00 12 0.250
84 A 3 3 1.00 14 0.214
85) A 3 3 1.00 14 0.214
36 A 3 3 1.00 14 0.214
87 A 3 3 1.00 12 0.250
38 A 3 3 1.00 14 0.214
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul.
# grade SJ: 5 ds uz?e l;e antli;laefrisxir:(‘:ive leaf size irﬁggllfaflrdcie;?seiie
39) A 3 3 1.00 14 0.214
90j A 3 3 1.00 14 0.214
o1l | A 1 1 1.00 28 0.036
92] A 1 1 1.00 32 0.031
o3 [ A 1 1 1.00 28 0.036
od | A 1 1 1.00 28 0.036
95) A 3 3 1.00 18 0.167
96] A 3 3 1.00 18 0.167
97 A 3 3 1.00 16 0.188
98] A 3 3 1.00 18 0.167
99 A 3 3 1.00 18 0.167
100 A 3 3 1.00 18 0.167
101 A 3 3 0.95 20 0.150
102 A 3 3 1.00 20 0.150
103 A 3 3 0.83 18 0.167
104 | A 5 5 0.96 20 0.250
105/ A 5 5 1.02 20 0.250
106 A 15 15 1.39 20 0.750
107 A 12 11 1.18 20 0.550
108 A 11 10 1.14 20 0.500
o9 [ A 7 7 1.05 18 0.389
110/ | N/A 2 0 1.00 20 0.000
111/ | N/A 0 1.00 20 0.000
112 A 15 14 1.06 20 0.700
113 A 15 14 1.02 20 0.700
4| A 9 9 0.99 18 0.500
115 | N/A 2 0 1.00 20 0.000
116/ | N/A 0 1.00 20 0.000
117 A 13 12 1.04 21 0.571
118 A 12 11 1.04 21 0.524
g A 7 7 1.03 19 0.368
N/A 2 0 1.00 21 0.000
121/ | N/A 0 1.00 21 0.000
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
122 A 11 11 1.21 18 0.611
123 A 9 9 1.15 18 0.500
124 A 6 6 1.40 16 0.375
125 A 7 7 0.69 18 0.389
126 A 9 9 0.79 18 0.500
127 A 12 12 0.75 18 0.667
128 A 18 18 1.08 18 1.000
129 A 14 13 0.91 18 0.722
130 A 8 8 0.98 16 0.500
131 A ) ) 0.56 18 0.278
132 A ) ) 0.58 18 0.278
133 A 11 11 0.75 18 0.611
134 A 9 8 0.61 18 0.444
135 A 8 7 0.61 18 0.389
1136/ | A 7 6 0.64 16 0.375
N/A 2 0 1.00 18 0.000
138/ | N/A 2 0 1.00 18 0.000
139 A 13 12 0.61 18 0.667
140 A 11 10 0.65 18 0.556
41| A 9 8 0.76 16 0.500
N/A 2 0 1.00 18 0.000
143/ | N/A 2 0 1.00 18 0.000
144 | N/A 2 0 1.00 18 0.000
145/ | N/A 2 0 1.00 20 0.000
146 A ) ) 0.96 20 0.250
147] A ) ) 0.98 20 0.250
1148 | A 3 3 1.00 18 0.167
149/ | N/A 2 0 1.00 20 0.000
150/ | N/A 2 0 1.00 20 0.000
151 A 3 3 1.00 18 0.167
152 A 3 3 1.00 18 0.167
153 A 3 3 1.00 16 0.188
154 A 3 3 1.00 18 0.167
Continued on next page

2.3. Detailed conclusion table specific for Rubi results



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 119
Table 2.1 — continued from previous page
number of num?ber of no‘rme?lize‘d integrand umber of rules
# | grade 51:::: uii?eze antlf:fns‘i’::"e leaf size integrand leaf size
155 A 3 3 1.00 18 0.167
156 A 3 3 1.00 18 0.167
157 A 3 3 0.95 20 0.150
158 A 3 3 1.00 20 0.150
159 A 3 3 0.97 18 0.167
160 A 3 3 1.00 20 0.150
161 A 3 3 1.00 20 0.150
162 A 3 3 1.00 20 0.150
163 A 10 9 0.94 20 0.450
164 A 9 8 0.95 20 0.400
1165 | A 8 7 1.01 18 0.389
166/ | N/A 2 0 1.00 20 0.000
1167 | N/A 2 0 1.00 20 0.000
168 A 17 16 0.93 20 0.800
169 A 15 14 0.94 20 0.700
70| A 12 11 1.04 18 0.611
171/ | N/A 2 0 1.00 20 0.000
172/ | N/A 2 0 1.00 20 0.000
173/ | N/A 2 0 1.00 20 0.000
174 A 3 3 1.00 20 0.150
175 A 3 3 1.00 20 0.150
176 | A 3 3 1.00 18 0.167
N/A 2 0 1.00 20 0.000
178/ | N/A 2 0 1.00 20 0.000
179 A 14 13 1.18 26 0.500
180 A 13 12 1.14 26 0.462
181 A 9 9 1.07 24 0.375
182 | A 4 4 1.00 19 0.211
183/ | N/A 1 0 1.00 26 0.000
184/ | N/A 1 0 1.00 26 0.000
185 A 24 23 1.11 28 0.821
186 A 21 20 1.08 28 0.714
187 A 14 14 1.02 26 0.538
Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul.
# grade SJ: 5 ds uz?e l;e antli;laefrisxir:(‘:ive leaf size irﬁggllfaflrdcie;?seiie
88| A 7 7 0.93 21 0.333
N/A 1 0 1.00 28 0.000
190 | N/A 1 0 1.00 28 0.000
191 A 31 30 1.07 28 1.071
192 A 28 27 1.10 28 0.964
193 | A 18 18 1.09 26 0.692
94| A 4 4 1.00 21 0.190
195 | N/A 1 0 1.00 28 0.000
196 | N/A 1 0 1.00 28 0.000
197 A 18 17 1.09 26 0.654
198 | A 16 15 1.06 26 0.577
199 | A 12 11 1.01 24 0.458
200/ A 5 5 1.00 19 0.263
201/ | N/A 1 0 1.00 26 0.000
202/ | N/A 1 0 1.00 26 0.000
203[| A 27 26 1.16 28 0.929
204/ | A 25 24 1.15 28 0.857
205 | A 18 17 1.01 26 0.654
206/ A 10 9 1.02 21 0.429
N/A 1 0 1.00 28 0.000
208 | N/A 1 0 1.00 28 0.000
209 | F 0 0 N/A 0.000 N/A
210/| F 0 0 N/A 0.000 N/A
211/ A 25 24 1.32 26 0.923
212 A 12 11 1.01 21 0.524
N/A 1 0 1.00 28 0.000
214/ | N/A 1 0 1.00 28 0.000
215/ | N/A 1 0 1.00 28 0.000
216/ | N/A 1 0 1.00 26 0.000
217 | N/A 2 0 1.00 20 0.000
218 | N/A 1 0 1.00 26 0.000
219/ | N/A 1 0 1.00 28 0.000
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
220 A 12 11 0.89 26 0.423
221 A 11 10 0.90 26 0.385
222 A 10 9 0.97 24 0.375
223 A 7 6 1.11 19 0.316
224 A 22 21 0.89 28 0.750
225 A 19 18 0.90 28 0.643
226 A 15 14 0.96 26 0.538
227 A 11 10 1.12 21 0.476
228 A 29 28 0.89 28 1.000
229 A 26 25 0.91 28 0.893
230 A 19 18 0.95 26 0.692
231 A 11 10 1.16 21 0.476
232 A 13 12 0.92 26 0.462
233 A 13 12 0.92 26 0.462
234 A 12 11 0.96 24 0.458
235 A 8 7 1.09 19 0.368
236 A 23 22 0.95 28 0.786
237 A 22 21 0.95 28 0.750
238 A 18 17 0.96 26 0.654
239 A 12 11 1.13 21 0.524
N/A 1 0 1.00 28 0.000
241 | N/A 1 0 1.00 26 0.000
242/ | N/A 2 0 1.00 20 0.000
243 | N/A 1 0 1.00 26 0.000
244/ | N/A 1 0 1.00 28 0.000
245 A 2 2 1.00 24 0.083
246 A 2 2 1.00 26 0.077
247 A 2 2 1.00 26 0.077
248 A 2 2 1.00 24 0.083
249 A 2 2 1.00 26 0.077
250 A 2 2 1.00 26 0.077
251 A 7 6 1.03 26 0.231
252 A 6 ) 1.03 26 0.192
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
253 A ) 4 1.03 24 0.167
1254) A 4 3 1.12 19 0.158
255 | N/A 1 0 1.00 26 0.000
256/ | N/A 1 0 1.00 26 0.000
257] A 11 11 1.01 28 0.393
258 A 9 9 1.00 28 0.321
259 A 6 6 1.00 26 0.231
260 A 3 3 1.00 21 0.143
261 A 7 7 0.97 28 0.250
262 A 9 9 1.02 28 0.321
263 A 18 18 0.98 28 0.643
264 A 12 12 0.91 28 0.429
265 A 10 10 1.00 26 0.385
266 A 4 3 0.72 21 0.143
267 A 13 13 0.96 28 0.464
268 A 18 18 1.01 28 0.643
269 A 21 20 0.99 26 0.769
270 A 16 15 0.99 26 0.577
271 A 12 11 0.95 24 0.458
272/ | A 5 4 1.05 19 0.211
273 | N/A 1 0 1.00 26 0.000
274 | N/A 1 0 1.00 26 0.000
275 A 22 21 1.00 28 0.750
276 A 21 20 0.95 28 0.714
2717 A 13 13 0.97 26 0.500
R7g [ A 6 5 1.00 21 0.238
279 | N/A 1 0 1.00 28 0.000
280 | N/A 1 0 1.00 28 0.000
281 F 0 0 N/A 0.000 N/A
282 A 23 22 0.98 28 0.786
283 A 14 13 0.93 26 0.500
1284] A ) 4 1.04 21 0.190
285 | N/A 1 0 1.00 28 0.000
Continued on next page
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Table 2.1 — continued from previous page
number of num?ber of no‘rme?lize‘d integrand umber of rules
# | grade s;:;: uﬁ;leze antlfaefrgzwe leaf sige | Integrand leaf size
286/ | N/A 1 0 1.00 28 0.000
287 | A 6 6 0.98 28 0.214
288 | A 10 10 1.01 28 0.357
289 | A 5 5 1.00 28 0.179
N/A 1 0 1.00 26 0.000
291| | N/A 2 0 1.00 20 0.000
292/ | N/A 1 0 1.00 26 0.000
293/ | N/A 1 0 1.00 28 0.000
204/ | A 7 6 1.01 26 0.231
205 | A 6 5 1.01 26 0.192
206/ | A 5 4 1.00 24 0.167
207 | A 4 3 1.00 19 0.158
208 | A 20 19 0.93 28 0.679
209 | A 17 16 0.95 28 0.571
300 | A 13 12 1.01 26 0.462
301 | A 9 8 1.16 21 0.381
302 | A 25 24 0.91 28 0.857
303 | A 18 17 0.88 28 0.607
304 | A 15 14 0.91 26 0.538
305 | A 5 4 0.89 21 0.190
306/ | A 10 9 0.87 26 0.346
307| A 9 8 0.89 26 0.308
308 | A 8 7 0.93 24 0.292
309 | A 5 4 1.07 19 0.211
310 A 13 12 0.84 28 0.429
31| A 12 11 0.85 28 0.393
312 A 11 10 0.93 26 0.385
313 A 8 7 1.07 21 0.333
N/A 1 0 1.00 28 0.000
315 | N/A 1 0 1.00 26 0.000
316/ | N/A 2 0 1.00 20 0.000
317 | N/A 1 0 1.00 26 0.000
Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized int d
# | grade steps unique antiderivative Hlle:f:;a i Iﬁgg;‘;grdoli ryles
used rules leaf size
318/ | N/A 1 0 1.00 28 0.000
319/ A 6 5 1.08 24 0.208
320 A 9 8 0.97 26 0.308
321/ A 10 9 0.91 26 0.346
322 A 10 9 1.10 24 0.375
323 A 13 12 0.99 26 0.462
324 | A 16 15 0.89 26 0.577
325 | F 0 0 N/A 0.000 N/A
326/ | A 29 28 1.13 32 0.875
327 A 22 21 1.16 30 0.700
328 | A 10 9 1.16 25 0.360
329 | F 0 0 N/A 0.000 N/A
330 | A 30 29 1.24 34 0.853
331/ A 27 26 1.22 32 0.812
332 A 6 5 0.97 27 0.185
F 0 0 N/A 0.000 N/A
334| F 0 0 N/A 0.000 N/A
335 | F 0 0 N/A 0.000 N/A
336/ | A 11 10 1.11 27 0.370
F 0 0 N/A 0.000 N/A
338 | F 0 0 N/A 0.000 N/A
339| F 0 0 N/A 0.000 N/A
340/ | A 6 5 1.00 27 0.185
F 0 0 N/A 0.000 N/A
342/| F 0 0 N/A 0.000 N/A
343/| F 0 0 N/A 0.000 N/A
B344| A 10 9 1.18 29 0.310
345 | F 0 0 N/A 0.000 N/A
346/ | F 0 0 N/A 0.000 N/A
347| F 0 0 N/A 0.000 N/A
348 | A 6 5 0.94 29 0.172
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353  [(c+dx)*?sin®(a+bx)dr . . . . ... 5001
354 [(c+dx)*?sin®(a+bz)dz . . . . ... 5161
355 [ \/c +dzsind(a+br)dr . ... ... 528
sin3(a+bx)
356 [EEEr
357 [ S(‘j+ B dr 54T
3.58 [ S(‘j+ L dr 547
359 [UELdr ... 556
3.60  [(dz)®2sin(fz)dz . . . . .. 567
361 [Vdzsin(fz)dz . .. .. ...
362 [ELdr L 578
363 | ?ji‘;){:j”g AT o o e e e 583
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sin(fx) ofe
364 [ @ AT . . BYeE
365 [Ve+dzescla+br)dr . .. ... 594
366 [SSEEEldr L 598
3.67 —y i dr . . . ... 602

i (smj(e”x) + z+/sin(e + f:v)) T 6
368 [ (ﬁ + 22./sin(e + fa:)) dT . 6O
369 [ (Sing(e”z) — sUmeT m) dr . .o 610
3.70 f( 2(+f)+ :m/sm(e—kfm) doe . . .. 614
371 [(e+dz)™(bsin(e+ fz))"dz . . . . . .. 618
372 [(c+ dz) sin®(a+bx)dr . . .. ... 6221
373  [(c+dz)™sin*(a+bz)dz . . . ... ... 627
3714  [(e+dz)™sin(fa+bz)dr . ... ... ... 6321
375 [(c+dz)™cescla+br)de . . . ... 6371
376 [(c+dz)™cesc*(a+bx)dr . . . . ... 6411
377 [a¥™msin(a+br)dr. . ... 6451
3.78 [z ™sin(a+br)dr. . . ... 6501
379 [zt™msin(a+bz)dr. . ... 6551
380 [zMsin(a+br)dr . . ... 660!
381 [z M™Msin(a+bz)dr . . ... 6651
382 [z ™Msin(a4br)dr . .. ... 6701
383 [z 3tMsin(a4br)dr . ... 675
384  [z¥™msin(a+bz)dz . .. ... 6301
385  [z*™sin(a+bx)dr . . .. ... 634
386 [z't™sin*(a+bz)dr . ... ... 638
387 [z™msin®(a4br)dr . ... ... 692
388 [z Mtmsinf(a+bz)dr ... ... 6961
389 [z msinf(a+bz)dr ... ... [700]
390 [z 3tmsinf(a+bz)dr ... ... 704
391 [ (% — g+/csc(e + fx)) dT . . .
392 f (% — 2a?\/csc(e + fz‘)) dr . . . 712
T _ 3z

393 [ (% o BT fx)) dT . .. 716
394 f (—h — 2z\/csc(e + fx)) dr . .. ... 720)
395 [(c+dz)*(a+asin(e+ fz))dr. ... .. ... 724
396 [(c+dz)*(a+asin(e+ fz))dr. . . . ... 7300
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397 [(c+dz)(a+asin(e+ fr))dr . ... .. 7351
3.8  [efasmebio) gp [740)
3.99 [ dr L
3.100 [ m(;f—;;;;,m AT 750
3.101 [(c+dz)*(a+asin(e+ fz))>dr . . . ... ... 7561
3102 [(c+dz)*(a+asin(e+ fz))dz . . . . ...
3103 [(c+dz)(a+asin(fe+ fr))?dr. . . . . ... rara
3104 [ ltesmErfol gp 777
a-tasin(e x 2

3.105 | Ea;(sc ﬁij x;; dr ... 733
3.106 [ ( c(i i ;1; dT . . 790
3.107 [ W dT . . R00)
2.183 / W dT . E:{OL!J

: / o (er ) dr ... R16!
3110 [ o mm(e T )
3111 [ e o AT 827
3112 [l 832
3113 [ +a‘§;?j+ E T 843
3.114 @-f-assz dT ... 853
3115 [ +asm(e FaEdT RG]
BII6 [ o arasmE e T AT e R66!
3.117 | % dr .. BTl
g.ﬂg il asale£75) dT .. E:i:il]

: / aaon(er /) dT .. BTl
3120 [ iy asm(e 0T 893
3121 [ rammammme e BE e 898
3122 [z3\/a+tasin(c+dz)dr . . .. ... 903
3123 [z®\/a+tasin(c+dz)dr . . .. ... O10]
3124 [zy/a+asin(c+dz)dr . .. ... O16]
3125 [ Meresm(eRdn) go 211
3.126 [ Vetashlctds) S“‘(c*d’” AT . . 927
3.127 [ Metashlctds) S‘““*‘*’” AT . . 933
3.128 [2z3(a + asm(e O 7)) S 940)
3129 [z*(a+asin(e+ fz))32dx . . . .. 049
3130 [z(a+asin(e+ f2))¥2dz . . . ... 9561
3131 [ leasmlerfa)®® gp 62
3132 [ latasmlefa)®® g 967
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3.133 | (aﬂsm(;” DR dr 73
3134 [——— W .................................. ORT]
3135 [ \/m ................................. 089)
3.136 \/m dr . . . . e Q95]
3.137 [ - W ................................ T001]
3.138 [ V‘W AT . oo 1005
3139 [ +asm(we T AT 1009
3.140 [ +asm(e PR OT 1019
3.141 [ +asm(e AT 1027
3142 [ - +m(e ST 033
3143 [ rrasmie i QT - e 037
3.144 f\/a—l—asm(c—i-dz) T
3145 [(c+dz)™(a+asin(fe+ fz))*dx. . . .. ...
3146 [(c+dz)™(a+asin(fe+ fz))ddz . . . ... Lo 1049
3147 [(c+dz)™(a+asin(fe+ fz))?dz . . . . ... 0561
3148 [(c+dz)™(a+asin(fe+ fz))dz . .. ... .. ... 1062
3.149 | % dr .. 1067
c+dz)
3.150 [ R 00 e ival
3.151 [(c+dz)*(a+bsin(e+ fz))dz . . . . ... .. 075!
3152 [(c+dz)*(a+bsin(e+ fz))dz . . . . ... 108
3.153  [(c+ d(x)(a +bsin(e+ fr))dr . .. ... TOS6!
3154 [ orbSmleRSe) g T09T]
a+b 51—1!1_gex+ fz)
BIB5 [ AT 1096
a+bsin(e+fx)

3156 f W d.’I,' .................................. []:]:O:Il
3157 [(c+dz)*(a+bsin(e+ fz))>dr . . . . .. 107
3158 [(c+dz)* (a+bsin(e+ fz))?dz . . . .. ...
3159 [(c+dz)(a+bsin(e+ fr))ide . . . . . ... 11221
3160 [ @HSRCHIIR G 1128
3.161 (a+bsin(e+fx))?

AL [ RSO gy 134
3062 [lRmCEl gy inesi

ctdx)
3.163 [ aHz(s:rn—(ei—zfz) AT .o 1148
ctdx

3].64 f a—}—b(s—ii_n—(cji-fx) da: ..................................
3.165 [ Wg’;m AT . o 1164
3.166 [ raye +bsm(e ST [IT7T
3167 | Grmmlarbamterran 7+ e TI75
3168 [l dr .. TT79

(a+bsin(e+fz))2
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3169 [t dr
3.170 wa dT . 1206
317l [ i +bsm(e T 1214
3172 [ il T 8 - 1219
3173  [(c+ dx)m(a +bsin(e+ fr))"dr . . ... 1224
3174 [(c+dz)™(a+bsin(e+ fz))3dz . . . . ... 1228
3175  [(c+dz)™(a+bsin(e+ fz))dr . . . .. ...
3176 [(c+dz)™(a+bsin(e+ fz))dr . .. ... 12401
BATT [y o
BIT8 [ iz dT o 1249
3079 [HELSMEMn gy 1253
3180 [lHfElSMErn gy 1262
3181 [EHHSME ) gy 1270
3182 [ dr. ...
3183 [ ik AT 1282
3184 [ i et dr 1286
3185 [l gy T290
3186 [l gy T302
3087 [leHEemierdn) gy
3188 [l dp . 1321
8189 [y ) T
3190 [ ) dm 1332
3191 [lHfEl sl gy 337
3192 [l gy 1353
3193 [leHEemiern) gy T366
3094 [l dp. 376
3195 [ oM sdn 382
3196 [ et ST T386
3197 [lHfEleelod) gy T390
3.198 [lHftlewlebd) gy T402
3199 [l g T413
3200 [l dm. . 421
3201 [ it AT 1426
3202 [ et dr T430)
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3.003 [lHIml e lehd) gy
3.204 [lHIEleslehd) gy 452
3.205 [lHEeclod) gy 465
3206 [_BClMO gp 473
3.207 [ f;ji(jg W) AT T479
3208 [ipmrelt) odr ... 1483
3.209 [lHEiecld) gy 1487
3210 [lHfolesclehd) gy 506
3211 [lHfpeclodd) gy 1523
3212 [Belebo gp
3213 [l sdn 1542
3214 [ pmprel) _odn L
3.215 [HENSMlAA) gy T552
3216 DTSN gr 1556
3217 [T dr. 1560
3218 [EHHTeCk ) g 1564
3.219 [ letf=” Snf?ff;;d”” AT . 568
3.920 [leHfeiemlerds) gy
3.021 [lfiemerdn gy 1582
3.222 [EHASME ) gy 1590
3223 [ #’;‘ﬁz) AT . . 1598
3.924 [lHELSwlbd) gy T604
3.025 [lHlEESwlebd) gy 619
3.026 [l gy 630
3.027 [ _SMlH dp 640
3.028 [l Swlebd gy
3.029 [lHlElswlebd) gy 663
3.230 [lHfmemierds) gy 634
3.231 | %ﬁ% AT . o 696!
3232 [Hederd gy 703
3.033 [ldfolecleldn) gy 716
3.234 [lHAed ) g 1726
3235 [ m;n—m dT . . . 1735
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3.036 [l g 741
3.037 [llmlesw (o) gy T760
3.038 [lfteclodn gy T778
3239 [_=elebd gp T789
3.240 [HEESMlAd) gy T796
3.241 [lABESEH I qr T800)
3242 [T de . 1304
3.243 [ ltfD) Smc(sc‘i;:)d””) AT . o 808
3244 [lHEReclebdn) gy 812
3.245 [lHSMA L dr 816
3246 [CHIDSMCH) gp 1823
3.047 [UHISMEH) gy 1831
3.248 [EHDSMGS dr L 1839
3.249 [ % dT .. 1847
3.250 | % AT . . 1853
3.951 [leHfsheolebds) gy 1859
3.952 [lHfmlelebd) gy 1366
3.253 [HOI D gr 1873
3254 [ dT . 1373
3.255 [ erimram s AT 1883
3256 [ et g T
3.957 [lHlmleosletdn) gy 89T
3.958 [lHlmleosletdn) gy T899
3.959 [leHfEleleb) gy T906
3260 [l gp 9T
3961 [ ) o sdn 917
8262 [ ) sdm T923
3.263 [l et gp 930
3.964 [lHlEleosletdn) gp T94T]
3.265 [lHfHem ) gy T949
3.266 [l gp 1957
8967 [ sdn TI62
3268 [ el odr .. 970
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Hfo) secletda) g, 1979
3.269 [ (jfn—(ﬁz))dx ........... -
+f T o
3.270 [lHftlseclotd) gy L
971 [ lebfmsecleddn) go 2005
3. a+ta sm(c—;—dz T ST
e G
3272 f m dl’ ............ .
273 [T g 2019
3. (e+fz)(a+asin(ct+dx))
4 sec(ctdz) AT o o D024
3.27 f (e+fzx) (a+2a51n(c—)|-dz)) T —
etfo)sec’(ctdn) g
3275 [ ¢ a—i—aslfle((; = )d ........... -
etfo) seciletda) go Z
3.276 f( a—i—as;e(zc (+ d?) de .. ... ..... -
(etfa)sec’(chda) g 6
3.277 f - +2a(sm(c _; i) de . ... ... -
+d$ ..................
3278 f %(C_i_cm) dZ' ................
279 sef(etdn) o ival
3. f (e+fz)(a+asin(ct+dz)) ot
sec? (c+-dz) AT o 2076
3.280 f (e+fz) (a—i—?’asm(c—)l-dz)) e TR
+f R o
3281 [ (e aJ:l s;e((;jfiz) de . ... ... ... .. —
etfo)"sec’(ctdn) g,
3.282 [ ! a+asjle(} AT -
etfa)seciletde) g0
3283 f (a—}-fasfm dl’ ............. :
sec® (ctdz) AT . . . e e 2116
3.284 IWT(CJ’_C&) ........
5 secd(chdo) gy PAVA]
3.28 f (e+fzx) (a+as1n(c+d:1:)) o
sec® (c+dz) dr . .
3.286 | R (e O
+f (o) o 2131
3.987 j‘ (e afaSH‘i((’:;_;x) @) de . .. .. .. ... .. -
+ ( +dw .................. Q
3.288 [ L affaﬁg?%;z) )dz ............. -
etfz (chda) o
3.289 f( af+a81§<(3% d’”g) de .. ... ... ... .. —
(etfa)®coslehde) o
3.200 [ltfllesetd gy L ‘
3201 [ MO _gp ABY!
. a—l—asu)l(c-l—daz) i) 2158
Hfe)seclerde) o S
3.292 [ (et e )d ............ —
etfz (hdo) do 0
3.203 [ ¢ a+as}j‘(’§+dz) do ... —
etfoficoserd) go 66
3.294 [ letfo) cosletdo) o) 0T
3.205 [ (etfalcoslerds) gp 2175
. a+bsin(c+dz) i,
296 [ lehfmeosterdn) g, ARV,
3. "a+bsin(cdz) 0
7o [lesledn) AEY)
3297 [ - e 02
etfz (chda) o 2194
3.298 [ ! aJ; bs;:zi 1o de .. ... .. ..... -
etfofcosiletd) go 3
3.299 [letl e Cidd gy L. .
3.300 [leHfmeetlebe) gy D218
* a+bsin(c+dx
Metdm) g
3301 [eltldr . ..
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3.302 [Hlmes b gp WRRE!
3.303 [lHlmleos b gp 27500
3.304 [lHfbeslebe) gy 2262
3305 [LolModr 2272
3.306 [leHlelsecled) gy 27T
3.307 [leHltlsecledn) gy RS
3.308 [l g 2298
3309 [ SActodr . . 2306
3.310 [leHfmlsecled) gy 2311
3.311 [leHlmlsecledd) gy 2324
3312 [lHlteecledn gy 2330
3313 [ SelHd dr
3314 [HEleoshd) gy 2351
3315 [lHdreslebi e
3316 [ ieltsdr . . 2359
(e+fx)™ sec(c+dz)
2212 § " }Ffﬁins(ec 5 ?2 dz)d;x ................................ :i:
. Lo s ) gy
3319 [ % AT . . 23711
222(1) § Wz ................................ :::r(:
. ) o) Gy R
3.322 [lHSMeldr
3.323 [UHDeslebdd gy A0
3324 [ (zﬁlﬁi?%dx ................................ DAT0
3.325 [t ”>3f§§f:(‘jﬁ)d‘;f)t(°+dx) AT .o D424
3.326 [lHO et dsletd gy 244()
3.327 [leHfpleseti ettt gy
3.328 [eMEMRlt i) gr 46T
3.320 [(Helewletdnenlebd) gy A7
3.330 [leHfeleosletdnetiobd) gy 49T
3.331 [letfpleslebdontlonds) gy 2508
3.332 [eflodiotetd) gy 2522
3.333 [leHfeleos(etdnetlobd) gy
3.334 [ (eHfafeollcrdajooticrds) g

a+bsin(c+dz)
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3.33p [ (eHfmleslobdnallotdn) gy 2550
3.336 j‘ cos?’(c—il;dx)(cot((lc—;-dx) dz O57T]
: e
(e+fz)? cos(c+da) cot? (c+dz)
3.337 [ (e f””);ji(;n%;;)z(c :) de ... 2579
e+ fx) cos(ctdx) cot”(c+dx
3.338 [ absin(crda) de ... 25951
3.339 [lHeed et gy 2610
3.340 [exleHmlelerd) gy 624
3.341 [leHfefeosletdeoilobs) g 2629
(e+f2)? cos® (c+de) cot? (c+dz)
3.342 [ (e f””) Zi;fic“éc? dj’)z( cd”)” dT . . 2644
3.343 [ IRt 265
3.344 f cos2(c+§$l::ilt112((cci(flx:c)) d 067
: f( ;ggsing?df}) 2(:5 d.) ............................. 6
e+ fx)° cos®(c+dx) cot“(c+dx o
3.345 [ o tbsinerds) dz . .o 2630
3.346 [lHPesCHle gy 2694
3.347 [leHfpeslebineollobd) gy 2708
3.348 [ wletdnjeot®lerdn) o D771

a+bsin(ct+dzr)
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3.1 [(c+ dz)*sin(a + bz) dx

3.1.1 Optimalresult . . .. .. ... .. ... .. . 136
3.1.2 Mathematica [A] (verified) . . . . . . . ... . Lo 1361
3.1.3 Rubi [A] (verified) . . . .. . ... .. 137
3.1.4 Maple [A] (verified) . ... ... ... ... 139
3.1.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... 140
3.1.6 Sympy [B] (verification not implemented) . . ... ... ... ... ..... 140
3.1.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. .. 141
3.1.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 142
3.1.9 Mupad [B] (verification not implemented) . . . . ... ... ... .. .... 142

3.1.1 Optimal result

Integrand size = 14, antiderivative size = 92

24d* cos(a + bz) = 12d?*(c + dz)? cos(a + bx)
= +
b> b3
(c+dz)*cos(a+bx) 24d°(c+ dz)sin(a + bx)
b b*
4d(c + dz)? sin(a + bx)
+ b2

/(c + dz)*sin(a + bz) dz =

output ‘ -24*d"4*cos (b*x+a) /b~5+12*%d~2* (d*x+c) ~2*cos (b*x+a) /b~ 3-(d*x+c) “4*cos (b*x+a ‘
)/b-24%d"3* (d*x+c) *sin(bxx+a) /b 4+4*d* (dxx+c) “3xsin(bkx+a) /b2 |

3.1.2 Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.84

/(c + dz)*sin(a + bz) dx
_ —((24d* — 126°d*(c + dx)? + b*(c + dx)*) cos(a + bx)) + 4bd(c + dx) (—6d® + b*(c + dx)?) sin(a + bx)
- s

input LIntegrate [(c + d*x)~4xSin[a + b*x],x] J

output‘ (-((24*d~4 - 12%b~2*d"2%(c + d*x)~2 + b~4*(c + d*x)~4)*Cos[a + b*x]) + 4xb \
‘*d*(c + d*x)*(-6*d"2 + b~ 2*(c + d*x)~2)*Sin[a + b*x])/b5 \

3.1.  [(c+dz)*sin(a+ bz)dz



CHAPTER 3. LISTING OF INTEGRALS 137

3.1.3 Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.10,

number of steps used = 12, number of rules used = 12, umber of rules _ ( g57 Ryjes
integrand size

used = {3042, 3777, 3042, 3777, 25, 3042, 3777, 3042, 3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)*sin(a + bz) dz
| 3042
/(c + dz)*sin(a + bz)dzx
| 3777
4d [(c + dz)3 cos(a + bx)dzx _ (c+ dx)* cos(a + bx)
b b
| 3042
4d [(c+dz)3sin (a+br + ) dz _ (c+dx)* cos(a + bx)
b b
| 3777
3d [ —(c+dz)? sin(a+bz)dz |, (c+dx)?sin(a+bx)
4d( 5 + 5 ) _ (c+dz)* cos(a + bx)
b b
| 25
+dz)? sin(a+b 3d [(c+dz)? sin(a+bz)d
4d((c ) z (atbx) c+dz bsma z x) ) (c+dx)4cos(a+bm)
b b
| 302
+dzx)3 sin(a+b 3d [(c+dz)? sin(a+bx)dx
4d((c ) %m(a o) _ ) 3 ) (et dz)* cos(a + bx)
b b

l 3777

2d [(c4dz) cos(atbz)dz (c+dz)2 cos(a+bzx) )
b b

3d
c+dx)3 sin(a+bx
4d(( ) sinatbe) _ ( i

) (c + dz)* cos(a + bx)
b - b

l 3042

3.1.  [(c+dz)*sin(a+ bz)dz
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2d [(c+dx) sin(a+bz+%)dz (ct+dz)? cos(a+bw)>
b - b

(c+dz)3 sin(a+bx) 3d<
C L sin(a T
4d - —

b
(c + dz)* cos(a + bx)
b b
| 3777
d [ —sin(a+bz)dz | (ct+dz) sin(a+bzx)
(c+de)? sin(a-+ba) 3d(2d( B )_AC+MO2?“Q+MJ)
c+dzx)3 sin(a+bx
ad ° - i
5 —
(c+ dz)* cos(a + bx)
b
| 25
(ct+dz) sin(a+bz) d [ sin(a+tbz)dx
3d (M( — b ) _ (c+dz)? %os<a+bm>)
(c+dz)® sin(a+bzx)
4d 5 - b
(c + dz)* cos(a + bx)
b b
| 3042
(ct+dz) sin(a+bz) d [ sin(a+bz)dr
3d <2d( b = B b ) _ (c+dw)2 Zos(a—&-b:v))
(c+dz)® sin(a+bzx)
4d ° - .
(c + dz)* cos(a + bx)
b b
| 3118
; Qd(dcosiz-&-bz) + (ct+dz) slizn(a-ﬁ-bz) ) (C+dz)2 con(atba)
(i) sinatt) _ ' T
c+dz)? sin(a
4d ; - -
_ (c+dx)* cos(a + bx)
b b

input LInt[(c + d*x)~4*Sin[a + b*x],x]

~—

output‘ -(((c + d*x)"4x*Cos[a + b*x])/b) + (4*d*x(((c + d*x)~3*Sin[a + b*x])/b - (3%
(d*(-(((c + d*x)~2xCos[a + b*x])/b) + (2*d*((d*Cosl[a + b*x]1)/b~2 + ((c + dx
}x)*Sin[a + b*x])/b)) /b)) /b)) /b

S—

3.1.  [(c+dz)*sin(a+ bz)dz
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3.1.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 | Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3777‘Int[((c_.) + (d_)*(x)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[( ‘
-(c + d*x)"m)*(Cos[e + £*x]1/£), x] + Simp[d*(m/f) Intl[(c + d*x)"(m - 1)*C |
‘os[e + £*x], x1, x] /; FreeQl{c, d, e, £}, x] & GtQ[m, 0] |

3.1.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.83

method result
. (d*z*bt+4b*c d3z3 +6b%c2d2 a2 +4bt 3 do+btct —12b2d4a? —24b% c d3x—12b%c2d? +24d?) cos(bz+a) 4d(b2d3z3+
risch — = +
lelrisch (442" +4c A +6c2d2 a2 +4cPda+2c b+ (— 124402 ~24c dPa—242d?) b2 +48d*) (tan? (2+3 ) ) +8((dotc) 2% —6a
parallelrisc
b5(1+¢an2<%§4-%>>
(2%t —24p%c2d2 14844 (tan? (%8 +4)) N ot (tan? (B +4)) 4,4 6d%(v22-2a%)0® |, 3.3 + 8atc® tan (4P +4) 4
norman & b b = b E

a3d3
_cos(bm+a)d4w4 _ 4 cos(bz+a)cd3z3 _ 6 cos(bz+a)c?d?z? _ 4 cos(bz+a)cddzx _ cos(bz+a)ct + <
b b b b

parts 5
5 2,2
2,2 . 2\ 3 (5222 |
3449242529 b zb 7%b—+9 sin(bz) . z(b ) ( B
16d4\/7 cos(a) (2%_ (8“ 22\/1? )COS( @) _ ( s ) 16d*+/7 sin(a) N T T
meijerg % +
_ atdt cos(bz+a) + 4a3cd3 cos(bz+a) 40344 (sin(bz+a)—(bz+a) cos(bz+a)) 6a2c2d? cos(bz+a) + 12a2cd3 (sin(bz+a)—(bz+a)
derivativedivides L2 o ! & =
_ atdt COZ(bZ-HZ) + 4a3cd3 cgs(bm+a) _ 40344 (sin(bz+a) —ibm-ka) cos(bz+a)) 6a2c2d? c2os(bm+a) + 12a2cd3 (sin(bm+a)g(bm+a) [
default b b b b b

input‘int((d*x+c)“4*sin(b*x+a),x,method=_RETURNVERBOSE)

3.1.  [(c+dz)*sin(a+ bz)dz
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OUtPHt‘-(b“4*d“4*x“4+4*b“4*c*d“3*x”3+6*b“4*c“2*d”2*x“2+4*b“4*c“3*d*x+b“4*c“4—12*b
\ ~2xd"4*x"2-24%b” 2% c*d " 3*x-12*%b"2*xc”"2+%d"2+24*d~4) /b~ 5*cos (b*x+a) +4/b"4*d* (b \
"2*d‘3*x‘3+3*b”2*c*d‘2*x‘2+3*b‘2*c‘2*d*x+b‘2*c‘3—6*d‘3*x—6*c*d“2)*sin(b*x+
@ |

3.1.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.85

/(c + dz)*sin(a + bz) dx =

(b*dizt + 4btcd3x3 + bict — 120°c2d? + 24 d* + 6 (b c?d? — 2b%d*)x? + 4 (b*cPd — 6 b%cd®) ) cos (bx +
b5

inputLintegrate((d*x+c)“4*sin(b*x+a),x, algorithm="fricas")

~—

OUtPUt‘(-((b‘4*d‘4*x‘4 + 4%b~4*cxd"3%x"3 + b"4*c™4 - 12%b"2%cT2xd"2 + 24%d"4 + 6% (
\b‘4*c‘2*d“2 - 2%b"2*%d"4)*x"2 + 4x(b~4*c"3*d - 6*b~2*kc*d"3)*x)*cos(b*x + a)
‘ - 4x(b~3*%d"4*x"3 + 3*%b"3*kcxd"3*x"2 + b~3*%c"3*d - 6xb*c*xd”3 + 3% (b"3*kc~2xd
L*2 - 2%bxd~4)*x)*sin(b*x + a))/b"5

| —

3.1.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 311 vs. 2(92) = 184.

Time = 0.35 (sec) , antiderivative size = 311, normalized size of antiderivative = 3.38

/(c + dz)*sin(a + bz) dz

c* cos (a+bzx) 4c3dz cos (a+bx) 6c%d?z? cos (a+bx) 4ed323 cos (a+bx) d*z* cos (a+bx) 4c3dsin (a+bz) 12c2d?x sin
- b - b - b - b - b + b2 + b2

(c4x + 2c3dz? + 22d?x® + cd3zt + d45—x5> sin (a)

p
input Lintegrate ((d*x+c) **4xsin(b*x+a) ,x)

-/

3.1.  [(c+dz)*sin(a+ bz)dz
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output  Piecewise((-cx*4xcos(a + b*x)/b - 4xc**x3*kd*x*cos(a + b*x)/b — 6¥xck*2kd**2*
x**2xcos(a + b*x)/b - 4xckd**3xx*k*3*cos(a + b*x)/b - d*xd*xx**4dxcos(a + b*x
)/b + 4dxc*k*3*d*sin(a + b*x)/b**2 + 12kck*2*xd**2*x*sin(a + bxx)/b**2 + 12%c
*d*x3kx*k*k2ksin(a + b*x)/b**x2 + 4xdx*k4*x*x3xsin(a + b*x)/b**2 + 12%kc*k*2kd**
2%cos(a + b*x)/b**3 + 24kckd**3*x*cos(a + b*x)/b**3 + 12kd**4d*x**2*cos(a +
b*xx) /b**3 — 24*c*d**3*sin(a + b*xx)/bk*4d - 24*d**4xx*sin(a + b*xx)/bk*x4d - 2
4dxdxx4*cos(a + b*x)/b**x5, Ne(b, 0)), ((ckkd*xx + 2*ckk3kdkx**2 + 2kck*2kd**
2%x**3 + ckd**3xx*x*x4d + dkx4xx**5/5)*sin(a), True))

& J

3.1.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 490 vs. 2(92) = 184.

Time = 0.22 (sec) , antiderivative size = 490, normalized size of antiderivative = 5.33

/(c + dz)*sin(a + bz) dx =

4 ac3d cos(br+a) + 6 a?c?d? cos(bx+a) 4 a3cd® cos(bz+a) + a*d* cos(bz+a) + 4 ((bz+a) cos(bz+a)—sin(bz
_ b1 b

c*cos (bz +a) — 2 = 03

input | integrate ((d*x+c) “4*sin(b*x+a) ,x, algorithm="maxima")

N J

output | -(c"4*cos(b*x + a) - 4xa*xc”3*dxcos(b*x + a)/b + 6*a~2xc”2*d"2xcos(b*x + a)
/"2 - 4xa~3xc*d"3*cos(b*x + a)/b~3 + a“4xd"4xcos(b*x + a)/b"4 + 4x((b*x +
a)*cos(b*x + a) - sin(b*x + a))*c”3*d/b - 12x((b*x + a)*cos(b*x + a) - si
n(bxx + a))*a*c™2+%d"2/b"2 + 12x((b*x + a)*cos(b*x + a) - sin(b*x + a))*a"2
*c*d~3/b"3 - 4*x((b*x + a)*cos(b*x + a) — sin(b*x + a))*a~3*d"4/b"4 + 6*x(((
b*x + a)”2 - 2)*cos(b*x + a) - 2x(b*x + a)*sin(b*x + a))*c”2*d"2/b"2 - 12%
(((b*x + a)~2 - 2)*cos(b*x + a) - 2*(b*x + a)*sin(b*x + a))*a*xcxd~3/b"3 +
6% (((b*x + a)"2 - 2)*cos(b*x + a) - 2*(b*x + a)*sin(b*x + a))*a”~2+%d~4/b"4
+ 4x(((b*x + a)~3 - 6xbxx - 6*a)*cos(b*x + a) - 3*((b*x + a)~2 - 2)*sin(b*
X + a))*cxd~3/b"3 - 4x(((b*x + a)~3 - 6xbxx - 6%*a)*cos(bxx + a) - 3*((b*x
+ a)”2 - 2)xsin(bxx + a))*axd~4/b~4 + (((b*x + a)~4 - 12x(b*x + a)~2 + 24)
*cos(b*x + a) - 4*x((b*x + a)~3 - 6%b*x - 6%a)*sin(b*x + a))*d~4/b~4)/b

3.1.  [(c+dz)*sin(a+ bz)dz
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3.1.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.86

/(c + dz)*sin(a + bz) dx =
(b*diz?t + 4bted3x3 + 6 b P d2x? + 4 b cBdr + bict — 120%d* 2% — 24 b2cd®s — 12b2C2d? + 24 d*) cos (bx
— s
4 (B3d*z3 + 3b3cdz? + 3b3Pd%x + b3c3d — 6 bd*x — 6 bed?) sin (bz + a)
+ b
inputLintegrate((d*x+c)‘4*sin(b*x+a),x, algorithm="giac") J
output (—(b‘4*d‘4*x*4 + 4xb74*c*d"3*x"3 + 6*bT4xcT2%d"2*xx"2 + 4xb"4*c”3*d*x + bT4* )

[C74 - 12%b72+d™4xx™2 - 24¥b™2%c*d"3%x - 12%b"2%c72xd"2 + 24xd"4)*cos(bxx +
| a)/b75 + 4% (b 3%d"4%x"3 + 3¥b"3*ckd™3*x"2 + 3%b"3xc"2%d"2%x + b"3%c3xd -
L 6xb*d~4xx - 6xbkc*d"3)*sin(bxx + a)/b"5 J

3.1.9 Mupad [B] (verification not implemented)

Time = 0.52 (sec) , antiderivative size = 221, normalized size of antiderivative = 2.40

3 _ 12,3
/(c+dx)4sin(a+ba:)dz= 4z cos(a+bzx) (6cd® —b*cd)
b3
_4sin(a+bz) (6ed®—b*c*d)  d*a* cos(a+bx)
b* b
_cos(a+bz) (b'ct — 1207 d* +244dY)
b5
4d*z3 sin(a+bx) 12z sin(a+bz) (2d* —b? 2 d?)
_I_ —
b? b*
622 cos (a+bx) (2d* — b2 2 d?)
+ b3
ded®zd cos(a+bx) 12cd?z? sin(a+bx)
B b - b2

~—

input Lint(sin(a + bxx)*(c + d*x)~4,x)

3.1.  [(c+dz)*sin(a+ bz)dz
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output | (4xx*cos(a + b*x)*(6*xc*d~3 - b~ 2%c~3*d))/b~3 - (4*xsin(a + b*x)*(6%cxd~3 -

b~2%c~3*d)) /b"4 - (d"4*x"4*cos(a + b*x))/b - (cos(a + b*x)*(24*%d~4 + b 4x*c
4 - 12xb"2%c"2*d72))/b"5 + (4*%d"4*x"3*sin(a + b*x))/b"2 - (12#x*sin(a + b
*x)*(2%d~4 - b"2%c"2*%d"2))/b"4 + (6*x"2*cos(a + b*x)*(2*d"4 - b~ 2*%c~2*%d"2)
)/b"3 - (4*cxd"3*x"3*cos(a + b*x))/b + (12*c*xd"3*x"2*sin(a + b*x))/b~2

3.1.  [(c+dz)*sin(a+ bz)dz
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3.2 [(c+ dz)’sin(a + bz) dz

3.2.1 Optimalresult . . . ... .. . .. . 144
3.2.2 Mathematica [A] (verified) . . . . . ... ... ..o 144
3.2.3 Rubi [A] (verified) . . . .. ... . 145
3.24 Maple [A] (verified) . . . . ... .. .. 147
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 147
3.2.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 148]
3.2.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ... T48]
3.2.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... T49
3.2.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... .. 149

3.2.1 Optimal result

Integrand size = 14, antiderivative size = 71

2 3
/(c +dz)®sin(a + br) dz = 6d”(c + d:v?);os(a +bzr) (c+dz) (;)os(a + bx)
6d3sin(a + bx)  3d(c+ dz)?sin(a + bx)
— b4 + b2

output‘6*d‘2*(d*x+c)*cos(b*x+a)/b‘3—(d*x+c)‘3*cos(b*x+a)/b—6*d‘3*sin(b*x+a)/b‘4+3
L*d* (d*x+c) ~2*sin(b*x+a) /b2 J

3.2.2 Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.87

/(c + dz)?®sin(a + bz) dz

_ —b(c+dz) (—6d* 4 b*(c + dx)?) cos(a + bx) + 3d(—2d? + b*(c + dx)?) sin(a + bx)
= i

)
input  Integrate[(c + d*x)~3*Sin[a + b*x],x]

N\ J

output‘ (-(b*x(c + d*x)*(-6%d"2 + b~ 2*(c + d*x) 2)*Cos[a + b*x]) + 3*d*(-2*%d"2 + b~
‘2*(c + dxx)~2)*Sin[a + b*x])/b~4

32.  [(c+dz)*sin(a+ bz)dz
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3.2.3 Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.08, number
of steps used = 9, number of rules used = 9, Bumber of rules _ , 643 Ryjles used = {3042,

integrand size
3777, 3042, 3777, 25, 3042, 3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)®sin(a + bzx) dx
| 3042
/(c + dz)3sin(a + bz)dz

| 3777
3d [(c+ dz)%cos(a + bx)dx  (c+ dz)cos(a + bx)

b b
l 3042

3d [(c+dz)?sin (a+ bz + §) dz _ (c+dx)® cos(a + bx)
b b

l 3777

3d(2df—((c+dm3)sin(a+bm))dz + (ctdz)? iin(a-l-bz))

(et dx)3 cos(a + bx)
b b

| 25

3d< (ct+dz)? iin(a-l—bar;) _ 2d [(ctdx) 2in(a+bz)dw>

(c + dz)3 cos(a + bx)
b b

l 3042

+dzx)? sin(a+b 2d [ (c+dzx) sin(a+bx)dz
3d<(c ) im(a =) 4l b > (c + dz)3 cos(a + bx)

b b
l 3777

df (a+bzx)d (c+dz) cos(a+bzx)
2(1( cos Z z)dz o )
b

3d (c+dz)? azin(a—i—bx) N
(et dz)3 cos(a + bx)
b b

l 3042

32.  [(c+dz)*sin(a+ bz)dz
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dfsin(a+b:c+%)d:c (c+dz) cos(a+bz)
2d 5 - 2

+dx)? sin(a+b.
34| (erdo)?sinatbe) _ b

(et dz)3 cos(a + bx)

b b
l 3117

Qd( dsin(bté+bw) _ (c+dz) cgs(a-ﬁ-b:c) )
b

3d (ctdz)?sin(a+bz)
b 3
(¢ + dx)° cos(a + bx)

b b

N

input Int[(c + d*x)~3*Sin[a + b*x],x]

A J

output \(—(((c + d*x)~3*Cos[a + b*x])/b) + (3*d*(((c + d*x)~2xSin[a + b*x])/b - (2%
‘d*(—(((c + d*x)*Cos[a + b*x])/b) + (d*Sin[a + b*x])/b~2))/b))/b

—

3.2.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

rule 3777/Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + fx*x], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

32.  [(c+dz)*sin(a+ bz)dz
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3.2.4 Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.52

method result
risch . (b2d3z3+3b%c d2x2+3b%c?dz+b2c3—6d3z—6c d?) cos(bz+a) + 3d(d252b2+2b? cdz+b%c2—2d?) sin(bz+a)
b3 bt
lelrisch 3z((%d2z2+cdz+c2)b2—2d2)db (tan2 (%+%>)+6((dz+c)2b2—2d2> dtan(%z—l— ”) —Z(d?z—l—c) ((d2az?+cdz+c?) b2 —¢
arallelrisc
P b (1ran? (5 +3))
3 a242 sibr)2(bw+a) _ 2acd si?)(bcv-i—a)
cos(br+a)d’x 3 cos(bx+a)cd“x 3 cos(bx+a)c“dx cos(bzr+a)c
arts _cos(bzta)d3zd b d2z? bota)c?dn _ cos(bata)e®
b b b b b
(2b203—12cd2) (tan2(b71+%)) 323 (tanQ(bTE-f-%)) 343 3d(b202—2d2)x 3¢ d2a2 6d(b202—2d2) tan(%-k%) 6d32
norman 53 + b b b3 —T 5t o : +—
1+tan? (§+%)
a3d3 coz(bm+a) _ 3a2cd? cgs(bz+a) + 3a2d3 (sin(bm+a)7:§bx+a) cos(bz+a)) + 3a c2dcos(bz+a) _ 6ac d2 (sin(bz+a) 72(bm+a) cos(bz-
derivativedivides b b b L b
a3d3 coz(bz+a) _ 3a2cd? cgs(bz+a) + 3a2d3 (sin(bz+a)7§bz+a) cos(bz+a)) + 3a c2dcos(bz+a) _ 6ac d2 (sin(bz+a) 72(bz+a) cos(bz-
default b b b L b
2,2 2;2 2;2
zb —5i2b—+15 cos(bzx) —m%ﬁ-ls sin(bx) —Sin—-Q—S cos(bz) xb
8d%\/m cos(a) ( T ) - ( o ﬁ> 8d3 /7 sin(a) #_%_i
meijerg = + =

input Lint ((d*x+c) " 3*sin(b*x+a) ,x,method=_RETURNVERBOSE)

output \ -1/b7 3% (b~ 2*d"3*x"3+3*b"2*c*d " 2*x " 2+3*b " 2*c” 2*d*x+b"2%c"3-6*d " 3*x-6*c*d"2) \

L*cos (b*x+a) +3%d* (b~ 2%d~2%x~2+2%b~2%c*xd*x+b~2%c~2-2%d~2) /b~ 4*sin (b*x+a)

3.2.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.55

/(c + dz)?sin(a + bz) dx =

(B3d3x3 + 3b3cd?x? + b3c® — 6 bed? + 3 (b3c2d — 2bd®)x) cos (bx + a) — 3 (V2d3x? + 2 b%cd?x + b2c2d —

b4

input Lintegrate ((d*x+c)~3*sin(b*x+a) ,x, algorithm="fricas")

32.  [(c+dz)*sin(a+ bz)dz
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0utput‘—((b“3*d“3*x”3 + 3*%b"3*%c*d"2*x"2 + b"3*c”3 - 6*b*ckd”2 + 3% (b"3*c”2*d - 2%
‘b*d“B)*x)*cos(b*x + a) - 3% (b"2%d"3*%x"2 + 2%xb"2*c*d"2*%x + b"2%c"2xd - 2%d”
‘3)*sin(b*x + a))/bv"4 ‘

3.2.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 202 vs. 2(70) = 140.

Time = 0.26 (sec) , antiderivative size = 202, normalized size of antiderivative = 2.85

/(c + dz)3sin(a + bz) dz

3 cos (a+bzx) 3c%dz cos (a+bx) 3cd?x? cos (a+bzx) d3z3 cos (a+bx) 3c%dsin (a+bx) 6cd?z sin (a+bx) 3d3z2 sin (a+
o b - b - b - b + b2 + b2 + b2

2 Jn2 3 .4 .
<c3x + 38 4 od?gd + de> sin (a)

p
input Lintegrate ((d*x+c)**3xsin(b*x+a) ,x)

~—

output | Piecewise((-c**3*cos(a + b*x)/b - 3*ckx*2xd*x*kcos(a + b*x)/b — 3kckdkx*x2kxk*
2xcos(a + b*x)/b - d**3*xx**3*cos(a + b*x)/b + 3*cx*2xd*sin(a + b*x)/b*x2 +
B6xcxd**x2xx*sin(a + b*x)/b**2 + 3xd*x*3xx*x*2xsin(a + b*x)/b¥*2 + G*ckd**2*c
os(a + b*x)/b**x3 + 6xd**k3*x*cos(a + b*x)/b**x3 - 6xd**3*sin(a + b*x)/b**x4,

Ne(b, 0)), ((c**3*x + 3xc*x*x2*xd*x**2/2 + cxd**x2xx**3 + dx*x3*x**4/4)*sin(a),
True))

3.2.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 285 vs. 2(71) = 142.

Time = 0.21 (sec) , antiderivative size = 285, normalized size of antiderivative = 4.01

/(c + dz)3sin(a + bz) dx =

3 cos (b.’l? + a) . 3a02dccl))s(bx+a) + 3a2cd? (l:)c2)s(bw+a) _add® cc;s3(bw+a) + 3 ((bz+a) cos(bx+l:1)—sin(bw+a))czd __ 6((bz+a)c

e

inputtintegrate((d*x+c)‘3*sin(b*x+a),x, algorithm="maxima")

~—

32.  [(c+dz)*sin(a+ bz)dz
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output | -(c"3*cos(b*x + a) - 3*a*c”2*dxcos(b*x + a)/b + 3*a~2xc*d"2*cos(b*x + a)/b
2 - a~3*d"3*cos(b*x + a)/b~3 + 3*x((b*x + a)*cos(b*x + a) - sin(b*x + a))*
c"2xd/b - 6x((b*x + a)*cos(b*x + a) - sin(b*x + a))*a*c*d"2/b"2 + 3*x((b*x
+ a)*cos(b*x + a) - sin(b*x + a))*a"2+%d"3/b"3 + 3*(((b*x + a)~2 - 2)*cos(b
*x + a) — 2x(b*x + a)*sin(b*x + a))*c*xd"2/b"2 - 3*(((b*x + a)~2 - 2)*cos(b
*x + a) — 2x(b*x + a)*sin(b*x + a))*axd"3/b~3 + (((b*x + a)~3 - 6%b*x - 6%
a)*cos(b*x + a) - 3*((b*x + a)~2 - 2)*sin(b*x + a))*d~3/b~3)/b

3.2.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.56

/(c + dz)3sin(a + bz) dz
_ (bPdP2® 4+ 3bcd?x® + 3b°cPdx 4 bPc® — 6 bdPx — 6 bed?) cos (br + a)
S i
N 3 (V’d3z® + 2b%cd?x + b2 cAd — 2 d®) sin (bz + a)

b4

-

input | integrate ((d*x+c) “3*sin(b*x+a) ,x, algorithm="giac")

N\

OUtPHt‘-(b“B*d”S*x*S + 3*%b"3*kckd"2*x"2 + 3*b"3*kc"2*d*x + b"3*%c”3 - 6*¥b*d"3*x - 6%
\b*c*d”2)*cos(b*x + a)/b"4 + 3x(b"2*%d"3*%x"2 + 2%b"2%xckd"2*x + b~2*%c"2%xd - 2
L*d"3) *sin(b*x + a)/b~4

3.2.9 Mupad [B] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 147, normalized size of antiderivative = 2.07

_cos(a+bx) (6cd®—b°c®) 3sin(a+ba) (2d° - d)

/(c + dz)?sin(a + bz) dx = 3 x

d®x3 cos(a+bzr) 3d3z?sin(a+bx)
b * b2
3z cos(a+bzx) (2d® —v? 2 d)
+ b3
+6cd2:1: sin(a+bz) 3cd?z® cos(a+bx)

b? b

32.  [(c+dz)*sin(a+ bz)dz
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input | int(sin(a + b*x)*(c + d*x)"3,x)

output((cos(a + b*xx)*(6*xc*d~2 - b"2*%c~3))/b"3 - (3*sin(a + b*x)*(2*d~3 - b~ 2xc~2x%
‘d))/b“4 - (d"3*x"3*cos(a + b*x))/b + (3*d"3*x"2*sin(a + b*x))/b"2 + (3*x*cC
‘os(a + bxx)*(2*%d"3 - b"2*%c"2*d))/b"3 + (6xc*kd"2*xx*sin(a + b*x))/b~2 - (3*c
‘*d’"2*x"2*cos(a + b*x)) /b

|

32.  [(c+dz)*sin(a+ bz)dz
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3.3

3.3.1
3.3.2
3.3.3
3.3.4
3.3.5
3.3.6
3.3.7
3.3.8
3.3.9

3.3.1

[(c+ dz)?*sin(a + bz) dz

Optimal result . . . . . . . . . .. .
Mathematica [A] (verified) . . . . . . . . . .. ...
Rubi [A] (verified) . . . . . . . . . ..
Maple [A] (verified) . . . . . . . . . .
Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ....
Sympy [B] (verification not implemented) . . . . ... ... ... ... ...
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . .. ... ... ... .. ....
Mupad [B] (verification not implemented) . . . .. ... ... ... .....

Optimal result

Integrand size = 14, antiderivative size = 50

2d? cos(a + br) (c+ dx)?cos(a + bx) N

2d(c + dx) sin(a + bx)

/(C+ dz)?sin(a+bx) dr = _

b3 b

-

output P*dAQ*COS (b*x+a) /b~3- (d*x+c) “2*cos (b*x+a) /b+2*d* (d*x+c) *sin(b*x+a) /b~2

~—

3.3.2

Time = 0.12 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.90

/(c + dz)?sin(a + bx) dz =

Mathematica [A] (verified)

—((=2d? + v*(c + dz)?) cos(a + bx)) + 2bd(c + dz) sin(a + bx)

b3

-

input LIntegrate [(c + d*x)~2*Sin[a + b*x],x]

-/

output‘ (~((~2%d~2 + b~2%(c + d*x)~2)*Cos[a + b*x]) + 2%bkd*(c + d*x)*Sin[a + b*x]

L) /b~3

~

3.3.

[(c+ dz)*sin(a + bz) dz
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3.3.3 Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.04, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 55 Ryles used = {3042,

integrand size
3777, 3042, 3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)?sin(a + bzx) dz
| 3042
/(c + dz)%sin(a + bz)dz
| 3777
2d [(c+dz) cos(a +bz)dz  (c+ dx)?cos(a + bx)
b b
| 3042
2d [(c+ dz)sin (a + bz + §) dz _ (c+ dx)? cos(a + bx)
b b
| 3777
d [ — sin(a+bx)d (c+dz) sin(a+bzx)
2d< =+ b ) _ (c+ dx)* cos(a + bx)
b b
| 25
tdo)sin(atbe)  d [ sin(a+be)d
2d((c x)slin(a 2 sz . $) B (c + dzx)? cos(a + bx)
b b
| 302
c+dx) sin(a+bz d [ sin(a+bx)dx
Qd(( )1 (atbe) _ 2] b ) __(c#—dw)2cos&z%—bm)
b b
| 3118
dcos(a+bz) | (ctdz)sin(atbz)
2d( B B e S ) B (c + dzx)? cos(a + bx)
b b

input‘ Int[(c + d*x)~2*Sin[a + b*x],x]

33.  [(c+dz)’sin(a+ bz)dz
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output‘-(((c + d*x)~2%Cos[a + b*x])/b) + (2*d*((d*Cos[a + b*x])/b~2 + ((c + d*x)*
LSin[a + b*x])/b))/b J

3.3.3.1 Defintions of rubi rules used

-

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3118 Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, a}, x]

rule 3777 Int[((c_.) + (d_.)*(x_))"(m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + fxx], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]

3.3.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.22

33.  [(c+dz)’sin(a+ bz)dz
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method result
. d2z2b24-2b2cdz+b2c?—2d?) cos(br+a 2d(dxz+c) sin(bz+a
risch _{ 4 ) cos(beta) | 2d( )b2 (bz+a)
pa,ra,llelrisch 2 (%z +c) xd b? (tan2 (%‘” +%) ) +4bd(dz+-c) tan ( %’” + %) +(—d?z? —2cdz—2c? ) b2 +4d>
b3 (1-+tan?(%2+%))
dasin(bz+a) . d(cos(bz+a)+(bz+a) sin(bz+
£ _ cos(bz+a)d?x? __ 2cos(bzta)cdr cos(bz+a)c? + 2d<_ : nb +esin(bz+a)+ =22 b :
parts b b b 5
—26202+4d2 +d2w2 (tan2 (b7a:+%)) _ d2m2 _ 2cdz+46dtan(b7$+%) +4d22tan(2}+%) +2cdz (tan2 (bfm-"%))
norman & b b T b b2 52 5
14tan2 (%Jrg)
_ a2d? cos(bz+a) | 2acdcos(bzta) 2a a2 (sin(bz+a)—(br+a) cos(bz+a)) 2 2cd(sin(bz+-a)—(bxz+a) cos(bz+a)) f
derivativedivides A E— = o b : .
_ a2d? cos(bz+a) | 2acdcos(bz+ta) 2a a2 (sin(bz+a)—(br+a) cos(bz+a)) 2 2cd(sin(bz+a)—(bxz+a) cos(bz+a)) i
default &2 ha b 52 < cos(bata)t b hi
b
3 2,2
z2p2 2\3 (b2) 2 (_827b% 1 3) gin(ba
— L5~ +1) cos(bx) . . m(b ) cos(bx) 2
4d?/7 cos(a) (_2\15_’_ ( 2\/;) 428 ;’\r}g’m) 4d?/m sin(a) N T 6753
meijerg b3 + b2v/b2
inputkint((d*x+c)“2*sin(b*x+a),x,method=_RETURNVERBOSE) J

output \ = (b™2%d"2*x"2+2*b " 2*c*d*x+b~2*%c"2-2*d"2) /b~ 3*cos (b*x+a) +2*xd* (d*x+c) *sin (b* \

‘ x+a)/b~2

3.3.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.26

/(c + dz)?sin(a + bz) dz
(b2d%x? 4 2 b?cdx + b2c? — 2d?) cos (br + a) — 2 (bd%x + bed) sin (br + a)
=— 5
input Lintegrate ((d*x+c) "2*sin(b*x+a) ,x, algorithm="fricas") J

outpu'G‘ -((b"2%d"2*x"2 + 2*%b"2*ckd*x + b"2*%c”2 - 2*xd"2)*cos(b*x + a) - 2*(b*xd~2*x \
‘+ bc*d) *sin(b*x + a))/b~3 ‘

33.  [(c+dz)’sin(a+ bz)dz
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3.3.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(48) = 96.

Time = 0.20 (sec) , antiderivative size = 112, normalized size of antiderivative = 2.24

/(c + dz)?sin(a + bz) dz

_ c%cos(atbr)  2cdw coi(a—i-bx) _ d%a? coi(a—i-bz) + 2cdsir;)ga+bx) + 2d%x si212(a+bz) + 2d2 coiga—}-bm) for b 75 0

b

(c2x + cdx? + @) sin (a) otherwise

-

inputLintegrate((d*x+c)**2*sin(b*x+a),x)

N ]

Output‘Piecewise((—c**2*cos(a + b*x)/b - 2%ckd*x*cos(a + b*x)/b - d*x2%x**2*cos(a
\ + b*x)/b + 2*cxd*sin(a + b*x)/b**2 + 2*xd**2*kx*sin(a + b*x)/b**2 + 2xd*x*2*
‘cos(a + bxx)/b¥*3, Ne(b, 0)), ((ck*2xx + ckdxx**2 + d**2xx**3/3)*sin(a), T
‘ rue))

—

3.3.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 141 vs. 2(50) = 100.

Time = 0.20 (sec) , antiderivative size = 141, normalized size of antiderivative = 2.82

/(c + dz)*sin(a + bz) dz =
2 cos (b.’E + a) _ 2acdcoz(bx+a) + a?d? cc;sz(ba:-l—a) + 2 ((bz+a) cos(bx—ll-)a)—sin(bx-l—a))cd __ 2((bz+a) cos(bz—ll—:zz)—sin(bx-l—a))ad’
b
inputLintegrate((d*x+c)“2*sin(b*x+a),x, algorithm="maxima" J

output‘ -(c™2%cos(b*x + a) - 2*a*cxd*xcos(b*x + a)/b + a~2xd"2xcos(b*x + a)/b"2 + 2 ‘
‘*((b*x + a)*cos(b*x + a) - sin(b*x + a))*c*d/b - 2*%((b*x + a)*cos(b*x + a) ‘
| - sin(bkx + a))*a*d"2/b™2 + (((b*x + a)~2 - 2)*cos(b*x + a) - 2%(b*x + a) |
*sin(bkx + a))*d"2/b"2)/b |

33.  [(c+dz)’sin(a+ bz)dz
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3.3.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.30

22,2 4 9 p2 22 _ o2
/(c—|—dx)2sin(a+bx)dx=_(bdz + bcdac+bb3 d?) cos (bz + a)

2 (bd*z + bed) sin (bx + a)
+ b3

input ‘ integrate ((d*x+c) "2*sin(b*x+a) ,x, algorithm="giac")

Output‘ -(b~2%d"2*x"2 + 2%b~2*ckd*x + b~2%c”2 - 2xd"2)*cos(b*x + a)/b~3 + 2x(b*d"2
L*x + bxc*d)*sin(b*x + a)/b~3

3.3.9 Mupad [B] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.68

2 _ 2.2 2.2
/(c+dm)2 sin(a + bz) dz = cos (a+bx)b§2d b’e®) d'z cosb(a—i-bx)
2cdsin(a+bz) 2d’zsin(a+bz) 2cdzcos(a+bz)
+ 2 + = _ -

input int(sin(a + b*x)*(c + d*x)~2,x)

N

output‘ (cos(a + bxx)*(2%d"2 - b~2%c~2))/b~3 - (d"2*x"2*cos(a + b*x))/b + (2*c*d*s
‘in(a + b*x))/b"2 + (2*%d~2xx*sin(a + b*x))/b"2 - (2*xcxd*xx*cos(a + b*x))/b

33.  [(c+dz)’sin(a+ bz)dz
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3.4 [(c+ dx)sin(a + bx) dx

34.1 Optimalresult . . . ... .. .. .. . 157
3.4.2 Mathematica [A] (verified) . . . . . .. . ... Lo oo 157
3.4.3 Rubi [A] (verified) . . . .. ... 158
3.44 Maple [A] (verified) . . ... ... ... .. 150
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 159
3.4.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... 1601
3.4.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1601
3.4.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 160
3.4.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ... .. 161

3.4.1 Optimal result

Integrand size = 12, antiderivative size = 28

(c+dzx)cos(a+bxr) dsin(a+ bx)
B b M

/(c + dz)sin(a + bx) dz =

e

output L— (d*x+c) *cos (b*x+a) /b+d*sin(b*x+a) /b~2

~—

3.4.2 Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.96

—b(c + dz) cos(a + bx) + dsin(a + bx)
b2

/(c + dz)sin(a + bx) dr =

input LIntegrate [(c + d*x)*Sin[a + b*x],x] J

e

outputt(—(b*(c + d*x)*Cos[a + b*x]) + d*Sin[a + b*x])/b~2

~—

34.  [(c+dz)sin(a + bz)dzx
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3.4.3 Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00, number
of steps used = 4, number of rules used = 4, Bumber of rules _ , 333 Ry j0q yged = {3042,

integrand size
3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)sin(a + bx) dz
| 3042
/(c + dx) sin(a + bx)dx

l’3777

d [ cos(a +bz)dz  (c+ dx)cos(a+ bx)
b b

l 3042

d[sin(a+bx+%)dr (c+ dx)cos(a+ bx)

b b
l 3117

dsin(a +bz) (c+ dz)cos(a+ bx)

b2 b

-

input LInt[(c + d*x)*Sin[a + b*x],x]

~—

output L—(((c + dxx)*Cos[a + b*x])/b) + (d*Sin[a + b*x])/b"2

~—

3.4.3.1 Defintions of rubi rules used

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symboll :> Simp[Sinlc + d*x1/d, x] /;
L FreeQ[{c, d}, x]

34.  [(c+dz)sin(a + bz)dzx
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rule 3777‘Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[( ‘
-(c + d*x)"m)*(Cos[e + £*x]1/£), x] + Simp[d*(m/f) Intl(c + d*x)"(m - 1)*C |
‘os[e + f*x], x], x] /; FreeQ[{c, d, e, £}, x] && GtQ[m, O] ‘

3.4.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.04

method result
risch __(dz+c) clc))s(bx-l—a) + dsm(bb2x-|—a)
parallelrisch —(dz+c)b cos(bz-i—b(;)+cb+d sin(bz+a)
parts _ cos(bmb—i—a)dm _ cos(b:lz):—f-a)c + dsin(bZ;m-i—a)
. . L da cos(bz+a) br+a)+ d(sin(bz+a)—(bz+a) cos(bz+a))
derivativedivides b coos(bota) ; b
da cos(bz+a d(sin(bz+a)—(bx+a) cos(bz+a
default p=e) —ccos(bata)+ b( (ota)-(bpte) coslbeta))
2c(tan2 (%54—%)) +dz(tan2 (%‘04—%)) +2dtan(b7z+%) de
norman b L — 2 b
1+tan (7+§)
N 2d\/7? cos(a,) _zbcos(bz) +sin(bz) Qdﬁ sin(a,) _L_i_cos(bz) +zbsin(bz) Py~ COS(G,) %
meijerg ( b22x/7r 2Vm + ( 2\/77b2 2vw 2vw ) + (b\f
inputLint((d*x+c)*sin(b*x+a),x,method=_RETURNVERBOSE) J
output L— (d*x+c) *cos (b*x+a) /b+d*sin(b*x+a) /b~2 J

3.4.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

/(c + dz)sin(a + br) dr = — (bdz + be) cos (bx ‘;2a) — dsin (bx + a)

input Lintegrate ((d*x+c) *sin(b*x+a) ,x, algorithm="fricas") J

output L—((b*d*x + bxc)*cos(b*x + a) - d*sin(b*x + a))/b~2 J

34.  [(c+dz)sin(a + bz)dzx
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3.4.6 Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.64

__ccos (a+bx) _dzx cos£a+bw) + dsin gg,+bz) for b 7é 0

/(c + dx)sin(a + bx) dz = ’ )
(cx + ‘%) sin (a) otherwise

input Lintegrate ((d*x+c)*sin(b*x+a) ,x)

output‘Piecewise((-c*cos(a + b*x)/b - d*x*cos(a + b*x)/b + d*sin(a + b*x)/b**x2, N
\e(b, 0)), ((c*x + d*x*+2/2)*sin(a), True))

3.4.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.89

CCOSs (bl’ + a) _ adcoggbz_'_a) n (

b

(bz+a) cos(bz+a)—sin(bz+a))d
b

/(c + dz)sin(a + bz) dz =

p
input Lintegrate ((d*x+c)*sin(b*x+a) ,x, algorithm="maxima")

-/

output‘ -(cxcos(b*x + a) — a*d*cos(b*x + a)/b + ((b*x + a)*cos(b*x + a) - sin(b*x

L+ a))*d/b) /b

~

3.4.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.11

_ (bdz + bc) cos (bz + a) + dsin (bx + a)

/(c + dz)sin(a + bz) dz = 72 P2

p
input Lintegrate ((d*x+c)*sin(b*x+a) ,x, algorithm="giac")

~—

output L—(b*d*x + bxc)*cos(b*x + a)/b~2 + d*sin(b*x + a)/b~2

34.  [(c+dz)sin(a + bz)dzx
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3.4.9 Mupad [B] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.25

/(c+d:v) sin(a + bz) dz = d sin (Zz+ bx) ccos(a+bx) +bdx cos (a + bx)

inputtint(sin(a + b*x)*(c + d*x),x)

outputt(d*sin(a + b*x))/b~2 - (c*cos(a + b*x) + d*x*cos(a + b*x))/b

34.  [(c+dz)sin(a + bz)dzx
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35 f sin(a+bz) dx

ct+dx
3.5.1 Optimalresult . . .. .. .. ... .. ... . 162
3.5.2 Mathematica [A] (verified) . . . . . .. ... ... Lo 162
3.5.3 Rubi [A] (verified) . . .. ... .. . ... 1631
3.5.4 Maple [A] (verified) . .. ... ... ... .. 164
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 165
3.5.6 Sympy [F] . . . . . 165
3.5.7 Maxima [C] (verification not implemented) . . . . . ... ... ... ... .. 165
3.5.8 Giac [C] (verification not implemented) . . . .. .. ... ... ... .... 166!
3.5.9 Mupad [F(-1)] . . . . oo 167

3.5.1 Optimal result

Integrand size = 14, antiderivative size = 51

/ sin(a + bx) o — Coslntegral (% + bz) sin (a — %) . cos (a— %) Si(% + bz)
c+dz d d

-

output Lcos (a-b*c/d) *Si (b*c/d+b*x) /d+Ci (b*c/d+b*x) *sin (a-b*c/d)/d

—

3.5.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.96

/ sin(a + bx) do — CoslIntegral (% + bz) sin (a — %) + cos (a — %) Si(% + bz)
c+dx d

input Integrate[Sin[a + b*x]/(c + d*x),x]

N\ J

output‘ (CosIntegral[(bxc)/d + b*x]*Sin[a - (b*c)/d] + Cos[a - (b*c)/d]l*SinIntegra
‘1[(b*c)/d + b¥x])/d

sin(a+bx
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3.5.3 Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00, number
of steps used = 5, number of rules used = 5, Bumber of rules _ , 357 Ry jjaq ysed = {3042,

integrand size
3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/ sin(a + bx) e
c+dx

l 3042

/ sin(a + bx) iz
c+dz

l 3784

. be\ [ cos (% + bx) be\ [ sin (% + bx)
sin (a— d> /c_'_dxda:-i-cos (a— d> /c—|—dxdx

l 3042

: be T 3 be
Z+bzx+ 7 Z4+b
sin a—% /Sm(d+ x+2)dm+cos a—@ /de
d c+dz d c+dz

l 3780

sin( bc> /sin (%-l—bx-i—%) iz + cos (a — %C) Si(%—i—bm)

a—g c+dzx d

l 3783

sin (a - %c) Coslntegral (%c + bx) + cos (a — %) Si(%c + bx)
d d

e

input tInt [Sin[a + b*x]/(c + d*x),x]

~—

output ‘/(CosIntegral[(b*c)/d + b*x]*Sin[a - (b*c)/d])/d + (Cos[a - (b*c)/d]*SinInt

‘ egral[(b*xc)/d + bx*x])/d

sin(a+bx



rule 3042

rule 3780

rule 3783

rule 3784
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3.5.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + fxx]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*e - cxf, 0]

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[d*(e - Pi/2) -
c*xf, 0]

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(dx*
e - cxf)/d] Int[Sin[c*(£/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - c*
£)/d]  Int[Cos[cx(f/d) + fx*x]/(c + d*x), x], x] /; FreeQl{c, d, e, £}, x]
&& NeQ[d*e - c*f, 0]

3.5.4 Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.53

method result size

Si( —bz—a— —da-+cb cos —da-+cb Ci br+a+ —da+cb sin —da+cb
. . .« . d d d d

derivativedivides | — ( y ) ( ) _ ( d> ( ) 78
Si( —br—a— =92+ct ) cog( —datcd Ci(ba+a+ =dateb ) g (| =dadteb

default — ( "’d ) ( d ) _ ( d d) ( d ) 78
i(da—cb) o i(da—cb) )

) je T Eiy (—ibz—ia— L“‘fjwb) e~ T Ei (ibz+ia— 7’(‘1“;6*'))
risch o _ - 08

input Lint (sin(b*x+a)/(d*x+c) ,x,method=_RETURNVERBOSE)

output ‘ -8i(-b*x-a-(-a*d+b*c) /d) *cos ((-a*d+b*c) /d) /d-Ci (b*x+a+(-a*xd+b*xc) /d) *sin((-

‘axd+bxc)/d)/d
35, [ omiet g
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3.5.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.20

[sla i, _ O (05) o (1) 5 (457
c+dx d

inputLintegrate(sin(b*x+a)/(d*x+c),x, algorithm="fricas") J

output‘(cos_integral((b*d*x + bxc)/d)*sin(-(b*xc - a*d)/d) + cos(-(b*c - a*d)/d)*s
‘in_integral((b*d*x + bxc)/d))/d ‘

3.5.6 Sympy [F]

/sin(a + bx) dp — / sin (a + bx) i

c+dz c+dx
input Lintegrate (sin(b*x+a)/(d*x+c) ,x) J
outputtlntegral(sin(a + bxx)/(c + d*x), x) J

3.5.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.23 (sec) , antiderivative size = 141, normalized size of antiderivative = 2.76

/ sin(a + bx) dp —

c+dx
b(i E, (z’bc+i (ba:ji-a)d—i ad> i (_ibc+i (bz;—a)d—iad)) oS (_bc;ad) n b( B (ibc+i (bm(—ii-a)d—i ad) + E, (_Q
B 2bd

input Lintegrate (sin(b*x+a)/(d*x+c) ,x, algorithm="maxima")

output‘—1/2*(b*(I*exp_integral_e(1, (I*bxc + I*(b*x + a)*d - Ixa*d)/d) - I*exp_in
‘tegral_e(1, —(I¥bxc + Ix(b*x + a)*d - Ixa*d)/d))*cos(-(bkc - a*d)/d) + bx(
‘exp_integral_e(l, (I*b*c + Ix(bxx + a)*d - I*axd)/d) + exp_integral_e(1l, -
| (I¥bkc + I#(bkx + a)*d - I*a*d)/d))*sin(-(b*c - a*d)/d))/(b*d)

ERI———.——.,

sin(a+bx



input

output
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3.5.8 Giac [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.30 (sec) , antiderivative size = 597, normalized size of antiderivative = 11.71

/ sin(a + bz) i

c+dzx

B S(Ci (bz + %)) tan (3 a)ztan (E)2 — 3(Ci (—bz — %)) tan (3 a)ztan (2”—3)2 + 2 Si (bztbe) tan (1 a)2t:

2d

-

Lintegrate(sin(b*x+a)/(d*x+c),x, algorithm="giac")

|

1/2*(imag_part(cos_integral (b*x + b*c/d))*tan(1/2*a) 2*tan(1/2xbxc/d) "2 -
imag_part(cos_integral(-b*x - b*c/d))*tan(1/2%a) 2xtan(1/2*bxc/d)~2 + 2*si
n_integral ((b*d*x + bxc)/d)*tan(1/2%a) 2*tan(1/2*b*c/d)~2 + 2*real_part(co
s_integral(bxx + bxc/d))*tan(1/2*a) 2*tan(1/2*b*c/d) + 2*real_part(cos_int
egral (-b*x - b*c/d))*tan(1/2%a) 2xtan(1/2*bxc/d) - 2*real_part(cos_integra
1(b*x + bxc/d))*tan(1/2%a)*tan(1/2*b*c/d)"2 - 2xreal_part(cos_integral (-b*
X - bxc/d))*tan(1/2#a)*tan(1/2*b*c/d) "2 - imag_part(cos_integral (b*x + b*c
/d))*tan(1/2*a) "2 + imag part(cos_integral (-b*x - b*c/d))*tan(1/2*a)"2 - 2
*sin_integral ((b*d*x + b*c)/d)*tan(1/2%a) "2 + 4*imag_part(cos_integral (b*x
+ b*c/d))*tan(1/2*a)*tan(1/2*bxc/d) - 4*imag_part(cos_integral (-b*x - b*c
/d))*tan(1/2*a)*tan(1/2%b*c/d) + 8+*sin_integral ((bxd*x + bxc)/d)*tan(1/2*a
)*tan(1/2%bxc/d) - imag_part(cos_integral (b*x + b*c/d))*tan(1/2*b*c/d)"2 +
imag_part(cos_integral (-b*x - b*c/d))*tan(1/2*bxc/d)~2 - 2*sin_integral ((
bxd*x + b*c)/d)*tan(1/2*bxc/d)~2 + 2*real_part(cos_integral (b*x + bxc/d))*
tan(1/2%a) + 2*real_part(cos_integral(-b*x - b*c/d))*tan(1/2*%a) - 2*real_p
art(cos_integral (b*x + bxc/d))*tan(1/2*b*c/d) - 2*real_part(cos_integral(-
b*x - bxc/d))*tan(1/2xb*c/d) + imag_part(cos_integral(b*x + b*c/d)) - imag
_part(cos_integral(-b*x - b*c/d)) + 2*sin_integral ((bxd*x + b*c)/d))/(d*ta
n(1/2*a) "2+tan(1/2xb*xc/d) "2 + dxtan(1/2*a)” 2 + d*tan(1/2*bxc/d)"2 + d)

sin(a+bx
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3.5.9 Mupad [F(-1)]

Timed out.

/sin(a—i—bx) dz_/sin(a—l—bx) d

c+dx ct+dz

input Lint(sin(a + b*x)/(c + d*x),x)

output Lint(sin(a + b*xx)/(c + d*x), x)

sin(a+bx
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3.6 f sin(a+bz) dx

(ct+dz)?
3.6.1 Optimalresult . . ... ... ... .. ... . 168]
3.6.2 Mathematica [A] (verified) . . . . . .. ... .. . Lo 168
3.6.3 Rubi [A] (verified) . . .. ... ... ... 1691
3.6.4 Maple [A] (verified) . .. ... .. ... ... Ival
3.6.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... Ival
3.6.6 Sympy [F] . . . . . 172
3.6.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 172
3.6.8 Giac [B] (verification not implemented) . . .. ... ... .. ........
3.6.9 Mupad [F(-1)] . . . . . . 173

3.6.1 Optimal result

Integrand size = 14, antiderivative size = 72

/ sin(a + bz) dp — bcos ( ) Coslntegral (b" + bx)
(c+ dzx)? d?
sin(a + bz)  bsin (a— %) Si(% + bx)
~ d(c+ da) a2

output ‘ b*Ci (b*c/d+b*x) *cos (a-b*c/d) /d~2-b*Si (b*c/d+b*x) *sin(a-b*c/d) /d~2-sin (b*x+
‘a)/d/(d*x+c)

3.6.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.92

sin(a + bz)
/ (c+ dz)? dz
b cos (a — —) Coslntegral (b(g + z)) — ‘mji#d;’“) bsin ( ) Sl(b(§ + :c))
= =
input LIntegrate [Sin[a + b*x]/(c + d*x)~2,x] J

output‘ (b*Cos[a - (b*c)/d]*CosIntegral[bx(c/d + x)] - (d*Sin[a + b*x])/(c + d*x)
\— b*Sinfa - (b*c)/d]*SinIntegrallb*(c/d + x)1)/d"2

36. [Pty
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3.6.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.06, number
of steps used = 7, number of rules used = 7, Bumber of rules _ , 55 Ryles used = {3042,

integrand size
3778, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin(a + bx)
/ (c+dz)? de
l 3042
sin(a + bx)
/ (c+dz)? de
l 3778
bJ el dw _ sin(a+ ba)
d d(c+ dx)
l 3042
d d(c+ dx)
l 3784
cos( % +bx sin( % +bz
b( cos (a — %) i 7&; >dx — sin (a — %) J 7&4{; )da:
__ sin(a + bz)
d d(c+dzx)
l 3042
in( % 4bz4+ 2 in (%2+b
b cos(a—bfdc)fiS (i:dfrz)d:c—sin(a—%)fis gi;x>dm .
__ sin(a + bz)
d d(c+ dx)
l 3780
b( cos (a _ %) f sin(%ii—j;c—l—%) do — sin(a—%)dSi(%CA—bw)
__ sin(a + bz)
d d(c+ dz)
l 3783

36. [Pty




input

output

rule 3042

rule 3778

rule 3780

rule 3783

rule 3784
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b < cos <a— %) CoslIntegral ( %C +bm) sin (a— %C) Si ( % +bz)
d d

) sin(a + bx)

d d(c+ dx)

{Int [Sin[a + b*x]/(c + d*x)~2,x]

~—  /

‘(—(Sin[a + bxx]/(d*(c + d*x))) + (b*((Cos[a - (b*c)/d]*CosIntegral[(b*c)/d
L+ b*x]1)/d - (Sin[a - (b*c)/d]*SinIntegrall[(b*c)/d + b*x])/d))/d

3.6.3.1 Defintions of rubi rules used

~

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£_.)=*(x_)], x_Symbol] :> Simp[(c
+ d*x)"(m + 1)*(Sinfe + f*xx]/(d*(m + 1))), x] - Simp[f/(d*(m + 1)) Int[(
c + d*x)~(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, 4, e, £}, x] && LtQ[m, -
1]

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]1/d, x] /; FreeQl[{c, d, e, f}, x] && EqQ[d*e - c*f, 0]

Int[sin[(e_.) + (£_.)*(x_)]1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol]l :> Simpl[Cos[(d*
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d] Int[Cos[c*(f/d) + f*xx]/(c + d*x), x], x] /; FreeQ[{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

36. [Pty
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3.6.4 Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.56

242 - 242

2d(dz+c)(—dzb—cb)

method result Size
Si(—bx—a— —datcb sin —datcb Ci bz+a+_da+6b cos —datcb
derivativedivides | b ———nbota) ___ 4 = : ), o =) 112
(—da+cb+d(bz+a))d d
. —da+cb) _. —da+cb . —da+cb —da+cb
Sin(bz_i,.a) _ Sl(—bz—a— dti )sm( d+ ) +Cl(bz+a+ d+d ) cos( d+ ) )
default 0\ — Caarcbrdarara T d 112
i(da—cb) L iadiich _ilda=cb) _ /. i(ga_ch)
risch _be d Eiy (—sz—za—%) be d Eiy (sz—i—za—%) _ (—2dzb—2cb) sin(bz-+a) 138

input Lint (sin(b*x+a)/(d*x+c)~2,x,method=_ RETURNVERBOSE)

output ‘ b* (-sin(b*x+a) / (-d*a+c*b+d* (b*x+a)) /d+(-Si (-b*x-a-(-a*d+b*c) /d) *sin((-a*xd+ ‘

Lb*c)/d)/d+Ci(b*x+a+(-a*d+b*c)/d)*cos((-a*d+b*c)/d)/d)/d)

3.6.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.35

sin(a + bx)
/ (c+ dx)? de

(bdz + be) cos (—2524) Ci (22Ete) — (bdx + be) sin (—2e524) Sj (242tbe) — din (b + a)

A3z + cd?

inputLintegrate(sin(b*x+a)/(d*x+c)‘2,x, algorithm="fricas")

p
output‘((b*d*x + b*c)*cos(-(bxc - a*d)/d)*cos_integral((b*d*x + b*c)/d) - (bxd*x
‘+ b*c)*sin(-(b*xc - a*d)/d)*sin_integral ((b*d*x + b*c)/d) - d*sin(b*x + a))

‘/(d‘S*x + c*d~2)

~

36. [Pty
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3.6.6 Sympy [F]

/ sin(a + bz) do — / sin (a + bz) i

(c+ dx)? (c + dz)®

p
input Lintegrate (sin(b*x+a)/ (d*x+c)**2,x)

—/

output LIntegral(sin(a + bxx)/(c + d*x)**2, x)

-/

3.6.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.26 (sec) , antiderivative size = 164, normalized size of antiderivative = 2.28
/ sin(a + bz) dr —
(c+ dx)?
b2 ( i B (ibc+i (bx;ra)d—i ad> _iE, (_ibc—i—i (bz;ra)d—i ad)) oS (_bcl_iad ) 1p? ( B, (ibc~|—i (bw:il—a)d—i ad> +E, <_
2 (bed + (bx + a)d? — ad?)b

p
inputLintegrate(sin(b*x+a)/(d*x+c)“2,x, algorithm="maxima"

~—

output | -1/2%(b~2*(I*exp_integral_e(2, (I*bxc + I*(b*x + a)*d - I*a*d)/d) - I*exp_
integral_e(2, -(I*b*c + I*(b*x + a)*d - Ixa*d)/d))*cos(-(b*c - axd)/d) + b
~2x(exp_integral_e(2, (I*bxc + I*(b*x + a)*d - I*a*d)/d) + exp_integral_e(
2, —(I*b*c + I*x(b*x + a)*d - I*a*d)/d))*sin(-(bxc - a*d)/d))/((b*cxd + (b*
X + a)*d”™2 - axd”2)*b)

3.6.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 521 vs. 2(72) = 144.
Time = 0.31 (sec) , antiderivative size = 521, normalized size of antiderivative = 7.24
/ sin(a + bz) i

(c+ dx)?

z+-c) (b— 25 42l c—a Bt
((dx +¢) (b — d:ic dZic)b2 COS (_bc;lad) Ci ((d + )(b da:+cd+da:+c)+b d) + becos (_,%1) Ci ((d + )(

36. [Pty




input

output

input

output
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‘integrate(sin(b*x+a)/(d*x+c)“2,x, algorithm="giac")

((d*x + c)*(b - b*xc/(d*x + c) + axd/(d*x + c))*b"2*cos(-(b*xc - a*d)/d)*cos
_integral (((d*x + c)*(b - bxc/(d*x + c) + a*d/(d*x + c)) + bxc - axd)/d) +
b~3*c*cos(-(b*c - a*d)/d)*cos_integral(((d*x + c)*(b - bxc/(d*x + c) + ax
d/(d*x + c)) + b*c - axd)/d) - axb~2*d*cos(-(b*c - a*d)/d)*cos_integral (((
d*x + c)*(b - b*c/(d*x + c) + axd/(d*x + c)) + bxc - axd)/d) + (d*x + c)*(
b - bxc/(d*x + c) + a*d/(d*x + c))*b"2xsin(-(b*c - a*d)/d)*sin_integral (-(
(d*x + c)*(b - bxc/(d*x + c) + a*xd/(d*x + c)) + bxc - axd)/d) + b~ 3*xcxsin(
-(bxc - a*d)/d)*sin_integral(-((d*x + c)*(b - bxc/(d*x + c) + axd/(d*x + ¢
)) + bxc - a*d)/d) - a*b~2xd*sin(-(b*c - a*d)/d)*sin_integral (-((d*x + c)*
(b - bxc/(d*x + c) + a*d/(d*x + c)) + bxc - a*d)/d) + b~ 2+d*sin(-(d*x + c)
*(b - bxc/(d*x + c) + axd/(d*x + c))/d))*d"2/(((d*x + c)*(b - bxc/(d*x + ¢
) + axd/(d*x + c))*d"4 + bxc*d"4 - a*d”5)*Db)

3.6.9 Mupad [F(-1)]

Timed out.

sin(a + bz) .- sin (a + bx) .
/ (c+ dx)? d _/ (c+al9L')2 d

-

Lint(sin(a + b*x)/(c + d*x)"2,x)

-/

Lint(sin(a + b*x)/(c + d*x)"2, x)

~—

36. [Pty
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3.7 f sin(a+bz) dx

(c+dx)3
3.71 Optimal result . . . . . . .. . ... 174
3.7.2 Mathematica [A] (verified) . . . . . . . . ... . Ive!
3.7.3 Rubi [A] (verified) . . . . . ... .. 175
3.7.4 Maple [A] (verified) . . . ... ... ... I
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 178l
3.76  Sympy [F] . . . . 178
3.7.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ..... 178
3.7.8 Giac [C] (verification not implemented) . . . ... ... ... ... ..... 179
3.79 Mupad [F(-1)] . . . . o e 1801

3.7.1 Optimal result

Integrand size = 14, antiderivative size = 104

sin(a + bx) dp — — beos(a +bx) b? CosIntegral (% + bz) sin (a — %)
(c+dz)3 2d*(c + dz) 2d3
_ sin(a+bx)  b*cos (a— %) Si(% + bx)
2d(c + dx)? 2d3

output‘-1/2*b*cos(b*x+a)/d“2/(d*x+c)-1/2*b“2*cos(a-b*c/d)*Si(b*c/d+b*x)/d“3-1/2*b
"2*Ci(b*c/d+b*x)*sin(a—b*c/d)/d‘3-1/2*sin(b*x+a)/d/(d*x+c)“2 \

3.7.2 Mathematica [A] (verified)

Time = 0.54 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.84

sin(a+bzr) ,
/ (c+dz)3 dz =
b% CosIntegral (b(< + z)) sin (a — %) + d(b(ctdz) COS((::;:));F dsin(athe)) | B2 cos (a—%)Si(b(5+x))

2d3

input LIntegrate [Sin[a + b*x]/(c + d*x)~3,x]

-/

output‘ -1/2*(b~2*CosIntegral [bx(c/d + x)]1*Sin[a - (b*c)/d] + (d*(bx(c + d*x)*Cos[ ‘
‘a + b*x] + d*Sin[a + b*x]))/(c + d*x)~2 + b"2*Cos[a - (b*c)/d]*SinIntegral ‘
[b*(c/d + x)1)/d73 |

37. [y
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3.7.3 Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.01,

number of steps used = 10, number of rules used = 10, Bumber of rules _ ( 774 Ryjes
integrand size

used = {3042, 3778, 3042, 3778, 25, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

sin(a + bx)
/ (c+dz)3 de
| 3042
sin(a + bx)
/ (c+dx)3 de
| 3778
be)
bJ C?fi“dt)f sin(a + bx)
2d " 2d(c + dx)?
| 3042
sin ( a+bz+
bf " (ctdz)Z 2 o __ sin(a + bz)
2d 2d(c + dx)?
| 3778

d d(ctdz) ) __ sin(a + bx)
2d 2d(c + dx)?

| 25

b bf Sln(a+b1) dx __ cos(a+bx)
Kl d(c+dz) sin(a + bz)

b
b < b - Smc(i;mfm) dz  cos(atbz)

2d  2d(c+ dx)?

| 3042

bl — bf Smc(iji—;@ dx __ cos(a+bx)
d d(c+dz) _ sin(a + bz)
2d 2d(c+ dx)?

| 3784

sin(a+bz)
37. [y
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) e cos E-ﬁ-b:b c sin @+bw
bl — b<sm <a_%> / (Cidz )dw+cos (a—%) J (Cidz )dm) __ cos(a+bzx)
d d(c+dzx)
_ sin(a + bz)
2d 2d(c + dzx)?
| 3042
;[ be T in( be
b| sin(a—2¢ 75“1(7“’“-7) dzx a—b Sm(FHH) dz)
bl — (S ( 4 ) / ctdz +cos< d ) | =@ __ cos(a+bzx)
d d(c+dzx)
_ sin(a + bz)
2d 2d(c + dx)?
l 3780
. c sin(ﬂ+bz+7") cos(a—E)Si(E-}—bm)
sl — b<sm (a_b?> [ — g dat e _ cos(a+b)
d d(c+dz)
_ sin(a + bz)
2d 2d(c + dx)?
l 3783
b(sin(a—%‘:) CosIntegral(%-ﬁ-bx) " cos (a— %)Si(%-}—bw) >
bl — ¢ ? __ cos(a+tbzx)
d d(c+dzx)
_ sin(a + bz)
2d 2d(c + dz)?

input ‘ Int[Sin[a + b*x]/(c + d*x)~3,x]

output ‘/-1/2*Sin[a + b*x]/(d*(c + d*x)~2) + (bx(-(Cos[a + b*x]/(d*(c + d*x))) - (b
‘*((CosIntegral[(b*c)/d + b*x]*Sin[a - (b*c)/d])/d + (Cos[a - (b*c)/d]*SinI
‘ntegral[(b*c)/d + bxx])/d))/d))/(2xd)

3.7.3.1 Defintions of rubi rules used

-

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

37. [y



rule 3778

rule 3780

rule 3783

rule 3784

input

output
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Int[((c_.) + (@_.)*(x_))"(m_)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(c
+ d*x)"(m + 1)*(Sin[e + f*x]/(d*(m + 1))), x] - Simp[f/(d*(m + 1)) Int[(
c + d*x)~(m + 1)*Cos[e + f*x], x], x] /; FreeQ[{c, d, e, f}, x] && LtQ[m, -
1]

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f*x]/d, x] /; FreeQl[{c, d, e, f}, x] && EqQldxe - c*f, 0]

Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + fxx]/d, x] /; FreeQ[{c, d, e, f}, x] && EqQ[d*(e - Pi/2) -
cxf, 0]

Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£/d) + £*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
f)/d] Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

3.7.4 Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.44

method result

Si(—bz—a— _di’i+6b) cos( _d?i+0b) _ Ci(bz+a+

cos(bz+a) - d

derivativedivides | b?

d

sin(bz+a) + ~ (=da+tcbrd(bz+a))d

" 2(—da+tcb+d(bz+a))’d 2d

Si(—bw—a— _d‘fi_H}b) cos( _d‘zl+0b) _ Ci(bw+a+

. (b " ) _ cos(bz+a) _ - d
2 _ sin(bx+a (—da+cb+d(bz+a))d d
default b S(datchrdlrra)d T 2d
i(da—cb) . . i(da—cb) .
sch ib2e- d  Eiy (—ibx—ia—%“cb) ib%e” d  Ei (ibx+ia—w) 1(2ib3d3 23 +6ib3c d?z2 +6ib°
T1sC - i3 + id3 + 4d2 (dz+c)2(d2z2b2

Lint (sin(b*x+a)/(d*x+c) ~3,x,method=_RETURNVERBOSE)

‘ b~2x(-1/2*sin(b*x+a) / (-d*a+cxb+d* (b*x+a)) ~2/d+1/2* (-cos (b*x+a) / (-d*a+c*b+d
‘*(b*x+a))/d—(-Si(—b*x—a—(—a*d+b*c)/d)*cos((-a*d+b*c)/d)/d—Ci(b*x+a+(—a*d+b
‘*c)/d)*sin((—a*d+b*c)/d)/d)/d)/d)

37. [y
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3.7.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.57

/ sin(a + bz) dr —

(c+ dz)3
d*sin (bx + a) + (V*d*z? 4 2 b%cdz + b*c?) Ci (242H) sin (—2=24) + (b2d?x? + 2b%cdz + bc?) cos (—*
2 (d°z? 4 2 cd*z + 2d®)
inputLintegrate(sin(b*x+a)/(d*x+c)‘3,x, algorithm="fricas") J

e B

-1/2%(d"2*sin(b*x + a) + (b72%d"2*x~2 + 2%b~2*c*d*x + b~2%c”2)*cos_integra
\1((b*d*x + bxc)/d)*sin(-(bxc - axd)/d) + (b™2*xd"2*x"2 + 2*xb~2*cxd*x + b~ 2%
|c"2)*cos(-(b*c - a*d)/d)*sin_integral ((bd*x + b¥c)/d) + (b*xd™2%x + bxcxd)
L*cos(b*x + a))/(d"5%x"2 + 2%cxd~4%x + c~2%d"3)

output

~

3.7.6 Sympy [F]

sin(a + bz) . sin (a + bx) a
/ (c+dx)3 d _/ (c+d:c)3 d

inputLintegrate(sin(b*x+a)/(d*x+c)**3,x) J

e

outputtlntegral(sin(a + bxx)/(c + d*x)**3, x)

~—

3.7.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.30 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.91

sin(la+bzx) ,
[y o=

b3 (7, B, ( ibcti (bz;ra)d—i ad) — i Es (_ibc—‘ri (bw;li-a)d—z' ad>> cos (_@) P8 ( E; (ibc—i—i (bz(—ii-a)d—i ad> + E, (_
2 (b2c2d — 2abed? + (bx + a)’d® + a2d? + 2 (bed? — ad?)(bz + a))b

37. [y
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input‘integrate(sin(b*x+a)/(d*x+c)”3,x, algorithm="maxima")

output | -1/2x(b~3*(I*xexp_integral_e(3, (Ixbxc + I*(b*x + a)*d - I*a*xd)/d) - Ixexp_
integral_e(3, -(I*b*c + Ix(b*x + a)*d - I*ax*d)/d))*cos(-(bxc - a*d)/d) + b
~3*(exp_integral_e(3, (I*bxc + I*(b*x + a)*d - I*a*d)/d) + exp_integral_e(
3, —(I*b*c + I*x(b*x + a)*d - I*a*d)/d))*sin(-(bxc - a*d)/d))/((b"2*%c~2*d -

2xa*xbxc*d”2 + (b*x + a)~2*%d"3 + a~2*d"3 + 2*(b*cxd"2 - axd"3)*(b*x + a))*
b)

3.7.8 Giac [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.
Time = 0.46 (sec) , antiderivative size = 5727, normalized size of antiderivative = 55.07

/ sin(a + bx)

(c+ dz)? dx = Too large to display

input  integrate(sin(b*x+a)/(d*x+c)~3,x, algorithm="giac")

output | -1/4*(b~2*d~2*x"2*imag_part(cos_integral (b*x + bx*c/d))*tan(1/2*b*x) " 2*xtan(
1/2*a) "2*tan(1/2*bxc/d) "2 - b~2*d"2*x"2*imag_part(cos_integral (-b*x - b*c/
d) ) *tan(1/2%b*x) “2*tan(1/2*a) “2*tan(1/2xb*c/d) "2 + 2%b~2*#d~2*x"2+*sin_integ
ral((b*d*x + b*c)/d)*tan(1/2%b*x) “2*tan(1/2*a) ~2*tan(1/2*b*c/d) "2 + 2%b~2*
d~2*x"2*real_part(cos_integral(b*x + b*c/d))*tan(1/2%b*x) ~2*tan(1/2%a) 2%t
an(1/2xbxc/d) + 2*¥b~2xd~2*x"2*real_part(cos_integral(-b*x - b*c/d))*tan(1/
2xbxx) “2xtan(1/2*a) “2xtan(1/2xb*c/d) - 2*b~2+#d~2*x"2*real_part(cos_integra
1(b*x + bxc/d))*tan(1/2*b*x) "2*tan(1/2%a)*tan(1/2*b*c/d) "2 - 2¥b~2%d"2*x"2
*real_part(cos_integral (-b*x - b*c/d))*tan(1/2*b*x) 2*tan(1/2+*a)*tan(1/2%b
*c/d) "2 + 2xb~2*cxd*x*imag_part(cos_integral (bxx + b*c/d))*tan(1/2xb*x) 2%
tan(1/2xa) "2xtan(1/2%b*c/d) "2 - 2*b~2*cxd*x*imag_part(cos_integral (-b*x -

bxc/d)) *tan(1/2%b*x) “2*xtan(1/2*a) “2*tan(1/2*%b*c/d) "2 + 4*xb~2*xc*d*x*sin_int
egral ((bxd*x + bxc)/d)*tan(1/2*b*x) " 2*tan(1/2*a) "2*tan(1/2*bxc/d)~"2 - b~ 2%
d"2*x"2*imag_part(cos_integral(b*x + b*c/d))*tan(1/2*b*x) “2+tan(1/2*a) "2 +
b~2*%d~2*x"2*imag_part(cos_integral (-b*x - b*c/d))*tan(1/2*%b*x) " 2*tan(1/2%
a)”2 - 2xb"2*%d"2*x"2*sin_integral ((b*d*x + b*c)/d)*tan(1/2xb*x) ~2*tan(1/2*
a)”2 + 4xb~2*d"2xx"2*imag_part(cos_integral(b*x + b*c/d))*tan(1/2%b*x) 2%t
an(1/2*a)*tan(1/2xb*c/d) - 4*b~2*d"2*x"2ximag_part(cos_integral (-b*x - b*c
/d))*tan(1/2%b*x) “2xtan(1/2%a)*tan(1/2*b*c/d) + 8%b~2xd~2*x~2*sin_integral
((b*d*x + bxc)/d)*tan(1/2%b*x) “2*tan(1/2%a)*tan(1/2%bxc/d) + 4*b~2%c*dx*. ..

37. [y
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3.7.9 Mupad [F(-1)]

Timed out.

/sin(a—i—bx)d _/sin(a-l—bx) i

(c+dz)3 v (c+dx)

inputtint(sin(a + b*x)/(c + d*x)"3,x)

output Lint(sin(a + b*x)/(c + d*x)~3, x)

37. [y
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3.8 [(c+ dz)*sin’*(a + bx) dz

3.8.1 Optimalresult . .. ... .. .. .. .. 181
3.8.2 Mathematica [A] (verified) . . . . . ... ... Lo o 18T
3.8.3 Rubi [A] (verified) . . .. ... ... 182
3.8.4 Maple [A] (verified) . ... ... . ... . 184
3.8.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 185
3.8.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 1851
3.8.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... .. ...
3.8.8 Giac [A] (verification not implemented) . . . ... ... ... ... ...... 187
3.8.9 Mupad [B] (verification not implemented) . . . .. ... ... ........ 188

3.8.1 Optimal result

Integrand size = 16, antiderivative size = 161

3d*z  d(c+dz)® (c+dz)® 3d*cos(a+ br)sin(a + bx)
42 _ _ _
/(c + dz)*sin®(a + bz) dz = i op 10d 1
3d?(c + dx)? cos(a + bx) sin(a + bx)
* 2
_ (c+dz)* cos(a + bx) sin(a + bx)
2b
3d3(c + dz)sin?(a + bx)  d(c+ dz)®sin®(a + bx)
B 20 * b2

output \ 3/4*%d"4*x/b~4-1/2*d* (d*x+c) “3/b"2+1/10* (d*x+c) "5/d-3/4*d~4*cos (b*x+a) *sin( \
‘ b*x+a) /b~5+3/2*%d"2* (d*x+c) ~2*cos (b*x+a) *sin(b*x+a) /b~3-1/2* (d*x+c) “4*cos (b ‘
 *x+a) *sin(b¥x+a) /b-3/2%d"3* (d*x+c) *sin(b*x+a) “2/b~4+d* (d*x+c) “3xsin(brx+a) |
"2/b72 |

3.8.2 Mathematica [A] (verified)

Time = 0.39 (sec) , antiderivative size = 132, normalized size of antiderivative = 0.82

/(c + dz)*sin®(a + bx) dz

_ 8b°z(5c! + 10c’dx + 10c*d®x? + 5ed®z® + d*x*) — 20bd(c + dzx) (—3d® + 2b%(c + dx)?) cos(2(a + bx)) —
a 800

38.  [(c+dz)*sin*(a+ bz)dz
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input ‘ Integrate[(c + d*x)~4*Sin[a + b*x]~2,x] ‘

\O*b*d*(c + d*x)*(-3*%d"2 + 2*xb~2*(c + d*x) ~2)*Cos[2*(a + b*x)] - 10*(3*d"4

1d A
output\ (8%b~5*x* (5%c~4 + 10%c~3%d*x + 10%C 2%d~2%x~2 + Bkckd~3*x~3 + d~4*x~4) - 2 \
\— Bxb~2%d~2%(c + d¥x)~2 + 2%b~4*(c + d*x)~4)*Sin[2*(a + b*x)])/(80%b~5) \

3.8.3 Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.03,
number of steps used = 9, number of rules used = 9, Bumber of rules _ 569 Ryles used

integrand size
= {3042, 3792, 17, 3042, 3792, 17, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)*sin?(a + bx) dz
| 3042
/(c + dx)*sin(a + bz)%dx

l 3792

d? dz)? sin? bz)d
B (G x)b2sm (a + ba)dw +;/(c+da:)4dx+
(c + dzx)*sin(a + bz) cos(a + bx)

2b

l17

3d% [(c+ dz)?sin®(a + bz)dz  d(c+dx)3sin?(a+bz) (c+ dz)*sin(a + bx) cos(a + bx)
- . + . - +
b b 2b
(c+dz)5
10d

l 3042

d(c + dz)3 sin?(a + bx)
b -

3d% [(c+ dz)?sin(a + bx)%dx  d(c+dx)3sin?(a+bz) (c+ dz)*sin(a + bx) cos(a + bx)
- 5 + - - +
b b 2b
(c+ dz)®
10d

l 3792

38.  [(c+dz)*sin*(a+ bz)dz
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2 [ sin?(a+bz)dz c+dx) sin“(a+bx c+dzx)“ sin(a+bx) cos(a+bx
3d2<—44i44§§igl£*ﬁ-%](c{—dw)%ﬁp%—d(+d);ﬂ% +be) _ (ctdz)®s (;f)cs(+b))

_|_
b2
d(c + dx)3sin?(a + bx) (et dx)*sin(a + bx) cos(a + bx) n (c+dz)®

b2 2b 10d

| 17

342 (_d2 [ sin®(a+bz)dz + d(c+dw)zsli)r212(a-l—bz) _ (ctdz)? sin(a;)bx) cos(a+bz) + (c-l—da:)?’)

2b2 6d
_ 5
d(c +dz)®sin®(a +bx)  (c+ dx)*sin(a + bx) cos(a + bx) N (c+ dz)®
b2 2b 10d
| 3042
342 (_d2 fsinézz;i—bzfdw + d(c+da¢)2sli)1212(a+b$) _ (ctdx)? sin(a;;’bw) cos(a+bx) + (c—ig(iix)?’>
_ 5
d(c + dx)3sin?(a + bz ¢+ dzx)*sin(a + bz) cos(a + bx c+dzx)d
- +
b2 2b 10d
| 3115
342 (_d2 (#_m;::%w) + d(c-l-dz)2sli)1212 (a+bz)  (ctdz)? sin(a;;)bw) cos(a+bx) + (c-lgliix)3>
d(c + dz)3 sin?(a + bz) (et dz)*sin(a + bz) cos(a + bx) 4 (c+ dz)®
b2 2b 10d

| 24

T in(a+bx) (a+bx)
42 (5 __sin 2zos )

262
d(c+dz)3sin?(a +bx) (c+dx)*sin(a + bz)cos(a +bx) (c+ dx)®
52 - % * 104

d(c+dzx) sin?(a+bx) (c+dz)? sin(a+bx) cos(a+bx) (c+dz)?
3d* ( %2 - - % T 6d )

input‘ Int[(c + d*x)~4#Sinl[a + b*x]"2,x]

output}(c + d*x)~5/(10*d) - ((c + d*x)~4*Cos[a + b*x]*Sin[a + b*x])/(2*b) + (d*(c
\ + d*x)~3#Sin[a + b*x]"2)/b"2 - (3*d"2*x((c + d*x)~3/(6%d) - ((c + d*x)~2*C
‘os [a + b*x]*Sin[a + b*x])/(2*b) + (d*(c + d*x)*Sin[a + b*x]~2)/(2%b"2) - (
‘d"2*(x/2 - (Cos[a + b*x]*Sin[a + b*x])/(2%b)))/(2%¥b~2))) /b2

38.  [(c+dz)*sin*(a+ bz)dz
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3.8.3.1 Defintions of rubi rules used

ruk317‘Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1] |

ruk324LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x] J

ruk33042‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x] \

rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + dx*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

rule 3792 Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((b*Sin[e + f*x]) n/(£°2%n"2)), x] + (-Sim
plb*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~"(n - 1)/(f*n)), x] + Simp[b~
2%((n - 1)/n) Int[(c + d*x) "m*(b*Sin[e + f*x])"(n - 2), x], x] - Simp[d~2
*xmk((m - 1)/(f"2%n"2)) Int[(c + d*x)~(m - 2)*(b*Sin[e + f*x])~n, x], x])
/; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 1]

3.8.4 Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.90

method result
. (—2(clac—i—c)4b4—i-6d2 (dx+c)2b2—3d4> sin(2bx+2a)+4(—(dz+c)d((dz+c)2b2—%) cos(2bx+2a)+x(%d4w4+cd3x3+2
parallelrisch <
. d4 5 cd3zt 2 92 3 3 9 ctz o d(2b2d3z3+6b%c d222+6b2c2dz+2b2c® —3d3x—3c d?) cos
risch o T 95 tdictrt +dctrt + 5+ e
cadot (tan? (82+9)) 4.5  2(2v2c3d—3cd3) (tan? (B2 +4)) | (26%c+186%c%d2—9d% o (tan? (B2 +4)) | (2v%ct—6b2c2d"
2 0t b4 + DTS +

norman

derivativedivides | Expression too large to display

default Expression too large to display

38.  [(c+dz)*sin*(a+ bz)dz
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input‘int((d*x+c)“4*sin(b*x+a)“2,x,method=_RETURNVERBOSE)

\c)*d*((d*x+c)‘2*b‘2—3/2*d‘2)*cos(2*b*x+2*a)+x*(1/5*d‘4*x‘4+c*d‘3*x‘3+2*c‘2

e B
output \ 1/8% ((—-2* (d*x+c) “4*b~4+6*d~2* (d*x+c) "2*%b~2-3*%d"4) *sin (2*b*x+2*a) +4* (- (d*x+ \
‘*d‘2*x‘2+2*c‘3*d*x+c‘4)*b‘4+b‘2*c‘3*d—3/2*c*d‘3)*b)/b‘5 ‘

3.8.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 286, normalized size of antiderivative = 1.78

/(c + dz)*sin?(a + bz) dzx
_2b°d*2° +100%cd?s* + 10 (2b°c2d? + bPd*)z® + 10 (20°c*d + 3b3cd®)x? — 10 (26°d*z® + 6 b cd’x? 4 2

input  integrate((d*x+c) “4*sin(b*x+a)~2,x, algorithm="fricas")

output | 1/20* (2xb~5*d~4*x"5 + 10*%b~5*c*d~3*x~4 + 10*(2*b"5*c”2*d"2 + b~3*d~4)*x"3

+ 10%(2%b"5%c"3*%d + 3*b~3*ckd"3)*x"2 - 10%(2*%b~3*d~4*x"3 + 6*b"3*kc*d"3*x"2
+ 2*%b"3%c"3*d - 3*bxcxd"3 + 3*(2*%b"3*c”2*%d"2 - b*d~4)*x)*cos(b*x + a)~2 -
5% (2*xb~4*d"4*x"4 + 8*b"4*xcxd"3*%x"3 + 2*%b"4*c”4 - 6*%b"2%c”2xd"2 + 3*d"4 +

6% (2%b"4*c™2*%d"2 — b"2*d"4) *x"2 + 4% (2xb"4*c”3*d - 3*b"2*c*d"3)*x)*cos (b*x
+ a)*sin(b*x + a) + 5*%(2*xb"5*%c”4 + 6xb"3*c”2*d"2 - 3*b*d~4)*x)/b"5

3.8.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 660 vs. 2(156) = 312.

Time = 0.49 (sec) , antiderivative size = 660, normalized size of antiderivative = 4.10

/(c + dz)*sin?(a + bx) dx

2 Sinz(“+bm) 4 e 00322(”1”“') + c3dz? sin? (a + bx) + Adz? cos? (a + bxr) + *d?z3 sin? (a + bx) + 2d?z® ¢

<c4:c + 2c3dx? + 2c2d*x? + cdPz* + %) sin? (a)

input ‘ integrate ((d*x+c) **4*sin(b*x+a) **2,x)

38.  [(c+dz)*sin*(a+ bz)dz
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output | Piecewise ((cx*4*xxxsin(a + b*x)**2/2 + ck*4d*xkcos(a + bxx)**2/2 + c**3xd*x*
*2xsin(a + b*x)**2 + ckk3*kdxx*k*2*cos(a + bkx)**2 + cxxkd**x2xx**3*xsin(a +
bkx) *%2 + cx*kkd**x2xx**k3kcos(a + b*x)**2 + ckd*kx*3kx**kx4dxsin(a + b*xx)**x2/2 +
cxd*x*x3xxxxd*xcos(a + b*x)**2/2 + dxx4dxx*x*x5xsin(a + b*x)*%2/10 + dx*x4d*xx*k*k5*
cos(a + bxx)**2/10 - c**4*sin(a + b*x)*cos(a + b*x)/(2%b) - 2*xc*x*3*d*x*sin
(a + b*x)*cos(a + b*x)/b - 3kck*2xd*x*2*x**2*sin(a + b*x)*cos(a + b*x)/b -
2xckd*k3xx**3*ksin(a + bxx)*cos(a + b*x)/b — dx*kdxx*k*4*sin(a + bxx)*cos(a +
b*x) /(2*b) - c**3*d*cos(a + b*x)**2/bx*2 + 3kxck*2xd*x*2*x*sin(a + b*x)**x2/
(2%b*%2) - 3Bkck*2kd**2kx*cos(a + bxx)**2/(2¥b**2) + 3kckd**3xx**2xsin(a +
b*x) **2/ (2xb**2) - 3*ckd**3*x**2xcos(a + b*x)**2/(2*b**2) + dx*4*x**3*sin(
a + bxx)**x2/(2¥bx*2) - dx*4xx**x3*kcos(a + bxx)**x2/(2¥bx*2) + Ikck*x2*kd**2*si
n(a + b*x)*cos(a + b*x)/(2xb**3) + 3*cxd**3*x*sin(a + b*x)*cos(a + b*x)/b*
*3 + 3xdxx4dxx*k*k2ksin(a + b*x)*cos(a + bxx)/(2*b**3) + 3*c*d**3*cos(a + b*xx
Yxx2/ (2*b**4) — 3*d**4xx*xsin(a + b*xx)**2/(4*b**4) + 3xdx*x4dxx*cos(a + b*x)*
*2/ (4*xbxx4) - 3*kdx*x4*xsin(a + b*x)*cos(a + b*x)/(4xbxx5), Ne(b, 0)), ((cx*x4
*X + 2%Ckk3kAKkx*k*k2 + kCk*kkd*kkQkxk*k3 + ckd*k*k3kx*k*k4 + dx*k4*xx**5/5)*sin(a)*
x2, True))

3.8.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 735 vs. 2(147) = 294.

Time = 0.22 (sec) , antiderivative size = 735, normalized size of antiderivative = 4.57

/(c + dz)*sin?(a + bx) dx

10 (2 bz + 2a — sin (2 bz + 2 a))c4 __ 40(2bx+2 a—silz(2 bz+2a))actd + 60 (2 bz+2 a,—sinb(22 bz+2a))a’c?d? 40 (2bz+2a—si

e 2
integrate ((d*x+c) “4*sin(b*x+a)~2,x, algorithm="maxima")

& J

input

38.  [(c+dz)*sin*(a+ bz)dz



output

CHAPTER 3. LISTING OF INTEGRALS

187

1/40% (10% (2%b*x + 2%a - sin(2*b*x + 2*a))*c”4 - 40*(2+b*x + 2%a - sin(2*b*
X + 2*a))*axc"3*%d/b + 60*(2*b*x + 2%a - sin(2*b*x + 2*a))*a”2*c~2*d"2/b"2
- 40%(2¥bxx + 2*a — sin(2*b*x + 2+*a))*a"3*c*d~3/b"3 + 10*(2*b*x + 2%a - si
n(2xbxx + 2%a))*a”4*d"4/b"4 + 20%x(2x(b*x + a)~2 - 2*(b*x + a)*sin(2*b*x +
2%a) - cos(2xbxx + 2*a))*c”3*d/b - 60*(2*x(b*x + a)~2 - 2*(b*x + a)*sin(2*b
*x + 2%a) - cos(2*b*x + 2#*a))*a*c”2*xd"2/b"2 + 60*(2*(b*x + a)”"2 - 2x(b*x +
a)*sin(2*b*xx + 2*a) - cos(2*b*xx + 2*a))*a~2kc*d~3/b"3 - 20*%(2x(b*x + a)~2
- 2x(b*x + a)*sin(2*b*x + 2*a) - cos(2*b*x + 2#*a))*a”3*d"4/b"4 + 10*(4*(b
*x + a)~3 - 6x(b*x + a)*cos(2%b*x + 2%a) - 3*%(2x(b*x + a)~2 - 1)*sin(2*b*x
+ 2*xa))*c"2xd"2/b"2 - 20*(4x(b*x + a)~3 - 6x(b*x + a)*cos(2%b*x + 2%a) -
3* (2% (b*x + a)”2 - 1)*sin(2xbxx + 2*a))*axcxd~3/b~3 + 10*(4x(b*x + a)~3 -
6% (b*x + a)*cos(2*b*x + 2%a) - 3*%(2x(b*x + a)~2 - 1)*sin(2*b*x + 2*a))*a”~2
*d~4/b"4 + 10*x(2x(b*x + a)”4 - 3*x(2x(bxx + a)”2 - 1)*cos(2¥b*xx + 2%a) — 2%
(2% (b*x + a)~3 - 3*b*x - 3*a)*sin(2xbxx + 2*a))*c*d"3/b"3 - 10*x(2x(b*x + a
)74 - 3% (2% (b*x + a)”2 - 1)*xcos(2xb*x + 2%a) - 2% (2% (b*x + a)~3 - 3*b*x -
3*a) *sin(2*b*x + 2*a))*a*d"4/b"4 + (4*(b*x + a)~5 - 10*x(2*%(b*x + a)~3 - 3%
b*x - 3%a)*cos(2¥bxx + 2*a) - 5x(2*(b*xx + a)~4 - 6x(b*x + a)”2 + 3)*sin(2*
bxx + 2*a))*d"4/b"4)/b

3.8.8 Giac [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.38

1 1 1
/ (c+dz)sin’(a + br) dz = 75 d'a® + o ed’s' + s’ + *da® + 5 '

10 2
_ (20°d'z® + 6b%cd’a? + 6b°cPdPx + 2b°c*d — 3bd*x — 3bed®) cos (2bx + 2 a)
45

_ (2b'd*a* + 8bled’s® + 120 Pd?s® + 8bicPdx + 2Bt — 6b7d*x? — 12b°cd’s — 6b*c*d® + 3d*) sin (21

8b°

input‘integrate((d*x+c)“4*sin(b*x+a)“2,x, algorithm="giac")

output

1/10%d~4*x"5 + 1/2*c*d"3*x"4 + c~2*%d"2*x"3 + c"3*%d*x"2 + 1/2%c"4*xx - 1/4%(
2¥%b"3*%d"4*x"3 + 6*%b " 3*kc*kd"3*x"2 + 6*%b"3*kcT2*d"2%x + 2%b"3%c”3*%d - 3*bkd"4x*
X - 3%b*c*d"3)*cos(2xbxx + 2*a) /b5 - 1/8%(2*¥b~4*d"4*x"4 + 8*b~4*c*d"3*x"3
+ 12%b74xc™2*%d"2*%x"2 + 8*%b"4*c”3*d*x + 2%b"4*c”4 - 6*%b"2*d"4*x"2 - 12%xb”2

*ckd~3*kx - 6*%b"2xc”2*d"2 + 3*d~4)*sin(2*b*x + 2*a)/b”"5

38.  [(c+dz)*sin*(a+ bz)dz
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3.8.9 Mupad [B] (verification not implemented)

Time = 0.83 (sec) , antiderivative size = 349, normalized size of antiderivative = 2.17

/(c + dz)*sin?(a + bx) dx =

1547 sin(2042b2) _ 1045 ¢t ¢ 4 5 b4 * sin (20 + 2bx) — 265 d 25 + 1062 3 d cos (2a + 2bx) — 20° ¢ d

e B

inputLint(sin(a + bxx)"2x(c + d*x)"4,x) J

output | -((15*%d~4*sin(2*a + 2%b*x))/2 - 10*b~5xc”4*x + 5*%b~4*c”4*sin(2*a + 2xbx*x)
- 2xb"5*%d~4*x"5 + 10%b~3*c"3*d*cos(2*a + 2xb*x) - 20%b~5*kc”3*d*x"2 - 10%b~
5*xcxd"3%x74 - 15xb"2%c”2*d"2*sin(2*a + 2*b*x) + 10*%b~3*d"4*x"3*cos(2*a + 2
*bxx) - 20%b~5xc”2%d~2*%x"3 - 15%b~2%d"4*x"2*sin(2%a + 2%b*x) + 5xb"4*xd 4x*x
“4xsin(2*a + 2*%bxx) - 15¥bxc*d”"3*cos(2*a + 2¥b*x) - 15%b*d"4*x*cos(2xa + 2
*bxx) + 30*%b~4*c”2+%d"2*x"2*sin(2*a + 2*b*xx) - 30*%b~2*ckd"3*x*sin(2*a + 2*b
*x) + 20%b~4*c”3*kd*x*sin(2*a + 2xb*xx) + 30*%b~3*c”2+d"2*x*cos(2%a + 2%b*x)
+ 30*%b"3*c*d"3*x"2*cos(2*a + 2*b*x) + 20%b"4*c*d"3*x"3*sin(2*a + 2*b*x))/(
20*b~5)

38.  [(c+dz)*sin*(a+ bz)dz
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3.9.1 Optimal result

Integrand size = 16, antiderivative size = 134

3cd?z  3d3z?  (c+ dx)*
32 - _ _

/(c + dz)°sin®(a + bz) dz = e <52 + Y

3d?(c + dzx) cos(a + bz) sin(a + bx)
M 463

(c+ dz)3 cos(a + bz) sin(a + bz)

2b

3d3sin?(a + br) = 3d(c+ dx)?sin?(a + bx)

B R 117

output \ -3/4*xc*d~2*xx/b~2-3/8*%d"3*x"2/b"2+1/8* (d*x+c) ~4/d+3/4*d~2* (d*x+c) *cos (b*x+a \
‘ )Y*sin(b*x+a) /b~ 3-1/2%(d*x+c) “3*cos (b*x+a) *sin(b*x+a) /b-3/8*%d"3*sin(b*x+a)~ ‘
‘2/b”4+3/4*d*(d*x+c)“2*sin(b*x+a)‘2/b“2 \

3.9.2 Mathematica [A] (verified)

Time = 0.29 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.79

/(c + dz)3sin?(a + bz) dz
_ 2b*z(4c + 6c2d + ded®x? + dPx®) — 3d(—d? 4 2b7(c + dz)?) cos(2(a + bzx)) — 2b(c + dz) (—3d? + 2b%(c

16b*

39. [(c+dz)*sin*(a+ bz)dz
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input‘ Integrate[(c + d*x)~3*Sin[a + b*x]~2,x] ‘

\c + d*x)"2)*Cos[2*%(a + b*x)] - 2*%bx(c + d*x)*(-3*%*d"2 + 2*xb~2x(c + d*x)~2)*

e DY
output‘ (2%b"4*xx* (4%c™3 + 6xc™2*d*x + 4*c*xd"2*x"2 + d"3*x"3) - 3*d*(-d~2 + 2%b~2x%( \
\sm[z*(a + b*x)])/(16%b"4) \

3.9.3 Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 129, normalized size of antiderivative = 0.96,
number of steps used = 6, number of rules used = 6, Bumber of rules _ 375 Ry es yged

integrand size
= {3042, 3792, 17, 3042, 3791, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)3 sin?(a + bx) dz
| 3042
/(c + dz)3sin(a + bx)%dzx

l 3792

3d? [(c + dz)sin?(a + bz)dz 1 3 3d(c + dz)?sin?(a + bx)
- o2 + 3 /(c + dz)°dz + 2 -
(c + dx)3sin(a + bz) cos(a + bx)

2b

l17

3d% [(c+ dz)sin®(a + bz)dz  3d(c+ dz)?sin®(a+bx) (c+ dz)3sin(a + bz) cos(a + bz)
- + - +
2b2 4b? 2b
(c+ dx)*
8d

l 3042

3 3d? [(c+ dz)sin(a + bx)%dzx + 3d(c + dx)?sin?(a + bx) (et dz)3 sin(a + bx) cos(a + bx) +
2b2 4b2 2b
(c+ dz)*
8d

l 3791

39. [(c+dz)*sin*(a+ bz)dz
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1 dsin?(a+bzx c+dx) sin(a+bx a+bx
_3d2<§ [(c+dz)dz + = 4(,,2 ) _ (ctdo)ein( % feond )) N 3d(c + dx)*sin®(a + bx)

2b2 4b?
(c + dz)3sin(a + bz) cos(a + bx) + (c + dx)*

2b 8d

| 17

342 (dsini(baz—l—bx) _ (ctdx) sin(a-lQ—Il;z) cos(a+bx) + (c—i;lzliizzz)2 )

4 3d(c + dzx)?sin?(a + bx) B
2h2 4p?
(c+ dz)3sin(a + bz) cos(a + bz) N (c+ dz)*
2b 8d

inputtlnt[(c + d*x)~3*Sin[a + b*x]~2,x]

output‘ (c + d*x)~4/(8%d) - ((c + d*x)~3*Cos[a + b*x]*Sin[a + b*x])/(2xb) + (3*dx*(
‘c + d*x)"2*%Sin[a + b*x]~2)/(4%b"2) - (3*d"2*((c + d*x)~2/(4*d) - ((c + d*x
‘)*Cos[a + b*x]*Sin[a + b*x])/(2xb) + (d*Sin[a + b*x]~2)/(4%b"2)))/(2%b"2)

3.9.3.1 Defintions of rubi rules used

rule 17 Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simplc*((a + b*x)~(m + 1
)/(b*(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3791 Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :>
Simp [d*((b*Sin[e + f*x])"n/(£72%*n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
1*((bxSin[e + f*x])~"(n - 1)/(f#n)), x] + Simp[b~2*((n - 1)/n) Int[(c + d*
x)*(b*Sin[e + f*x])~(n - 2), x], x]) /; FreeQ[{b, c, d, e, £}, x] && GtQ[n,
1]

rule 3792 Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)"(m - 1)*((b*Sin[e + f*x])“"n/(£"2*n~2)), x] + (-Sim
plb*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~
2%((n - 1)/n) Intl[(c + d*x) m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m*((m - 1)/(£72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])
/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

39. [(c+dz)*sin*(a+ bz)dz
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3.9.4 Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 121, normalized size of antiderivative = 0.90

method result
. —4(dz+c) sin(2bz+2a) <(da:+c)262 - #) b—6 ((dac—f-c)Qb2 - %) d cos(2bz+2a)+2(d3z+4c d?23+6d 222 +4c3z) b +6
parallelrisch 1652
. d3zt cd2z3 3d 22 Bz ct 3d(2d2z2b%+4b% cdz+2b%c? —d?) cos(2bz+2a) (2b2d3 23 +6b%c d22*
risch =+ =+ =4+ 5+ 5 — —
8 2 4 2 8d 16b4
d3 3 t 3 bz+a d3 4 t 2 bz+a d3 4 t 4 bz+a 6b2 2d73d3
Cd2w3(tan2(%%4_%))_FAjij;ﬂlégzg;zlzﬁ_gi%§4_Cd§z34_ o (an (5 +8)) | o't (n (% 18)) | (o02c2a-oa)
norman
3.3 ( cos(bz+a) sin(bz+a) | b. 2 2 cos(bz+a) sin(bz+a) | b 3a2d3 (bz+a) (—w-}—b
o348 (—conlbrta)sinibrta) by g ) g% (- corbmtalintorta) by g ) g |
- + +
. . o e 3 2 3
derivativedivides b L k
2343 (_ cos(bz+a)zsin(bz+a) +b7a:+%> 3a2¢ 42 (_ cos(bz+a)zsin(bz+a) +b7x+%) 30243 ((ba:+a) (_MQM_;_%
default - o2 * o2 * b2
inputLint((d*x+c)“3*sin(b*x+a)“2,x,method=_RETURNVERBOSE) J

output‘1/16*(-4*(d*x+c)*sin(2*b*x+2*a)*((d*x+c)“2*b“2-3/2*d“2)*b-6*((d*x+c)“2*b”2

\-1/2*d‘2)*d*cos(2*b*x+2*a)+2*(d‘3*x‘4+4*c*d‘2*x‘3+6*c‘2*d*x‘2+4*c‘3*x)*b‘4
‘+6*b‘2*c‘2*d—3*d‘3)/b‘4 \

3.9.5 Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.41

/(c + dz)? sin?(a + bx) dx
_ b3zt + 4bled?a® + 3 (2b1c2d + b2d®)a? — 3 (262dP2? + 4 b%cd® + 2 b2c?d — d°) cos (bx + a)” — 2 (203

8b*

input Lintegrate ((d*x+c) “3*sin(b*x+a)~2,x, algorithm="fricas")

N

output‘1/8*(b“4*d“3*x‘4 + 4%b"4%c*d"2%x"3 + 3% (2*¥b"4*kc"2%d + bT2*%d"3)*x"2 — 3% (2%
\b‘2*d‘3*x‘2 + 4xb"2kcxd"2%x + 2xb"2%c™2xd - d~3)*cos(b*x + a)”"2 - 2%(2%b"3
\*d*s*x*s + 6%b”3*kcxd"2%x"2 + 2%b"3%c”3 - 3*bkxc*d"2 + 3%(2%b"3%c”2xd - b*d~
‘3)*x)*cos(b*x + a)*sin(b*x + a) + 2*x(2xb~4*c~3 + 3*b~2*xc*xd"2)*x)/b"4

ERI———.——.,

3.9.

[(c+ dz)?sin®*(a + bz) dz



input

output

input
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3.9.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 456 vs. 2(131) = 262.

Time = 0.36 (sec) , antiderivative size = 456, normalized size of antiderivative = 3.40

/(c + dz)3sin?(a + bz) dzx
c3z sin? (a+bx) c3x cos? (a+bx) 3c2dx? sin? (a+bzx) 3c?dz? cos? (a+bx) cd?z3 sin? (a+bx) cd?z3 cos? (a+bx) d3z* sir
2 + 2 4 4 2 2 +

2 1,2 3 .4 .
(c?’x + 38 4 od?gd + de> sin? (a)

-

Lintegrate((d*x+c)**3*sin(b*x+a)**2,x)

|

Piecewise ((c**3*x*sin(a + b*x)**2/2 + c**3*xx*kcos(a + b*x)**2/2 + 3*cx*x2*d*
xkk2%sin(a + b*x)**2/4 + 3kckkkdkx*k*2*cos(a + b*x)**2/4 + ckdk*2*x**3*sin
(a + b*x)**2/2 + ckd**x2kx**3*cos(a + b*x)**2/2 + d**3xx*k*4*sin(a + bkx)**2
/8 + dx*3*xxx*x4*cos(a + bxx)**2/8 - c**3xsin(a + b*x)*cos(a + b*x)/(2xb) -

3xck*x2kd*xx*ksin(a + b*x)*cos(a + b*x)/(2*b) - kckd**2kx**x2*sin(a + b*x)*co
s(a + b*x)/(2%b) - d**3*x**3*sin(a + b*x)*cos(a + b*x)/(2%b) - 3*c*x*2*d*co
s(a + bxx)**x2/(4*xb**2) + 3*c*xd**2xx*xsin(a + b*x)**2/(4*b**2) — 3kckdr*x2kx*
cos(a + bxx)**2/(4*xb**2) + 3*d**3*x**2xsin(a + bkx)**2/(8%b**2) - 3*xd**3*x
**x2xcos(a + b*xx)**2/(8%b**2) + 3xckxd*x*2xsin(a + b*x)*cos(a + b*xx)/(4*xb**3)
+ 3xd**3*x*sin(a + b*x)*cos(a + b*x)/(4*b**3) + 3xd**3*cos(a + b*x)**2/(8
*b**4), Ne(b, 0)), ((c**3*x + 3kck*2kdkx**2/2 + ckdx*x2*x**3 + dx*x3*x**4/4)
*sin(a)**2, True))

N

3.9.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 442 vs. 2(120) = 240.

Time = 0.20 (sec) , antiderivative size = 442, normalized size of antiderivative = 3.30

/(c + dz)? sin?(a + bx) dx

B 4 (2 bz + 2a — sin (2 bz + 2 (1,))03 __ 12(2bz+2a—sin(2bz+2 a))ac?d + 12 (2bz+2 a—sir;gZ bx+2 a))a?cd? __ 4(2bz+2a—sin(2¢

b

b3

integrate ((d*x+c) "3*sin(b*x+a) ~2,x, algorithm="maxima")

N

39. [(c+dz)*sin*(a+ bz)dz
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output | 1/16x(4*(2*bxx + 2*%a - sin(2*b*x + 2*a))*c”3 - 12%(2*b*x + 2%a - sin(2*b*x
+ 2%a))*a*xc”2*%d/b + 12*x(2*b*x + 2%a - sin(2*b*x + 2*a))*a”2*cxd"2/b"2 - 4
*(2xbxx + 2*a — sin(2*b*x + 2#*a))*a~3*d"3/b"3 + 6% (2*%(b*x + a)~2 - 2x(b*x

+ a)*sin(2%b*x + 2*a) - cos(2*b*x + 2%a))*c”2*d/b - 12*x(2x(b*x + a)~2 - 2%
(b*x + a)*sin(2*b*x + 2%a) - cos(2xbxx + 2*a))*a*c*d"2/b"2 + 6x(2x(b*x + a
)72 - 2x(b*x + a)*sin(2*b*x + 2*a) - cos(2*b*x + 2%a))*a~2%d"3/b~3 + 2*(4x*
(b*x + a)~3 - 6*x(b*x + a)*cos(2*b*x + 2*a) — 3*(2k(b*x + a)~2 - 1)*sin(2*b
*x + 2%a))*c*d~2/b"2 - 2% (4x(b*x + a)”3 - 6%(bxx + a)*cos(2xb*x + 2*a) - 3
* (2% (bxx + a)”2 - 1)*sin(2xbxx + 2%a))*a*d~3/b~3 + (2x(b*x + a)~4 - 3*(2x(
b*x + a)”2 - 1)*cos(2*bxx + 2*a) - 2x(2x(b*x + a)~3 - 3*bxx - 3*a)*sin(2xb
*x + 2%a))*d~3/b"3)/b

3.9.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.14

/(c + dz)?sin®(a + bx) dz
1o, 1 53 5 5 1 5 3(20%d%2% 4 40P cd’x + 2b°cd — d®) cos (2bx + 2a)
—8dx+?cdx+4c¢v+2cx 165t
_ (28°d%z° + 6b%cd’s® + 6b°cPdr + 26°c® — 3bdx — 3bed?) sin (2bz + 2a)
8 bt
inputLintegrate((d*x+c)“3*sin(b*x+a)‘2,x, algorithm="giac") J

output‘l/S*d‘3*x‘4 + 1/2%c*d"2*%x"3 + 3/4*%c”2xd*x"2 + 1/2*%c"3*x - 3/16%(2*%b~2xd~3*
‘x‘2 + 4%b"2%c*d"2*x + 2%b"2%c"2%d - d73)*cos(2*b*x + 2*a)/b"4 - 1/8%(2%b"3
\*d‘S*x‘B + 6%b"3*c*xd"2*%x"2 + 6*b"3*kc 2xdkx + 2*b"3*%c”3 - 3*b*d"3*x - 3*b*c
L*d‘2)*sin(2*b*x + 2%a)/b~4

N

3.9.9 Mupad [B] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.71

/(c+ dz)?sin?(a + bx) dx
w+4b4c3x—2b3c3 sin(2a+2bx) +b*d®z* —3b?c?d cos (2a+2bzx) +6b* 2 dx? +4b

39. [(c+dz)*sin*(a+ bz)dz
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input | int(sin(a + bxx)"2%(c + d*x)"3,x)

output | ((3*d"3*cos(2*a + 2xb*x))/2 + 4*xb~4*c”3*x — 2*%b"3*c~3*sin(2%a + 2*b*x) + b
“4%d"3*x"4 - 3*%b"2xc"2*d*cos(2*a + 2%b*x) + 6*%b"4*xc”2*xd*x"2 + 4*xb~4*ckd”"2*
x"3 - 3*%b"2%d"3*x"2*cos(2*a + 2*b*x) - 2*%b"3*d"3*x"3*sin(2*a + 2*b*x) + 3%
bxcxd"2*sin(2%a + 2¥b*x) + 3*bxd~3*x*sin(2%a + 2¥b*x) - 6*b"2*xc*xd~2*x*cos(
2%a + 2¥bxx) - 6*xb"3*c”2kd*x*sin(2*a + 2*b*x) - 6xb"3*ckxd"2*x"2*ksin(2*a +

2*xb*x))/(8%b~4)

39. [(c+dz)*sin*(a+ bz)dz
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3.10 [(c+ dz)?sin*(a + bz) dz

3.10.1 Optimalresult . . . . . . .. . ... 196
3.10.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL 196
3.10.3 Rubi [A] (verified) . . . . . . ... .. 197
3.10.4 Maple [A] (verified) . . . .. .. .. ... 198
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 199
3.10.6 Sympy [B] (verification not implemented) . . ... . ... ... ....... 2001
3.10.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 2001
3.10.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 20Tl
3.10.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 201]

3.10.1 Optimal result

Integrand size = 16, antiderivative size = 95

_d’z N (c + dx)3 N d? cos(a + bx) sin(a + bzx)
452 6d 4b3
(c+ dzx)%cos(a + bxr)sin(a + bz)  d(c+ dz)sin?(a + bx)
2 - 20

/(c + dz)*sin®(a + bx) dr =

output \ -1/4xd~2*x/b"2+1/6* (d*x+c) ~3/d+1/4*d"2*cos (b*x+a) *sin (b*x+a) /b~3-1/2* (d*x+ \
‘ c) ~2%cos (bxx+a) *sin (b¥x+a) /b+1/2%d* (d*x+c) *sin (bkx+a) ~2/b~2 J

3.10.2 Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.81

/(c + dz)?sin?(a + bx) dx

_ 4b%z(3¢® + 3cdx 4 d?x?) — 6bd(c + dzx) cos(2(a + bx)) — 3(—d? 4 2b*(c + dzx)?) sin(2(a + bz))
B 245

input‘ Integrate[(c + d*x)~2*Sin[a + b*x]~2,x] ‘

§
output (4+b~3xxx(3*c"2 + Bxckd*x + d"2%x"2) - Exbxd*(c + dxx)*Cos[2¢(a + b*x)] - |
\3*(-d*2 + 2%b~2%(c + d¥x)"2)*Sin[2%(a + b*x)])/(24%b~3) \

3.10.  [(c+dz)?sin®(a + bz) dz
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3.10.3 Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.02, number

of steps used = 6, number of rules used = 6, Bumber of rules _ , 375 Ry jaq ysed = {3042,
integrand size

3792, 17, 3042, 3115, 24}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)? sin’(a + bx) dz
| 3042
/(c + dz)?sin(a + bx)2dx

l3nn

_d2 [sin?(a + bz)dz 1

2 2 .:
4L /(c+dw)2daz+ d(c+dz)sin*(a + bz) (c+ dz)°sin(a + br) cos(a + bx)

2b2 2b

l 17

B d? [ sin®(a + bz)dz + d(c+ dx)sin?(a + bx) (et dz)?sin(a + bx) cos(a + bx) n (c+ dx)3

2b2 2

2b2 2b2 2b 6d
| 3042
3 d? [ sin(a + bx)%dzx + d(c + dz) sin?(a + bx) (et dz)? sin(a + bz) cos(a + bx) 4 (c+ dz)?
2b2 2b2 2b 6d
| 3115
_d2 (f 12dgc - Sin(a+bm)2§05(a+bm)) + d(c + dz) sin?(a + bz) (et dz)? sin(a + bx) cos(a + bx) +
2b2 2b2 2b
(c+ dzx)3
6d
| 24

in(a+bx) cos(a+bzx)
d(c + dz) sin?(a + bx) B d? (% —° % ) (et dz)?sin(a + bx) cos(a + bx) + (c+ dx)3

2b2 2b2 2b 6d

-

input LInt[(c + d*x)"2*%Sin[a + b*x]~2,x]

~—

output‘ (c + d*x)"3/(6%d) - ((c + d*x)~2*Cos[a + b*x]*Sin[a + b*x])/(2%b) + (d*(c ‘
‘+ d*x)*Sin[a + b*x]~2)/(2¥b"2) - (d"2*(x/2 - (Cos[a + b*x]*Sin[a + b*x])/(
}z*b)))/(z*b*z) !

3.10.  [(c+dz)?sin®(a + bz) dz
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3.10.3.1 Defintions of rubi rules used

ruk317‘Int[(c_.)*((a_.) + (b_.)*(x_)) " (m_.), x_Symbol] :> Simp[c*x((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

ruk324LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

ruk33042‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 3115 Int[((b_.)*sin[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol]l :> Simp[(-b)*Cos[c + dx*
x]*((b*Sin[c + d*x])~(n - 1)/(d*n)), x] + Simp[b~2*((n - 1)/n) Int [(b*Sin
[c + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] && IntegerQ[
2*n]

rule 3792 Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((b*Sin[e + f*x]) n/(£°2%n"2)), x] + (-Sim
plb*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~"(n - 1)/(f*n)), x] + Simp[b~
2%((n - 1)/n) Int[(c + d*x) "m*(b*Sin[e + f*x])"(n - 2), x], x] - Simp[d~2
*xmk((m - 1)/(f"2%n"2)) Int[(c + d*x)~(m - 2)*(b*Sin[e + f*x])~n, x], x])
/; FreeQ[{b, c, d, e, £}, x] && GtQ[n, 1] && GtQ[m, 1]

3.10.4 Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.83

3.10.  [(c+dz)?sin®(a + bz) dz
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method result
. (—2(d$+0)2b2+d2> sm(2bz+2a)+4 (_ wJ{'z(%dQQ}z-chﬂj-‘rCQ) b2+%> b
parallelrisch 303
. 223 | cdz® | x|, 3 d(dz+c)cos(2bz+2a)  (2d°z%b244b%cdz+2bc? —d?) sin(2bz+2a)
risch s T2 T3 ta 42 863
tgdZ(_9&3&iﬂ§ﬁi@dﬁﬁ+%§+%) mwd(_EEEEigggi@5g1+%%+%) 2ad2(@z+a)(_Eﬁﬁﬂiﬂ%ﬂl@ﬁi2)+%%+%:
. . « . 2 - - D]
derivativedivides b b b
242 (_%;m(ma)g%%) zacd(_w+%+%) 2a d? <(bz+a) (_%;inwwﬂu%u%/
2 - - 2
default b b b
cdz? <tan2 (%+%>>+M+#+#+d%s (tan23(b72+%)) +d2w3 (tan‘l(bTm_,_%)) ~ (2b262_d22::n(
norman
inputLint((d*x+c)‘2*sin(b*x+a)“2,x,method=_RETURNVERBOSE) J

output \ 1/8% ((-2% (d*x+c) “2%b~2+d"2) *sin (2xb*x+2%a) +4% (-1/2%d* (d*x+c) *cos (2*b*x+2*a \
‘)+x*(1/3*d“2*x“2+c*d*x+c“2)*b“2+1/2*c*d)*b)/b“3 \

3.10.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.18

/(c + dz)?sin?(a + bz) dzx

_ 20%d22® + 6b%cdx? — 6 (bd?z + bed) cos (bx + a)” — 3 (22?3 + 4 b2cdz + 2b2c? — d?) cos (bz + a) sin (¢

B 1263
inputLintegrate((d*x+c)“2*sin(b*x+a)‘2,x, algorithm="fricas") J

output| 1/12+(2xb"3%d"2#x"3 + Exb 3kcxdkx"2 - 6% (bkd"2%x + bxckd)*cos(b*x + a)"2 - |
| 3%(2%D"2xd"2%x"2 + 4¥b 2%ckdxx + 2¥b"2%c2 - d"2)*cos(bxx + a)*sin(bxx + |
\a) + 3%(2%b~3%c~2 + b*d~2)*x)/b~3 \

3.10.  [(c+dz)?sin®(a + bz) dz
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3.10.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 264 vs. 2(85) = 170.

Time = 0.27 (sec) , antiderivative size = 264, normalized size of antiderivative = 2.78

/(c + dz)?sin?(a + bx) dx

c2x sin? (a+bx) c2x cos? (a+bx) cdz? sin? (a+bx) cdx? cos? (a+bx) d?z3 sin? (a+bx) d?z3 cos? (a+bx) c? sin (a+bzx) c
2 + 2 + 2 + 2 + 6 + 6 - 2b

(ch + cdz? + @) sin? (a)

input ‘ integrate ((d*x+c)**2*sin (b*x+a)**2,x)

output | Piecewise ((c**2%x*sin(a + b*x)**2/2 + cxx2xx*cos(a + b*x)**2/2 + ckd*xxk*2%
sin(a + bxx)**2/2 + ckd*x**2*cos(a + bxx)**2/2 + d**2*x**3*sin(a + b*xx)**2
/6 + d**x2xx*xx3xcos(a + b*x)**2/6 - c**2*sin(a + b*x)*cos(a + b*x)/(2%b) -
ckd*x*sin(a + b*x)*cos(a + b*x)/b - d**x2xx**2*sin(a + b*x)*cos(a + b*x)/(2
*b) - cxdkcos(a + b*x)**2/(2*b**2) + d**x2*x*sin(a + b*xx)**2/(4*b**2) - d**
2%x*cos(a + b*x)**x2/(4xb**2) + d**2*sin(a + b*x)*cos(a + b*xx)/(4*%b**3), Ne
(b, 0)), ((c*x*2%x + ckd*x**2 + d**2*xx**x3/3)*sin(a)**2, True))

3.10.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 232 vs. 2(85) = 170.

Time = 0.20 (sec) , antiderivative size = 232, normalized size of antiderivative = 2.44

/(c + dz)*sin®(a + bx) dz

6 (2 (bz+a)?—2 (bz+o

6 (2 bz + 2a — sin (2 b + 2 a))c2 _ 12(2bz+2 a—si:(Z bz+2a))acd + 6 (2bz+2 a—sir;gQ br+2a))a?d? +

inputLintegrate((d*x+c)‘2*sin(b*x+a)‘2,x, algorithm="maxima") J

output | 1/24* (6% (2*xbxx + 2%a — sin(2¥b*x + 2*a))*c”2 — 12*%(2*b*x + 2*a - sin(2xb*x
+ 2%a))*a*c*d/b + 6x(2xbxx + 2%a - sin(2%b*x + 2*a))*a~2*xd"2/b"2 + 6% (2*(
bxx + a)”2 - 2%(b*x + a)*sin(2xbxx + 2%a) - cos(2*b*x + 2*a))*c*d/b - 6%(2
*(b*xx + a)~2 - 2x(b*x + a)*sin(2*bxx + 2%a) - cos(2%b*x + 2%a))*a*xd"~2/b"2
+ (4*x(b*x + a)~3 - 6%(b*x + a)*cos(2*b*x + 2*a) - 3*x(2x(b*x + a)~2 - 1)*si
n(2xb*x + 2*a))*d~2/b"2) /b

3.10.  [(c+dz)?sin®(a + bz) dz
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3.10.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.99

_ 1 1 1 (bd*z + bed) cos (2bx + 2 a)
2.2 LT S U ST JC T
/(c+dac) sin (a+bx)dx—6dx +20dx tgce 15
_ (20°d?a® + 4b%cdx + 26°¢* — d)sin (2bx + 2a)
8b3

inputLintegrate((d*x+c)“2*sin(b*x+a)‘2,x, algorithm="giac")

output‘ 1/6%d"2*%x"3 + 1/2*%cxd*x"2 + 1/2%c”2*x - 1/4*(b*d"2*x + b*c*d)*cos (2*b*x +
\2*a)/b"3 - 1/8%(2%b~2%d"2*x"2 + 4*xb"2*kc*d*x + 2*%b"2%c"2 - d72)*sin(2*xb*x +
\ 2%a) /b~3

3.10.9 Mupad [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.88

2 2 2 2
/(c+dx)25in2(a+bx)dx=x(%—%)+x(%+%)
d>z3 sin(2a+2bzx) (&> —2b2?)
6 + 8b3
z cos(2a+2bx) (%—%)
2
z cos(2a+2bx) (%—l—%)
B 2
cdz® d?z?sin(2a+2bx)
T T 1h
cdcos(2a+2bzx) cdzsin(2a+2bx)
B 40 - 2b

_|_

_|_

-

inputLint(sin(a + bix)"2%(c + d*x)"2,x)

~—

output | xx(c"2/4 - 4°2/(8*b"2)) + x*(c"2/4 + 4"2/(8*b"2)) + (d"2*x"3)/6 + (sin(2*a

+ 2%b*x)*(d"2 - 2*b~2%c”2))/(8*b~3) + (x*xcos(2*xa + 2*b*x)*(c"2/2 - 472/(4
*b~2)))/2 - (x*cos(2*a + 2xbxx)*(c”2/2 + d72/(4*%b"2)))/2 + (c*xd*x~2)/2 - (
d~2xx~2xsin(2*a + 2xbxx))/(4%b) - (c*d*cos(2*a + 2%bxx))/(4%b~2) - (c*xd*x*
sin(2*a + 2%b*x))/(2%b)

3.10.  [(c+dz)?sin®(a + bz) dz
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3.11 [(c+ dz)sin?(a + bx) dz

3.11.1 Optimalresult . . . . . . .. . ... 202
3.11.2 Mathematica [A] (verified) . . . . . . .. ... ... Lo oL
3.11.3 Rubi [A] (verified) . . . . . ... .. 203
3.11.4 Maple [A] (verified) . . . . .. . . ... 204
3.11.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 204
3.11.6 Sympy [B] (verification not implemented) . . .. .. ... ... ... ... .. 2051
3.11.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 2051
3.11.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 206
3.11.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 200

3.11.1 Optimal result

Integrand size = 14, antiderivative size = 55

2 - ;2
/(c + da) sin(a + br) dz = % 4 d% _ (c+dz)cos(a —zi—bbx) sin(a + bz) n dsin i(l;—l— bx)

output ‘ 1/2*cxx+1/4%d*x"2-1/2* (d*x+c) *cos (b*x+a) *sin (b*x+a) /b+1/4*d*sin (b*x+a) ~“2/b
=2

3.11.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.95

/(c + dz) sin®(a + bz) dz

_ —dcos(2(a + bz)) + 2b(2ac + bx(2¢ + dz) — (c + dz) sin(2(a + bz)))
8b?

input ‘ Integrate[(c + d*x)*Sin[a + b*x]~2,x]

outpUt‘ (-(d*Cos[2*(a + b*x)]) + 2*xb*x(2*axc + bxx*(2*c + d*x) - (c + d*x)*Sin[2*(a
\ + b*x)]))/(8%b~2)

3.11.  [(c+ dz)sin®*(a + bz)dzx



input

output

rule 17

rule 3042
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3.11.3 Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.00, number

of steps used = 3, number of rules used = 3, Bumber of rules _ , 914 Ryjeg used = {3042,

integrand size
3791, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)sin®(a + bzx) dx
| 3042
/(c + dz) sin(a + bz)2dz

l 3791

1 dsin?(a+bz) (c+ dz)sin(a + bz) cos(a + bx)
3 /(c + dx)dx + e - %

Jl?

dsin®(a+bzx)  (c+ dz)sin(a 4 bz) cos(a + bz) N (c+ dz)?
4p? 2b 4d

LInt[(c + d*x)*Sin[a + b*x]"2,x]

~—

‘((c + d*x)~2/(4%d) - ((c + d*x)*Cos[a + bxx]*Sin[a + b*x])/(2*%b) + (d*Sin[a
\ + b*x]"2)/(4¥b"2)

—

3.11.3.1 Defintions of rubi rules used

/Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
Y/ (ox(m + 1))), x] /; FreeQl{a, b, c, m}, x] && NeQ[m, -1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

3.11.  [(c+ dz)sin®*(a + bz)dzx



rule 3791

input

output

input

output
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Int[((c_.) + (d_.)*(x_))*((b_.)*sinl[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol]l :>
Simp [d*((b*Sin[e + f*x])"n/(£72%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
I*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + dx
x)*(b*xSin[e + f*x])"(n - 2), x], x]) /; FreeQ[{b, c, 4, e, f}, x] && GtQ[n,
1]

3.11.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.84

c(tans(bjm-k%)) +cx(tan2<b?x+%>>+d(tan2(b7m+%)) +dw(tan3(7+%)> +%+%_ctan(

method result
: dxz? cx _ dcos(2bx+2a)  (dz+c)sin(2bx+2a)
risch s T3 862 T
da (_ cos(bz+a) sin(bz+a) +bl+g) d <(bw+a) (_w*_ bx +%> _ (bzt
2 272 ( cos(bz+a)sin(bz+a) , bz |, a
e e e - 5 +el{ - 2 +3t+3)+
derivativedivides .
da (_ cos(bz+a) sin(bz+a) Lba a) d <(ba:+a) (_MQM+%+%) _ (bz+
_ 2 272 +C(— cos(bz+a) sin(bz+a) + bl+£> +
default i 2 22
b %) cz(tan4(7+%)

b2 b

norman

Lin‘t ((d#x+c)*sin(b*x+a) ~2,x,method=_RETURNVERBOSE)

L1/4*d*x"2+1/2*c*x-1/8*d/b"2*cos (2%b*x+2*a)-1/4/b* (d*x+c) *sin (2*xb*x+2%a)

3.11.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.98

/(c + dz) sin®(a + bz) dz

_ b%da? + 2b%cx — dcos (bx + a)® — 2 (bdz + be) cos (bx + a) sin (b + a)
B 402

Lintegrate ((d*x+c)*sin(b*x+a)~2,x, algorithm="fricas")

‘1/4*(b‘2*d*x‘2 + 2%b"2%c*x - d*cos(b*x + a)~2 - 2% (b*d*x + b*c)*cos(b*x +
‘a)*sin(b*x + a))/b~2

3.11.  [(c+ dz)sin®*(a + bz)dzx
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3.11.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(49) = 98.

Time = 0.19 (sec) , antiderivative size = 126, normalized size of antiderivative = 2.29

/(c + dz) sin®(a + bz) dz

czsin? (a+bx) cx cos? (a+bx) dz? sin? (a+bx) dz? cos? (a+bx) csin (a+bz) cos (a+bx) dz sin (a+bz) cos (a+bzx) dcos
2 + 2 + 4 + 4 - 2b - 2b -

(cx + d—g"g) sin? (a)

-

inputLintegrate((d*x+c)*sin(b*x+a)**2,x)

—/

output‘Piecewise((c*x*sin(a + b*x)**2/2 + c*x*cos(a + b*x)**2/2 + d*x**2*xsin(a +
‘b*x)**2/4 + d*x**2%cos(a + b*x)**2/4 - cxsin(a + bx*x)*cos(a + bxx)/(2%b) -
‘ d*x*sin(a + b*x)*cos(a + b*x)/(2xb) - d*cos(a + b*x)**2/(4xb**x2), Ne(b, O
‘)), ((c*x + d*x**2/2)*sin(a)**2, True))

—

3.11.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 96 vs. 2(47) = 94.

Time = 0.19 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.75

/ (c + dz)sin®(a + bx) dzx
. 2 (2bz+2a—sin(2bz+2a))ad (2 (ba:+a,)2_2 (bz+a) sin(2 bx+2 a)—cos(2 bz+2 a)>d
=2(2bav+2a—sm(2bav+2a))c— sl lcliac) L :
8b
input Lintegrate ((d*x+c)*sin(b*x+a)~2,x, algorithm="maxima" J

output‘ 1/8% (2% (2xb*x + 2*a - sin(2*b*x + 2*a))*xc - 2*%(2xb*x + 2*a - sin(2xb*x + 2 \
(*¥a))*axd/b + (2%(b¥x + a)~2 - 2%(bkx + a)*sin(2¥bxx + 2%a) - cos(2¥bkx + 2 |
‘*a))*d/b)/b ‘

3.11.  [(c+ dz)sin®*(a + bz)dzx
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3.11.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.87

_ 1 1 dcos(2bz +2a) (bdx + bc)sin (2bz + 2a)
2 Lo L _
/(c+dﬂc)sm (a+bx)dm-4dr —|—2cac S iR

inputLintegrate((d*x+c)*sin(b*x+a)‘2,x, algorithm="giac")

output‘1/4*d*x“2 + 1/2%c*x - 1/8*d*cos(2xb*x + 2%a)/b~2 - 1/4*%(b*d*x + b*c)*sin(2
‘*b*x + 2%a)/b~2

3.11.9 Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.04

9 _cx  di* dcos(2a+2bx)
/(c+dw)sm (a+bzx)dx = 5 T2 S
_csin(2a+2bz) dzsin(2a+2bz)

4b 4b

input int(sin(a + b*x)~2*(c + d*x),x)

N\

output‘ (c*x)/2 + (d*x~2)/4 - (d*cos(2%a + 2%b*x))/(8%b~2) - (c*sin(2*a + 2%b*x))/
| (4%b) - (dxx*sin(2%a + 2xb*x))/(4%Db)

3.11.  [(c+ dz)sin®*(a + bz)dzx
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3.12 [ nle) g,

ct+dx
3.12.1 Optimalresult . . . . . . . . . . .. 207
3.12.2 Mathematica [A] (verified) . . . . . . . . ... Lo 207l
3.12.3 Rubi [A] (verified) . . . . . ... .. 208
3.12.4 Maple [C] (verified) . ... ... ... . ... 209
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 209
3.12.6 Sympy [F] . . . . o o 210
3.12.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 2101
3.12.8 Giac [C] (verification not implemented) . . . .. ... ... ... ...... 2101
3.12.9 Mupad [F(-1)] . . . . o oo 211

3.12.1 Optimal result

Integrand size = 16, antiderivative size = 78

/ sin?(a + bx) gy — % (2a — 2¢) Coslntegral (2¢ + 2bz)
c+dz 2d
4 log(c + dz) N sin (2a — 2¢) Si(2c + 2bx)
2d 2d

output ‘ -1/2%Ci (2%¥b*c/d+2xb*xx) *cos (2%a-2*b*c/d) /d+1/2*1n (d*x+c) /d+1/2%Si (2%b*c/d+2
‘*b*x)*sin(2*a—2*b*c/d)/d

3.12.2 Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.83

.2
/sm (a + bx) da
c+dz
_ —cos (2a — 2¢) Coslntegral (M) + log(c + dz) + sin (2a — 2¢) Si(L:dm))
- 2d
input LIntegrate [Sin[a + b*x]~2/(c + d*x),x] J

output‘ (-(Cos[2*a - (2*bxc)/d]*CosIntegral [(2*bx(c + d*x))/d]) + Loglc + d*x] + S
‘in[2%a - (2+bxc)/d]*SinIntegral [(2¥bx(c + d*x))/d])/(2%d) |

312, [t g,
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3.12.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 78, normalized size of antiderivative = 1.00, number
of steps used = 3, number of rules used = 3, Bumber of rules _ , 198 Ryjles used = {3042,

integrand size
3793, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed below.

;2
/sm (a + bx) iz
c+dx

l'3042

: 2
/ sin(a + bx) e
c+dx

J,3793

/ (2(c —il- dz) COZ((ia++dil)m)> dz

l 2009

cos (2a — 2%0) CosIntegral (271’0 + 2bz) + sin (2a — 271’0) Si(%bc + 2bz) + log(c + dx)

2d 2d 2d

input | Int[Sin[a + b*x]72/(c + d*x),x]

output‘ -1/2*(Cos[2*xa - (2%b*c)/d]*CosIntegral [(2*b*c)/d + 2xb*x])/d + Loglc + d#*x
‘]/(2*d) + (Sin[2*a - (2*bxc)/d]*SinIntegral [(2*bxc)/d + 2*b*x])/(2xd)

3.12.3.1 Defintions of rubi rules used

e

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

A >

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3793 Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, 4, e, f
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 11))

312, [t g,
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3.12.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.16 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.37

method result
— 2i(da—cb) 2i(da—cb) 2i(da—cb) 2(—iad+ich)
ze (o . 2i(da—cb) 2 c( ou o 2(—iadtich)
risch e Eiy <2zbw+2w 4 ) n e E11< 2ibz—2ia = ) N In(do-+c)
4d 4d 2d
\ (_ 2 Si(72bx72a7 2(_‘13:61’) ) sin ( =2da-2cb) .2 Ci(2bat2at —2dad+chb) cos ( =2dazt2cb) )
. . L. bln(—da+cb+d(bz+a))
derivativedivides 2 . 4
b (_ ) Si(_zbz_%_ 2(—d;d+cb) ) sin (=2de;t2ch ) .2 Ci(2b0+20+ —2dz‘zi-ﬁ:12r;b) cos( =2dact2ch) )
bln(—da+cb+d(bz+a))
default 2 - 4

inputLint(sin(b*x+a)‘2/(d*x+c),x,method=_RETURNVERBOSE)

output \ 1/4/d*exp (-2*%I* (a*d-b*c) /d) *Ei (1,2*I*xb*x+2*I*xa-2*I* (a*d-b*c)/d)+1/4/d*exp( \

‘2*1*(a*d—b*c)/d)*Ei(1,—2*I*b*x—2*I*a—2*(—I*a*d+I*c*b)/d)+1/2*1n(d*x+c)/d

3.12.5 Fricas [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.94

sin?(a + bx)

d
c+dx v

/

oS (_2(bcd—ad)> Ci <2(bdx+bc)> — sin (_Z(bc—ad)> Si (2(bdz+bc)> — log (dz + c)

d d

2d

input Lintegrate (sin(b*x+a) "2/ (d*x+c) ,x, algorithm="fricas")

output‘ -1/2*%(cos(-2*(b*c - axd)/d)*cos_integral (2x(b*d*x + b*c)/d) - sin(-2*(b*c ‘
‘— a*d)/d)*sin_integral (2% (b*d*x + bxc)/d) - log(d*x + c))/d ‘

2 b
sin?(a+bx) dz

3.12. et

J
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3.12.6 Sympy [F]

2 ;2
/sm (a+bzx) dx:/sm (a+bx) i

c+dz c+dz
input Lintegrate (sin(b*x+a)**2/ (d*x+c) ,x) J
output LIntegral(sin(a + brx)*x2/(c + d*x), X) J

3.12.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.24 (sec) , antiderivative size = 162, normalized size of antiderivative = 2.08

. 2 b
/ sin’(a + bx) d
c+dx
b < B (2 (—ibc—i (b:lc+a)d+i ad)) tE (_ 2 (—ibc—i (b;c-l—a)d-l—i ad) )) oS (_ 2 (bcd—ad)> b (z B (2 (—ibc—i (b;+a)d+i ad)>
4 bd
inputLintegrate(sin(b*x+a)“2/(d*x+c),x, algorithm="maxima") J

/

output | 1/4*(b*(exp_integral_e(1, 2*(-I*b*c — I*(b*x + a)*d + I*a*d)/d) + exp_inte
gral_e(1, -2x(-I*b*c - Ix(b*x + a)*d + I*axd)/d))*cos(-2*(bxc - a*xd)/d) +

b*(Ixexp_integral_e(1l, 2*(-Ixbxc - I*(b*x + a)*d + I*axd)/d) - Ixexp_integ
ral_e(1, -2%(-Ixbxc - Ix(b*x + a)*d + I*a*d)/d))*sin(-2*(b*c - a*d)/d) + 2
*bxlog(b*c + (b*x + a)*d - a*d))/(b*d)

3.12.8 Giac [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.39 (sec) , antiderivative size = 612, normalized size of antiderivative = 7.85

dx = Too large to display

/ sin?(a + bx)

c+dx

312, [t g,
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input‘integrate(sin(b*x+a)”2/(d*x+c),x, algorithm="giac")

output

input

1/4%(2*log(abs(d*x + c))*tan(a) " 2xtan(b*c/d)~2 - real_part(cos_integral (2
b*x + 2xb*c/d))*tan(a) " 2*tan(b*c/d) "2 - real_part(cos_integral (-2xb*x - 2%
b*c/d))*tan(a) “2*tan(b*c/d) "2 + 2ximag_part(cos_integral (2¥b*x + 2¥b*c/d))
xtan(a) "2*tan(b*c/d) - 2*imag_part(cos_integral (-2*bxx — 2%b*c/d))*tan(a)”
2xtan(b*c/d) + 4xsin_integral (2*(b*d*x + bx*c)/d)*tan(a) “2*tan(bxc/d) - 2*i
mag_part(cos_integral (2xb*x + 2xb*c/d))*tan(a)*tan(b*c/d)~2 + 2*imag_part(
cos_integral (-2xb*x - 2xbxc/d))*tan(a)*tan(b*c/d)~2 - 4*sin_integral (2*(b*
d*x + b*c)/d)*tan(a)*tan(bxc/d) "2 + 2*log(abs(d*x + c))*tan(a)"2 + real_pa
rt(cos_integral (2#bxx + 2%b*c/d))*tan(a)”2 + real_part(cos_integral (-2*b*x
- 2x¥b*c/d))*tan(a) "2 - 4xreal_part(cos_integral (2xbxx + 2xbxc/d))*tan(a)*
tan(b*c/d) - 4xreal_part(cos_integral (-2xb*x - 2xb*c/d))x*tan(a)*tan(bxc/d)
+ 2*log(abs(d*x + c))*tan(b*c/d)~2 + real_part(cos_integral(2xb*x + 2%b*c
/d))*tan(b*c/d) "2 + real_part(cos_integral (-2*b*x - 2%b*c/d))*tan(b*c/d) "2
+ 2ximag_part(cos_integral (2¥b*x + 2%b*c/d))*tan(a) - 2*imag_part(cos_int
egral (-2xb*x - 2xb*c/d))*tan(a) + 4*sin_integral (2x(b*d*x + b*c)/d)*tan(a)
- 2ximag_part(cos_integral (2¥b*x + 2%b*c/d))*tan(b*c/d) + 2*imag_part(cos
_integral (-2*%b*x - 2xb*c/d))*tan(b*c/d) - 4*sin_integral (2*(b*d*x + b*c)/d
)*xtan(b*c/d) + 2*log(abs(d*x + c)) - real_part(cos_integral(2xb*x + 2%bxc/
d)) - real_part(cos_integral (-2*b*x - 2xb*c/d)))/(d*tan(a) 2*tan(b*c/d) 2
+ dxtan(a) "2 + d*tan(b*c/d)"2 + d)

3.12.9 Mupad [F(-1)]

N

Timed out.
) . 2
/sm (a + bzx) dz=/81n(a+bx) s
c+dx ct+dzx
int(sin(a + b*x)~2/(c + d*x),x)

output‘int(sin(a + b*xx)~2/(c + d*x), x)

312, [t g,
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3.13  [Srlet) g,

(ct+dz)?
3.13.1 Optimal result . . . . . . . . . . . .. . 212
3.13.2 Mathematica [A] (verified) . . . . . .. .. ... .. L 212
3.13.3 Rubi [A] (verified) . . . . . .. . . . .. 2131
3.13.4 Maple [C] (verified) . ... ... ... . . ... ... 215
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 216
3.13.6 Sympy [F] . . . . . o
3.13.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... .. ... 216
3.13.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 217
3.13.9 Mupad [F(-1)] . . . . oo 218

3.13.1 Optimal result

Integrand size = 16, antiderivative size = 81

/ sin?(a + bz) e — b CosIntegral (2% + 2bz) sin (2a — 2¢)

(c+ dzx)? v d?
_ sin®(a + bx) N beos (2a — 2¢) Si(2e 4 2bz)
d(c+dzx) d?
output (b*cos (2%a-2%bxc/d) *Si (2*b*c/d+2%b*x) /d~2+b*Ci (2%b*c/d+2*b*x) *sin (2*a-2xb*c ]
/@) /d"2-sin(b*x+a) ~2/d/ (d*x+c) J
3.13.2 Mathematica [A] (verified)
Time = 0.30 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.93
s.2
/sm (a + bx) i
(c+ dz)?
b CosIntegral (L}“dw)) sin (2a — 27”5) _ % + bcos (2a _ 2720) Si(Ljdm))
input LIntegrate [Sin[a + b*x]~2/(c + d*x)~2,x] J

output‘ (b*CosIntegral [(2+b*x(c + d*x))/d]*Sin[2*a - (2%b*c)/d] - (d*Sin[a + b*x]~2
\)/(c + d*x) + b*Cos[2%a - (2%b*c)/d]*SinIntegrall(2¥b*(c + d*x))/d])/d"2

sin?(a+bx
3.13. [Ultdg
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3.13.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.05, number
of steps used = 8, number of rules used = 8, Bumber of rules _ , 55 Ryles used = {3042,

integrand size
3794, 27, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

2
/sm (a + bx) dx
(c+dzx)?

| 3042

: 2
/ sin(a + bz) e
(c+ dx)?

l 3794

sin(2a+2bx
2b [ 2((c+dx) iy d _ sin®*(a + bx)
d d(c+ dx)

l 27

b f s1n(c2_l+l_jl-z2b$) dx sin2(a + bm)
d d(c + dz)
l 3042
b f sm(fi}-jbz) dx Sin2(a + bl‘)
d d(c + d)
l,3784
2 +2b in ( 2b< 4 2p
b(sin (2a—2f.lzc)f(m<c‘17df$)dm+cos (2a—2dbc)fs(ci;jx)dx> .
_ sin (a+ bx)
d d(c+ dz)
l 3042
:( 2be T - 2be
b ﬂn(Qa"%?)J"iggéi;gftildx-rcos(2a-%%)fffﬁéﬁgﬁfldw
_ sin®(a + bx)
d d(c+ dz)
| 3780
in( 23 +2b2+3 a—2b¢)Si( 26 9py
b Sin(2a—27bc)fs<dc::—d2x+2>dx+cos(2 d)d1<d+2 ) )
sin“(a + bz)

d ~ d(c+da)

Sln2 a X
313, [Ty
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l 3783

sin (2(1— 2TI’C> CosIntegral ( ZTI’C +2b:c> cos (2a— 2%6) Si < 2%6 +2bx)
b d + d

) sin?(a + bx)
d B d(c+ dz)

inputLInt[Sin[a + bxx]~2/(c + d*x)~2,x]

output‘—(Sin[a + b*x]~2/(d*(c + d*x))) + (b*((CosIntegral[(2*b*c)/d + 2*b*x]*Sin[
‘2*a - (2xbxc)/d])/d + (Cos[2¥a - (2%b*c)/d]*SinIntegral [(2*b*c)/d + 2*b*x]
)/d)) /4

3.13.3.1 Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3780 Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol]l :> Simp[SinInte
gralle + f*xx]/d, x] /; FreeQ[{c, d, e, £}, x] && EqQ[d*e - cx*f, 0]

rule 3783  Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[d*(e - Pi/2) -
c*xf, 0]

rule 3784 Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - c*
£)/d]  Int[Cos[cx(f/d) + f*x]/(c + d*x), x], x] /; FreeQl{c, d, e, £}, x]
&& NeQ[d*e - c*f, 0]

sin?(a+bx
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rule 3794 Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_)1"(n_), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*(Sin[e + f£*x]"n/(d*x(m + 1))), x] - Simp[f*(n/(d*(m + 1
)))  Int[ExpandTrigReduce[(c + d*x)"(m + 1), Cos[e + f*x]*Sinf[e + f*x] (n
- 1), x], x], x]1 /; FreeQ[{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &
& LtQ[m, -1]

3.13.4 Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.23 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.91

method result
2i(da—cb) 2i(da—cb) . )
. ibe” & Ei; (21bz+2m 722(&;_0{')) b e% Ei; (—2ibz—2ia,— 72(_1a5+wb)) 1 (—2ds
risch o 242 + 242 ~ 2d(dz+c) + 14
) 2 Si (—217:0—20.— 2(—dg+cb)> cos( —2d¢:i+25b) 2 Cl(2bz+2a+ —2da‘.i
_ S _
b2 | — 2 cos(2bz+2a) _
(—da+cb+d(bz+a))d d
b2
derivativedivides | —2detcbideta)d Z
b
) 2 Si (—2bm—2a— 2(—dg+cb)> cos( _Qd‘y'zd)) 2 Cl(2bz+2a+ —2dtz,i
_ S _
b2 | — 2 cos(2bz+2a) _
(—da+cb+d(bz+a))d d
b2
"~ 2(=datcbrd(bz+a))d 4
default 5
inputtint(sin(b*x+a)‘2/(d*x+c)‘2,x,method=_RETURNVERBDSE) J

p

output‘—1/2*I*b/d‘2*exp(-2*I*(a*d-b*c)/d)*Ei(l,2*I*b*x+2*I*a—2*I*(a*d-b*c)/d)+1/2
‘*I*b/d‘2*exp(2*I*(a*d—b*c)/d)*Ei(l,—2*I*b*x—2*I*a—2*(—I*a*d+I*c*b)/d)-1/2/
‘d/(d*x+c)+1/4/d*(—2*b*d*x—2*b*c)/(—b*d*x—b*c)/(d*x+c)*cos(2*b*x+2*a)

S

sin?(a+bx
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3.13.5 Fricas [A] (verification not implemented)
Time = 0.29 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.26

2
/sm (a+bx) i
(c+ dz)?

d cos (bx + a)® + (bdz + be) Ci <2(bd+d+bc)> sin <—M) + (bdz + bc) cos (—Z(bcd_“d)> Si (2(bd§+bc)> — ¢
N &z + cd?

inputLintegrate(sin(b*x+a)‘2/(d*x+c)‘2,x, algorithm="fricas")

N

output‘(d*cos(b*x + a)”2 + (bxd*x + bxc)*cos_integral (2*(bxd*x + bxc)/d)*sin(-2%(
‘b*c - a*d)/d) + (bxd*x + bx*c)*cos(-2*(b*c - a*d)/d)*sin_integral (2% (bxd*x
+ bxc)/d) - d)/(d"3*x + c*d~2)

N\ J

-

3.13.6 Sympy [F]

2 2
/sm (a + bx) dm:/sm (a+ bx) s

(c+ dz)? (c+ dz)”
inputLintegrate(sin(b*x+a)**2/(d*x+c)**2,X) J
outputtlntegral(sin(a + bxx)**2/(c + d*x)**2, x) J

3.13.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 0.28 (sec) , antiderivative size = 171, normalized size of antiderivative = 2.11
.2
/ sin®(a + bx) i
(c+ dz)?
B b2 ( E, <2 (—ibc—i (b;+a)d+i ad)) + B, (_ 2 (—ibe—i (b;c+a)d+i ad) )) cos <_ 2 (bcd—ad)> L (z E, <2 (—ibc—i (bcalc+a)d+i ad,
B 4 (bed + (bx + a)d? — ad?)b

sin?(a+bx
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input‘integrate(sin(b*x+a)”2/(d*x+c)“2,x, algorithm="maxima")

output

input integrate(sin(b*x+a)~2/(d*x+c)~2,x, algorithm="giac")

output

1/4*%(b~2*(exp_integral_e(2, 2*(-Ixbxc - Ix(b*x + a)*d + I*axd)/d) + exp_in

tegral_e(2, -2%(-I*bxc - I*(b*x + a)*d + Ixa*d)/d))*cos(-2*(bxc - axd)/d)

+ b~"2*(I*exp_integral_e(2, 2*(-Ixb*c - Ix(b*x + a)*d + I*axd)/d) - Ixexp_i

ntegral_e(2, -2x(-I*b*c - I*(b*x + a)*d + I¥a*d)/d))*sin(-2*(bxc - a*xd)/d)
- 2%b72) /((b*c*d + (b*x + a)*d™2 - a*d"2)*b)

3.13.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 535 vs. 2(81) = 162.

Time = 0.35 (sec) , antiderivative size = 535, normalized size of antiderivative = 6.60

sin?(a + bz)
——————dzx
/ (c+ dz)?
9 be 9 2 ((dz+c) (b— d;’ic—f- d;‘ic>+bc—ad> . 2 (be—ad) 3 2 ((dz+c) (b—
(dz+0)(b— 7% + 73V C : sin (20790 ) 4 999 Ci (S

1/2% (2% (d*x + c)*(b - bxc/(d*x + c) + axd/(d*x + c))*b~2*cos_integral (2% ((
d*x + c)*(b - bxc/(d*x + c) + a*d/(d*x + c)) + bxc - a*xd)/d)*sin(-2*(b*c -
axd)/d) + 2xb~3*c*cos_integral (2x((d*x + c)*(b - bxc/(d*x + c) + a*xd/(d*x
+ c)) + bxc - a*d)/d)*sin(-2*(bxc - a*d)/d) - 2*axb”~2*d*cos_integral (2x*((
d*x + c)*(b - bxc/(d*x + c) + axd/(d*x + c)) + b*c - a*d)/d)*sin(-2*(b*c -
axd)/d) - 2x(d*x + c)*(b - b*c/(d*x + c) + axd/(d*x + c))*b~2*cos(-2*(b*c
- axd)/d)*sin_integral (-2*((d*x + c)*(b - b*c/(d*x + c) + a*d/(d*x + c))
+ bxc - axd)/d) - 2xb~3*c*cos(-2*%(b*c - a*d)/d)*sin_integral (-2*((d*x + c)
*(b - bxc/(d*x + c) + axd/(d*x + c)) + bxc - axd)/d) + 2*a*xb~2*d*cos(-2*(b
*c - axd)/d)*sin_integral (-2*((d*x + c)*(b - b*c/(d*x + c) + axd/(d*x + c)
) + bxc - axd)/d) + b 2*d*cos(-2*(d*x + c)*(b - b*c/(d*x + c) + a*d/(d*x +
c))/d) - b 2xd)*d"2/(((d*x + c)*(b - b*c/(d*x + c) + axd/(d*x + c))*d"4 +

b*cxd~4 - a*d~5)*Db)

sm2a X
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3.13.9 Mupad [F(-1)]

Timed out.

) . 2
/sm (a+b2x) oo [ Sin (a+bx2) s
(c+ dx) (c+dz)

input Lint(sin(a + b*xx)~2/(c + d*x)~2,x)

N _

output Lint(sin(a + b*x)~2/(c + d*x)72, x)

sin?(a+bx
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3.14 [l g,

(ct+dz)3
3.14.1 Optimalresult . . . . . .. . . . ... . 219
3.14.2 Mathematica [A] (verified) . . . . . . . ... ..o 2719
3.14.3 Rubi [A] (verified) . . . . . ... .. 220
3.14.4 Maple [A] (verified) . .. ... .. ... ...
3.14.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 222
3.14.6 Sympy [F] . . . . . o 223
3.14.7 Maxima [C] (verification not implemented) . . . . . . . . ... ... ... .. 223]
3.14.8 Giac [C] (verification not implemented) . . . ... .. ... ... ....... 224
3.14.9 Mupad [F(-1)] . . . . o 224

3.14.1 Optimal result

Integrand size = 16, antiderivative size = 113

(c+ dx)3 v d3 d?(c + dx)
_ sin*(a+bz)  b?sin (20 — %F) Si(%F + 2ba)
2d(c + dx)? d?

/ sin?(a + bx) q b? cos (2a — 2¢) CosIntegral (2¢ + 2bz) _ bcos(a + bz) sin(a + bx)

output \ b~2*Ci (2*b*c/d+2*b*x) *cos (2*xa-2xb*xc/d) /d"3-b"2*Si (2*¥b*c/d+2xb*xx) *sin (2*a-2 \
‘*b*c/d)/d“3-b*cos(b*x+a)*sin(b*x+a)/d“2/(d*x+c)-1/2*sin(b*x+a)“2/d/(d*x+c)
2 |

3.14.2 Mathematica [A] (verified)

Time = 0.86 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.89

. 2 b
/sm (a+bx) dp —
(c+dx)3
—2b% cos (2a — 27"‘:) CoslIntegral <2b(C:{dz) > + d(dSiDQ(aerx)JE:fd:;f) sin(2(a+bz))) + 2b%sin (2a — 27”0) Si(zz’(c;l+
2d3
input LIntegrate [Sin[a + b*x]72/(c + d*x)~3,x] J

sin?(a+bx
3.14.  [Ult) dg




CHAPTER 3. LISTING OF INTEGRALS 220

output‘ -1/2*%(-2%b~2*Cos [2*a - (2xbxc)/d]*CosIntegral [(2*#b*(c + d*x))/d] + (d*(d*S

\in[a + bxx] "2 + b*(c + d*x)*Sin[2*(a + b*x)]))/(c + d*x)"2 + 2xb~2*Sin[2*a
‘ - (2*bxc)/d] *SinIntegral [(2xbx(c + d#*x))/d])/d"3

3.14.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.30,

number of steps used = 6, number of rules used = 6, Lumber of rules _ ( 375 Ry jes ysed
integrand size

= {3042, 3795, 16, 3042, 3793, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

.2
/sm (a + bx) dx
(c+dzx)3

| 3042

: 2
/ sin(a + bz) e
(c+dzx)3

l 3795

in? (a+bx
_262 [ = cg_d;b Vdz  b? [ Tl _ bsin(a + bz) cos(a + bx)  sin’(a + bx)
d? d? d?(c + dz) 2d(c + dx)?

| 16

2 r sin?(a+bx) . s 2 2
_2b | = ords da _ bsin(a +bz)cos(a+bz) sin®(a+bz) b log(c +dz)

d? d*(c+dx) 2d(c + dx)? d3

| 3042
in 2
B 2 [ Sg%i@d-f _ bsin(a + bz)cos(a +bz) sin?(a + bx) = b?log(c + dzx)

d? d?(c+ dx) 2d(c + dzx)? d3

| 3793
1 2a+2b:
B 20° [ (2(c+da:) - COZ((cidx)x)) dz _ bsin(a + bz) cos(a + bz) sin?(a + bx) + b? log(c + dz)

d? d?(c+dx) 2d(c + dx)? d3

| 2009

sin?(a+bx
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op2 (_ cos (2a— %) CosIntegral(%C—i-%x) n sin (2a— %) Si (2%6+2bz) " log(c+dz) >

2d 2d 2d
_ > _
bsin(a + bz) cos(a + bz) sin?(a +bx)  b?log(c+ dzx)
d?(c+dz) 2d(c + dz)? d?

-

input‘Int[Sin[a + b*x]~2/(c + d*x)~3,x]

~—

output‘/(b"z*Log[c + d*x])/d"3 - (b*Cos[a + b*x]*Sin[a + b*x])/(d"2*(c + d*x)) - S
\in[a + b*x]"2/(2*%d*(c + d*x)~2) - (2%b~2%(-1/2%(Cos[2*a - (2*b*c)/d]*CosIn
‘tegral[(2*b*c)/d + 2%bx*x])/d + Loglc + d*x]/(2xd) + (Sin[2*a - (2%bxc)/d]l*

SinIntegral [(2¥b*c)/d + 2xb*x])/(2xd)))/d"2

N\

/|

3.14.3.1 Defintions of rubi rules used

rukelG‘Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
‘brx, x]1/b), x] /; FreeQl{a, b, c}, x]

e

ruk32009LInt[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3793 Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]~n, x], x] /; FreeQl{c, d, e, f
, m}, x] && IGtQ[n, 1] &% ( !'RationalQm] || (GeQ[m, -1] && LtQ[m, 1]))

N\

rule 3795 Int[((c_.) + (d_.)*(x_))~(m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(c + d*x)~(m + 1)*((b*Sin[e + f*x])"n/(d*(m + 1))), x] + (-Simp[
bxfxn*(c + d*x) " (m + 2)*Cos[e + f*x]*((b*Sin[e + f*x])~(n - 1)/(d"2*(m + 1)
*(m + 2))), x] + Simp[b~2*f"2xn*x((n - 1)/(d"2*(m + 1)*(m + 2))) Int[(c +

d*x) " (m + 2)*(b*Sin[e + f*x])"(n - 2), x], x] - Simp[£~2*(n~2/(d"2*(m + 1)*
(m + 2))) Int[(c + d*x)~(m + 2)*(b*Sin[e + f*x])~n, x], x]) /; FreeQ[{b,

c, d, e, f}, x] && GtQ[n, 1] && LtQ[m, -2]

sin?(a+bx
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3.14.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.71

method result
4si (—2bz—2a— 2(_d;+d’)> sin (=2da;t2cb
2sin(2bz+2a) 4= d
p3 | — cos(2bz+2a) " (=da+tcb+d(bz+a))d
(—da+cbt+d(bz+a))2d d
_ b3 _
derivativedivides | —A(detebtdbotanid :
b
4 Si (—2ba:—2a— 2(_d3+0b) ) sin( _2dad+26b
2sin(2bz+2a) d
3 = cos(2bz+2a) " (=da+tcb+d(bz+a))d +—
(—da+cb+d(bz+a))2d d
b3
" 4(—datcbtrd(bz+a))2d 4
default -
2z(da cb) _ 2i(da—cb) . .
isch b2e” Ei; (21bac+2w, M) bZe d Ei; (—2ibx—2ia—2(#j+wz’)) 1 (—21
risc — od - 243 T 4d(dato)®

p
input Lint (sin(b*x+a) "2/ (d*x+c) ~3,x,method=_RETURNVERBOSE)

-/

output‘1/b*(—1/4*b“3/(—d*a+c*b+d*(b*x+a))‘2/d—1/4*b‘3*(-cos(2*b*x+2*a)/(-d*a+c*b+
\d*(b*x+a))‘2/d—(—2*sin(2*b*x+2*a)/(—d*a+c*b+d*(b*x+a))/d+2*(—2*Si(—2*b*x—2
 *a-2x (-axd+bxc) /d) ¥sin (2% (-axd+bxc) /d) /d+2+Ci (2¥bxx+2%a+2x (-axd+bxc) /d) ¥co

‘s(2*(—a*d+b*c)/d)/d)/d)/d))

3.14.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.60

sin?(a + bx)

(c+ dz)? dz

/

@2 cos (bz + a)® + 2 (d2z? + 2b%cdx + b*c?) cos (—M) Ci <

2 (bdz+bc)

= ) — 2 (bd?z + bed) cos (b + a)

2 (d°z? 4 2 cd*z + 2d®)

input  integrate(sin(b*x+a)~2/(d*x+c)~3,x, algorithm="fricas")

sin? (a—{—bz)

3.14.  [erletn)
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output | 1/2x(d"2*cos(b*x + a)~2 + 2% (b~2+%d"2*x"2 + 2%b~2xc*d*x + b~2*c”2)*cos (-2*(
b*c - axd)/d)*cos_integral (2x(b*d*x + b*c)/d) - 2x(b*d~2*x + bxcxd)*cos (b*
X + a)*sin(b*x + a) - 2x(b72+d"2*x"2 + 2*b~2xc*d*x + b~2xc”2)*sin(-2* (b*c
- axd)/d)*sin_integral (2x(b*d*x + b*c)/d) - d72)/(d"5*x"2 + 2*cxd"4*x + c~
2xd"3)

3.14.6 Sympy [F]

. 2 . 2
/sm (a + bx) dz:/sm (a + bx) i

(c+ dz)? (¢ + dzx)?
input Lintegrate (sin(b*x+a)**2/ (d*x+c) **3,x) J
outputLIntegral(sin(a + bxx)**x2/(c + d*x)**3, x) J

3.14.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.31 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.82

. 2 b

/ sin’(a + bx) i
(c+dx)3

b3 ( B, <2(—¢ be—i (bdz+a)d+i ad)) + E; <_2(-i bc—i (b;+a)d+i ad)>> cos ( 2 (be— ad)) 1 b3 <z B, <2(—i bc—i (b;+a)d+i ad

4 (b2c*d — 2 abed? + (bz + )*d3 + a2d? + 2 (bed? — ad3) (b

~—  /

inputLintegrate(sin(b*x+a)‘2/(d*x+c)‘3,x, algorithm="maxima")

output | 1/4%(b~3*(exp_integral_e(3, 2*(-I*bxc - I*(b*x + a)*d + I*axd)/d) + exp_in

tegral_e(3, -2x(-Ixb*xc - I*(b*x + a)*d + I*axd)/d))*cos(-2x(b*c - a*d)/d)

+ b~3*(I*exp_integral_e(3, 2*(-Ixbxc - I*(b*x + a)*d + I*a*d)/d) - I*exp_i

ntegral_e(3, -2*(-Ixb*c - Ix(b*x + a)*d + I*a*d)/d))*sin(-2*(b*c - a*d)/d)
- b73)/((b™2%c™2%d - 2%a*bkcxd™2 + (bxx + a)"2xd"3 + a”2xd"3 + 2x(b*c*d"2
- axd~3)*(b*x + a))*b)

sm2a X
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3.14.8 Giac [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.
Time = 0.50 (sec) , antiderivative size = 5141, normalized size of antiderivative = 45.50

/ sin®(a + bx)

(c+ do)? dx = Too large to display

input  integrate(sin(b*x+a)~2/(d*x+c)"3,x, algorithm="giac")

output | 1/2%(b~2*d~2*x"2*real_part(cos_integral (2*b*x + 2xb*c/d))*tan(b*x) 2*tan(a
) "2xtan(b*c/d) "2 + b~2+d"2*x"2*real_part(cos_integral (-2*b*x - 2xb*c/d))*t
an(b*x) “2*tan(a) “2*tan(bxc/d) "2 - 2*b~2+d"2*x"2ximag_part(cos_integral (2*b
*x + 2%bxc/d))*tan(b*x) "2*tan(a) "2*tan(b*c/d) + 2*b~2*d"2*x"2*imag_part(co
S_integral (-2*b*x - 2+%b*c/d))*tan(b*x) "2xtan(a) "2*tan(b*c/d) - 4*b~2+d”~2#*x
~2*sin_integral (2% (b*d*x + b*c)/d)*tan(b*x) 2*tan(a) “2*tan(b*c/d) + 2%b~2x%
d~2*x~2*imag_part(cos_integral (2*b*x + 2*b*c/d))*tan(b*x) ~2*tan(a)*tan(b*c
/d) "2 - 2¥b~2xd"2*x"2ximag_part(cos_integral (-2xb*x - 2xbx*c/d))*tan(b*x) "2
*xtan(a) *tan(bxc/d) "2 + 4*b~2xd"2*x"2*sin_integral (2*(bxd*x + bxc)/d)*tan(b
*x) “2xtan(a)*tan(bxc/d) "2 + 2*b"2xcxd*x*real_part(cos_integral (2¥b*x + 2*b
*c/d))*tan(b*x) “2*tan(a) “2*tan(b*c/d) "2 + 2¥b~2xckd*x*real_part(cos_integr
al (-2%b*x - 2xb*c/d))*tan(b*x) “2*tan(a) “2+tan(b*c/d) "2 - b~2xd"2*x"2*real_
part(cos_integral (2*¥b*x + 2%b*c/d))*tan(b*x) “2*tan(a) "2 - b~2*d"2*x"2*real
_part(cos_integral (-2*b*x - 2%b*c/d))*tan(b*x) " 2*tan(a) 2 + 4*b~2*d~2*x"2*
real_part(cos_integral (2xb*x + 2*b*c/d))*tan(b*x) “2*tan(a)*tan(bxc/d) + 4%
b~2*%d~2*x"2*real_part(cos_integral (-2*b*x - 2%b*c/d))*tan(b*x) 2*tan(a)*ta
n(b*c/d) - 4xb~2*cxd*x*imag_part(cos_integral (2¥b*x + 2%b*c/d))*tan(b*x) "2
xtan(a) "2*tan(b*c/d) + 4*b~2xc*d*x*imag_part(cos_integral (-2xbxx - 2*bxc/d
))*tan(b*x) “2*tan(a) “2*tan(b*c/d) - 8%b~2*cxd*x*sin_integral (2x(b*d*x + bx
c)/d) *tan(b*x) “2*tan(a) “2*tan(b*c/d) - b~2*d"2*x"2*real_part(cos_integr...

3.14.9 Mupad [F(-1)]
Timed out.

) . 2
/sm (a+bzx) ., [sin(a+bx) s

Serdep T (etda)

-

input | int(sin(a + b*x)~2/(c + d*x)~3,x)

N

output‘int(sin(a + b*x)~2/(c + d*x)~3, x)

sin?(a+bx
314, [Tl g
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3.15  [Snleto) g,

(c+dx)*
3.15.1 Optimalresult . . .. .. ... .. ... .. . 225
3.15.2 Mathematica [A] (verified) . . . . . . . ... ... Lo 2251
3.15.3 Rubi [A] (verified) . . . . ... .. .. 226
3.15.4 Maple [A] (verified) . ... ... ... . ... 229
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 230
3.15.6 Sympy [F] . . . . . o 230
3.15.7 Maxima [C] (verification not implemented) . . . . . . . ... ... ... .. .. 2371
3.15.8 Giac [C] (verification not implemented) . . . .. ... ... ... ....... 231
3.15.9 Mupad [F(-1)] . . . . oo 232

3.15.1 Optimal result

Integrand size = 16, antiderivative size = 162

sin?(a + bx) b? 2b3 Coslntegral (2¢ + 2bz) sin (2a — Z¢)
/ (c+dx)4 v 3d3(c+dz) 3d4
beos(a + bz)sin(a + bzx)  sin?(a + bx)
B 3d?(c + dx)?  3d(c+ dr)?
2b?sin®(a + bx)  2b°cos (2a — 2¢) Si(2¢ + 2bx)
3d3(c+dr) 3d*

e B

-1/3%b~2/d"3/ (d*x+c)-2/3*b"3*cos (2*xa-2*b*c/d) *Si (2*xb*c/d+2*b*x) /d~4-2/3*%b~
| 3%Ci (2%bkc/d+2¥bxx) ¥sin (2*a-2¥b*c/d) /d~4-1/3%bxcos (bxx+a) *sin(bxx+a) /d~2/ (
‘d*x+c)‘2—1/3*sin(b*x+a)‘2/d/(d*x+c)“3+2/3*b‘2*sin(b*x+a)“2/d‘3/(d*x+c) J

output

3.15.2 Mathematica [A] (verified)

Time = 0.89 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.75

L)
/sm (a + bx) dp —
(c+ dx)*
4b3 CosIntegral (L}-d@) sin (2& _ %) + d((—d?+2b%(c+dz)?) cos(2(czjle))—gd(d+b(c+dm) sin(2(a+bz)))) + 4b® cos |

6d*

sin?(a+bx
3.15. [ Stleti gy
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input ‘ Integrate[Sin[a + b*x]~2/(c + d*x)~4,x] ‘

output (—1/6*(4*b“3*CosIntegra1[(2*b*(c + d*x))/d]*Sin[2*a - (2xb*c)/d] + (d*x((-d~
\2 + 2xb”"2%(c + d#*x)~2)*Cos[2*(a + b*x)] + d*(d + bx(c + d*x)*Sin[2*(a + b*
‘x)])))/(c + d*x) "3 + 4%b~3%Cos[2*a - (2*bxc)/d]*SinIntegral [(2*b*(c + d*x)
L)/d])/d‘4

|

3.15.3 Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 11, number of rules used = 11, integrand size 0.688, Rules

used = {3042, 3795, 17, 3042, 3794, 27, 3042, 3784, 3042, 3780, 3783}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

;2
/sm (a + bx) iz
(c+dzx)*

| 3042

: 2
/ sin(a + bx) dx
(c+dx)*

l3m5

in? b
_ 20° [ 2 (ci?il_)zx) dz b [ md‘” _ bsin(a + bz) cos(a + bz) sin?(a + bx)
3d? 3d? 3d?(c + dz)? 3d(c + dz)3

| 17

in2 b
B 20° [ ° (Cf;;r)zx) dx _ bsin(a + bz) cos(a + bz) sin?(a + bx) B b?
3d? 3d?(c + dx)? 3d(c+dz)3  3d3(c+ dr)
| 3042
. b 2
3 26% | Sl?fi;;? dzx _ bsin(a + bz)cos(a +bz) sin?(a + bx) B b?
3d? 3d?(c + dx)? 3d(c+dx)® 3d3(c+ dz)
| 3794

d d(c+dz) ) _ bsin(a + bz)cos(a +bzx) sin’*(a+bx) b?
3d2 3d?%(c + dzx)? 3d(c+dz)3 3d3(c+dx)

| 27

in(2a+2b
212 <2bf S";((c‘:-dz)m)dx sin? (a+bz)

sin?(a+bx
3.15. [ Stleti gy
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op2 (] S'“(fiiﬁ"’”dw _ sin(atbe)
3 dletde) ) bsin(a + bz)cos(a +bx) sin’*(a+bx) b?
3d? 3d?(c + dz)? 3d(c+dz)® 3d3(c+ dx)
| 3042
op2 0 EE e sin?(atbo)
B d dletde) ] bsin(a + bz)cos(a+bx) sin’*(a+bx) b?
3d2 3d?(c + dz)? 3d(c+dz)® 3d3(c+ dx)
| 3784
cos( 2be T sin( 2b¢ T
2 b<Sin (20’_%“) f (cidz% )dx+cos <2a 2b°> f (Cid-‘jb )dx> Sinz(a-l-b.’l?)
2b d " “d(ctdzx)
- 3d? -
bsin(a + bz) cos(a + bz) sin(a + bx) 3 b?
3d?(c + dx)? 3d(c+dz)3 3d3(c+dx)
| 3042
sin ( 2bc 4+ T sin ( 2bc T
e (Sin (2a-%) 4 wdﬁm (2a=2%) / wdz> sin2(a-+bz)
2b d " “d(ct+dz)
_ = _
bsin(a + bz) cos(a + bz) sin(a + bx) B b?
3d%(c + dz)? 3d(c+dz)3 3d3(c+dzx)
| 3780
sin( 2b¢ z+ 5 cos(2a— 2b¢c Si 2bc z
2 b<Sin(2a_236) J ( dc-:;: +7) dz+ (2 s )d ( - )> sin?(a+bx)
2b d ~ “d(ctdzx)
- 3d2 -
bsin(a + bz) cos(a + bz) sin?(a + bx) B b?
3d?(c + dx)? 3d(c+dz)3 3d3(c+dzx)
| 3783
b(sm (2a—2fzc) CosIntegral(ZTbc-Q—be) +cos (2«1—%’;‘3)Si(2ﬁ2‘3+2bz) )
2p2 a ? __ sin®(a+bx)
d d(c+dzx)
- 3d? -
bsin(a + bz) cos(a + bz) sin?(a + bx) 3 b?
3d?(c + dx)? 3d(c+dz)3 3d3(c+ dx)

input | Int[Sin[a + b*x]72/(c + d*x)4,x]

sm2a X
3.15. [ Stleti gy
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output‘—1/3*b”2/(d“3*(c + d*x)) - (b*Cos[a + b*x]*Sin[a + b*x])/(3*d"2%(c + d*x)~
\2) - Sin[a + b*x]"2/(3*d*(c + d*x)~3) - (2¥b"2*(-(Sin[a + b*x]~2/(d*(c + d
‘*x))) + (bx((CosIntegral [(2+b*c)/d + 2xb*x]*Sin[2*a - (2%b*c)/d])/d + (Cos
‘[2*a - (2x%b*c)/d]*SinIntegral [(2xbxc)/d + 2%b*x])/d))/d))/(3%d"2)

3.15.3.1 Defintions of rubi rules used

rule 17 Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)~(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3780 Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + fxx]/d, x] /; FreeQ[{c, 4, e, £}, x] && EqQ[d*e - cx*f, 0]

rule 3783  Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[d*(e - Pi/2) -
c*xf, 0]

rule 3784 Int[sin[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - c*
£)/d]  Int[Cosl[cx(£f/d) + fxx]/(c + d*x), x], x] /; FreeQl{c, d, e, £}, x]
&& NeQ[d*e - c*f, 0]

rule 3794 Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_)1"(n_), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*(Sin[e + f*x]"n/(d*(m + 1))), x] - Simp[f*(n/(d*(m + 1
)))  Int[ExpandTrigReduce[(c + d*x)"(m + 1), Cos[e + f*x]#*Sinf[e + f*x] (n
- 1, x1, x1, x] /; FreeQl{c, d, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &
& LtQ[m, -1]

sin?(a+bx
3.15. [ Stleti gy
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Int[((c_.) + (@_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(c + d*x)~(m + 1)*((b*Sin[e + f*x])"n/(d*(m + 1))), x] + (-Simp[
b*xf*n*(c + d*x)~(m + 2)*Cos[e + fxx]*((b*Sin[e + f*x])~(n - 1)/(d"2*(m + 1)
*(m + 2))), x] + Simp[b™2*f"2*n*((n - 1)/(d"2*x(m + 1)*(m + 2))) Int[(c +

d*x) " (m + 2)*(b*Sin[e + f*x])"(n - 2), x], x] - Simp[£~2*(n~2/(d"2*(m + 1)*
(m + 2))) Int[(c + d*x)"(m + 2)*(b*Sin[e + f*x])°n, x], x]) /; FreeQ[{b,

c, d, e, f}, x] && GtQ[n, 1] && LtQ[m, -2]

3.15.4 Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.41

method result
2 Si( —2bx.
25
2 cos(2bz+2a)
9| — sin(2bz+2a) " (=da+tcbt+d(bz+a))d
(—da+cb+d(bz+a))2d
pa| — 2 cos(2bz+2a) _
3(—da+cb+d(bz+a))3d
b4
derivativedivides | —8(-detebtdbnianid :
b
2 Si( —2ba.
( (
_ 2 cos(2bz+2a) _
o] sin(2bz+2a) + (—da+cb+d(bz+a))d
(—da+cb+d(bz+a))2d
b4 _ 2 cos(2bz+2a) _
3(—da+cb+d(bz+a))3d
b4
" 6(—da+cbtd(bzta))3d 4
default v
2i(da—cb) 2i(da—cb) . .
ch e d Bt (2ibot2ia—20=))  pBe™ a  Biy (-2iba—2ia— 2t ) L (—a¥
risc 34 - 3d4 " 6d(dz+c)® +

p
input Lint (sin(b*x+a) "2/ (d*x+c) ~4,x,method=_RETURNVERBOSE)

-/

f sin? (a—{—bz)

3.15. [l
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output | 1/b*(-1/6%b~4/ (-d*a+c*xb+d* (b*x+a)) ~3/d-1/4xb~4% (-2/3*cos (2%b*x+2%a) / (-d*a+
cxb+d* (bxx+a) ) ~3/d-2/3* (-sin (2*b*x+2*a) / (-d*a+cxb+d* (b*xx+a) ) ~2/d+(-2*cos (2
*bxx+2*a) / (—d*a+cxb+d* (b*x+a) ) /d—-2* (—2*Si (-2*b*x—-2%a-2* (—a*d+b*c) /d) *cos (2
* (—axd+bxc) /d) /d-2*Ci (2¥b*x+2*a+2* (—axd+b*xc) /d) *sin (2% (—a*d+b*c) /d) /d) /d)/
d)/d4))

3.15.5 Fricas [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.75
. 2 b

/ sin’(a + bzx) i

(c+ dz)*
V2d3z? + 2b%cd?z + b2c2d — d® — (20%dP2? + 4 b2cd?x + 2b2cAd — dP) cos (bx + a)? — (bd3z + bed?) cos (b

~—  /

inputLintegrate(sin(b*x+a)‘2/(d*x+c)‘4,x, algorithm="fricas")

output | 1/3*%(b"2*xd"3*x"2 + 2*xb~2*c*d"2*x + b~2*c"2*%d - 4”3 - (2*%b"2*d"3*x"2 + 4x*b~
2%cxd”"2%x + 2¥b"2%c"2*%d - d"3)*cos(b*x + a)"2 - (b*d"3*x + bxc*xd"2)*cos (b*
x + a)*sin(b*x + a) - 2% (b"3*d"3*x"3 + 3*b~3kckd"2*xx"2 + 3*b"3*kc"2kd*x + b
~3%c~3)*cos_integral (2% (b*d*x + b*c)/d)*sin(-2*%(b*c - a*d)/d) - 2*(b"3*d"3
*x~3 + 3xb"3%c*kd"2%x"2 + 3*xb~3%c"2*d*x + b~3*c~3)*cos(-2%(b*c - axd)/d)*si
n_integral (2% (b*d*x + b*c)/d))/(d"7*x"3 + 3*c*d"6%x"2 + 3%c~2*d"b*x + c”3%
4a-4)

3.15.6 Sympy [F]

2 ;2
/sm (a+bzx) dx:/sm (a+bx) i

(c+ dzx)* (c+dz)*

input ‘ integrate (sin(b*x+a)**2/(d*x+c) **4,x) ‘

output LIntegral(sin(a + bkx)*x2/(c + dxx)**4, x) J

sm2a X
3.15. [ Stleti gy
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3.15.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.40 (sec) , antiderivative size = 258, normalized size of antiderivative = 1.59

sin?(a + bz)
/ (c+ dz)* de

3 ( E, (2 (—ibe—i (b;—‘ra)d—i—z' ad)> +E, <_ 2 (—ibc—i (b;—i—a)d—i—i ad) >) cos ( 2 (be— ad)) 1 3pt (2 E, (2 (—ibc—i (b;—i—a)d—i—
B 2 (b3c3d — 3 ab2c?d? + 3 a2bed? + (bx + a)’d* — a3d* + 3 (bed3 — ad?) (bz + a)? +

inputLintegrate(sin(b*x+a)“2/(d*x+c)‘4,x, algorithm="maxima") J

output | 1/12x(3*b~4*(exp_integral_e(4, 2*(-I*bxc — I*(b*x + a)*d + I*a*xd)/d) + exp
_integral_e(4, -2*%(-Ixb*c - Ix(b*x + a)*d + I*axd)/d))*cos(-2*(b*c - axd)/
d) + 3xb~4*(I*exp_integral_e(4, 2*(-Ixb*c - Ix(b*x + a)*d + Ixaxd)/d) - Ix
exp_integral_e(4, -2*%(-Ixb*c - Ix(b*x + a)*d + I*axd)/d))#*sin(-2*(b*c - ax
d)/d) - 2xb~4)/((b"3*c"3*d - 3*axb~2kc~2*d~2 + 3*a~2*bxc*d~3 + (b*x + a)~3
*d"4 - a”3xd"4 + 3x(b*c*kd™3 - axd"4)*(b*x + a)~2 + 3*(b"2%c"2xd"2 - 2*axbx
c*d"3 + a”2+d"4)*(b*x + a))*b)

3.15.8 Giac [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.54 (sec) , antiderivative size = 7832, normalized size of antiderivative = 48.35

dx = Too large to display

/ sin?(a + bx)

(c+dzx)*

input  integrate(sin(b*x+a)~2/(d*x+c) 4,x, algorithm="giac")

sm2a X
3.15. [ Stleti gy
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-1/3%(b~3*d~3*x~3*imag_part (cos_integral (2*b*x + 2%bx*c/d))*tan(b*x) ~2*tan(

a)"2xtan(b*c/d) "2 - b~3*%d"3*x"3*imag_part(cos_integral (-2*b*x - 2%b*c/d))*
tan(b*x) "2*tan(a) “2*tan(b*c/d) "2 + 2*b~3*d"3*x"3*sin_integral (2*(b*d*x + b
xc) /d) ¥tan (b*x) “2*tan(a) "2*xtan(b*c/d) "2 + 2+%b~3*d"3*x"3*real_part(cos_inte
gral(2*b*x + 2%b*c/d))*tan(b*x) “2*tan(a) "2*tan(b*c/d) + 2%b~3*d~3*x~3*real
_part(cos_integral (-2*b*x - 2xb*c/d))*tan(b*x) "2*tan(a) “2*tan(b*c/d) - 2%b
~3%d"3*x"3*real_part(cos_integral (2¥b*x + 2%b*c/d))*tan(b*x) 2xtan(a)*tan(
b*c/d) "2 - 2xb~3*d"3*x"3*real_part(cos_integral (-2*%b*x - 2¥b*c/d))*tan(b*x
) "2xtan(a)*tan(bxc/d) "2 + 3*b~3*cxd"2*x"2*imag_part(cos_integral (2*¥bxx + 2
*b*c/d) ) *tan (bxx) “2*tan(a) "2*tan(bxc/d) "2 - 3%b~3*c*d~2*x~2*imag_part (cos_
integral (-2xb*x - 2*bxc/d))*tan(b*x) “2*tan(a) "2*tan(b*c/d) "2 + 6xb~3*c*d"2
*x"2*sin_integral (2% (b*d*x + b*c)/d)*tan(b*x) "2xtan(a) "2*tan(b*c/d)"2 - b~
3*xd~3*x~3*imag_part(cos_integral (2*xb*x + 2xb*c/d))*tan(b*x) “2*tan(a)”2 + b
~3%d~3*x"3*imag_part(cos_integral (-2*b*x - 2xb*c/d))*tan(b*x) 2*tan(a)”~2 -
2¥b~3*d"3*x"3*sin_integral (2% (b*d*x + b*c)/d)*tan(b*x) 2*tan(a)~2 + 4%b~3
*d~3*x"3*imag_part(cos_integral (2*¥b*x + 2*b*c/d))*tan(b*x) 2*tan(a)*tan(b*
c/d) - 4xb~3*%d"3*x"3*imag_part(cos_integral (-2*b*x - 2x*b*c/d))*tan(b*x) 2%
tan(a)*tan(b*c/d) + 8%b~3*d"3*x"3*sin_integral (2x(b*d*x + b*c)/d)*tan(b*x)
~2xtan(a)*tan(bxc/d) + 6*%b~3*cxd"2*x"2*real_part(cos_integral (2*¥bxx + 2*b*
c/d))*tan(b*xx) “2xtan(a) “2+tan(b*c/d) + 6%b~3*c*d"2*x"2*real_part(cos_in...

7

3.15.9 Mupad [F(-1)]

Timed out.
) . 2
/ sin®(a + b4x) oo [ it (a+ bx4) i
(c+ dz) (c+dx)
int(sin(a + b*x)~2/(c + d*x)~4,x)

e

output Lint(sin(a + b*xx)~2/(c + d*x)~4, x)

-/

sin?(a+bx
315, [Tty
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3.16 [(c+ dz)*sin®(a + bx) dz

3.16.1 Optimalresult . . . . .. .. . ... .. .. 233
3.16.2 Mathematica [A] (verified) . . . . . . . . ... ... L oo 234
3.16.3 Rubi [A] (verified) . . . . . . ... .. 234
3.16.4 Maple [A] (verified) . . . . .. . . . ... 247
3.16.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 247
3.16.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 2451
3.16.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 2461
3.16.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 247
3.16.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 248

3.16.1 Optimal result

Integrand size = 16, antiderivative size = 225

_ 488d" cos(a +bx) | 80d*(c+ dx)* cos(a + bx)
270° 93
_ 2(c+dz)*cos(a+bx) | 8d*cos’(a+ bx)
3b 81b°
_ 160d*(c + dz) sin(a + bx) 4 8d(c + dz)3sin(a + bx)
9b* 3b?
4d?(c + dz)? cos(a + bz) sin’(a + bx)
+ 93
(¢ + dz)* cos(a + bx) sin?(a + bx)
3b
_ 8d*(c + dx)sin’(a + bx) N 4d(c + dz)3 sin®(a + bx)
27b* 9b?

/(c + dz)*sin®(a + bx) dr =

output | -488/27*d~4*cos (b*x+a) /b~ 5+80/9%d~ 2% (d*x+c) “2*cos (b*x+a) /b~3-2/3* (d*x+c) "4
*cos (b*x+a) /b+8/81*%d~4*cos (b*x+a) “3/b"5-160/9*d"~3* (d*x+c) *sin(b*x+a) /b~4+8
/3*d* (d*x+c) “3*sin(b*x+a) /b~2+4/9%d"2* (d*x+c) “2*cos (b*x+a) *sin (b*x+a) ~2/b"
3-1/3* (d*x+c) “4*cos (b*x+a) *sin (b*x+a) ~2/b-8/27*d"~3* (d*x+c) *sin (b*x+a) ~3/b"
4+4/9*d* (d*x+c) ~3*sin(b*x+a) ~3/b"2
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3.16.2 Mathematica [A] (verified)

Time = 0.66 (sec) , antiderivative size = 150, normalized size of antiderivative = 0.67

/(c + dz)*sin®(a + bz) dx

_ —243(24d* — 120*d?(c + dz)? + b*(c + dx)*) cos(a + bx) + (8d* — 36b%d?(c + dx)? + 27b*(c + dzx)*) cos(¢
B 324t

-

input LIntegrate [(c + d*x)~4xSin[a + b*x]~3,x]

—

output‘ (-243%(24*d~4 - 12*%b"2%d"2*(c + d*x)~2 + b"4*(c + d*x)"4)*Cos[a + b*xx] + (
\8*d‘4 - 36%b~2%d"2*(c + d*x) "2 + 27*%b~4*(c + d*x) 4)*Cos[3*(a + b*x)] - 24
(¥brdx(c + d¥x)*(242%d™2 - 39%b™2%(c + d*x)"2 + (-2%d"2 + 3%b"2x(c + dxx)"2
)#Cos[2%(a + bxx)1)*Sinla + b¥x])/(324%b75)

EER———.——,

3.16.3 Rubi [A] (verified)

Time = 1.76 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.34,

number of steps used = 25, number of rules used = 24, Lumber of rules _ 1.500, Rules
integrand size

used = {3042, 3792, 3042, 3777, 3042, 3777, 25, 3042, 3777, 3042, 3777, 25, 3042, 3118,

3792, 3042, 3113, 2009, 3777, 3042, 3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)*sin3(a + bx) dz
| 3042
/(c + dz)*sin(a + bz)3dx

l 3792

4?2 d)? sin®(a + bx)d
e SR bndn 2 [t daytsintat bo)io +
(c + dz)* sin®(a + bx) cos(a + bz)

3b
l 3042

4d(c + dz)3 sin®(a + bx) B
9b2

3.16.  [(c+ dz)*sin®(a + bz) dz



CHAPTER 3. LISTING OF INTEGRALS 235

A2 2 i 3 343
_4d? [(c+dz)*sin(a + bz)°dz N 2 /(C+ dz)tsin(a + bz)dz + 4d(c + dz)°sin®(a + bz)
3b2 3 9b2
(c + dx)*sin?(a + bx) cos(a + bx)
3b
| 3777
4d? [(c+ dz)%sin(a + bz)dz 2 (4d [(c+dz)3cos(a + bx)dz  (c+ dx)* cos(a + bx)
— + — —
3b2 3 b b
4d(c + dz)®sin®(a +bx)  (c+ dx)*sin®(a + bx) cos(a + bx)
9b2 3b
| 3042
4d? [(c+ dx)?sin(a + bz)3dr 2 (4d [(c+dz)3sin(a+bx+5)dz  (c+ dx)*cos(a + bx)
- +2 - +
3b2 3 b b
4d(c + dz)®sin®(a +bx)  (c+ dx)*sin®(a + bx) cos(a + bx)
9b2 3b
| 3777

4d? [(c + dz)?sin(a + bx)3dzx
- 3172 *

3d [ —(c+dz)? sin(a+bzx)d +dz)3 sin(a+b:
g 4d< JS—(c xbsma z -’l:+ (ct+dx) i (a 93)) ~ (C+dx)4cos(a+b:1;) .
3 b b
4d(c+ dz)3sind(a + bz)  (c+ dz)*sin?(a + bz) cos(a + bx)
952 B 3b

| 25

4d? [(c+ dz)?sin(a + bz)3dz

3
c+dzx)3 sin(a+bx 3d [ (c+dz)? sin(a+bzx)dx
2 4d<( : in( )l 3 > B (c + dzx)* cos(a + bx) N
3 b b
4d(c+ dx)®sin®(a +bx)  (c+ dz)*sin®(a + bx) cos(a + bx)
9b2 3b
| 3042
4d? [(c + dz)?sin(a + bx)3dzx
N 352 *
(c+dx)3sin(a+br)  3d [(c+dz)? sin(atbz)d
2 4d<c e = S R x)_(c+da:)4cos(a+bx) N
3 b b
4d(c + dz)3 sin3(a + bx) (et dz)*sin?(a + bx) cos(a + bx)
9b2 3b
| 3777

3.16.  [(c+ dz)*sin®(a + bz) dz
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4d? [(c+ dz)?sin(a + bz)3dz
- 352 N

3d 2d [ (c+dz) cos(a+bz)dx (c+da:)2 cos(a+bzx)
) b - b

Ad ((c—i—d:c)3 zin(a—l—bx _ -
2

) (c + dz)* cos(a + bz)

3 b b

4d(c+dz)3sind(a +bx) (c+ dz)*sin®(a + bx) cos(a + bx)
952 - 3b

l 3042

4d? [(c + dz)?sin(a + bx)3dzx
N 352

3d 2d [(c+dz) sin (a+bw+%)dw (c+dw)2 cos(atbz)
(c+dzx)3 sin(a+bzx) b B b
4d 5 - ;
2 (et dz)* cos(a + bx) n
3 b b
4d(c + dz)3 sin3(a + bx) (et dz)* sin?(a + bx) cos(a + bx)
9b2 3b
| 3777
4d? [(c + dz)?sin(a + bx)3dzx
- +
d [ — sin(a+bz)d (3E§)‘(+b)
3d (2d( b b+ b ) _ (c-&-dar:)2 <l:)os(a+bz) )
+dz)3 sin(a+b
4d (ct+dz) iln(a x) -
2 (et dz)* cos(a + bx) +
3 b b

4d(c+dz)3sind(a +bx) (c+ dz)*sin®(a + bx) cos(a + bx)
952 - 3b

l25

3.16.  [(c+ dz)*sin®(a + bz) dz
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4d? [(c+ dz)?sin(a + bz)3dz
.y 2d( (ct+dz) sli)n(a-Hmc) _df sin((lz;—i—bw)dw) B (C+d$)2 con(atbe)
4d (c+dzx)3 sin(a+bx) ’ ’
b - b
2 _ (c+dx)* cos(a + bx) N
3 b b
4d(c+ dx)®sin®(a +bx)  (c+ dz)*sin®(a + bx) cos(a + bx)
9b2 3b
| 3042
4d? [(c + dz)?sin(a + bx)3dzx
2d (c+dz) sin(a+bx) dzj;'lgin(a-kbz)da:
3d ( < b - - b ) _ (c+da:)2 Zos(a+b:1:)>
c+dz)? sin(a+bx
4d| (erdz) a (atbz) _ -
2 (et dx)* cos(a + bx) +
3 b b
4d(c + dz)3 sin®(a + bx) (et dz)*sin?(a + bx) cos(a + bx)
9b2 3b
| 3118
_4d® [(c +dz)*sin(a + bz)’dx N 4d(c + dz)3 sin3(a + bx) N
d3b2<+b><+d>'<+b> o
3d (2d( b2 +b b ) _ (c+d:c)2 zos(a-i—b:v) )
+dz)3 sin(a+b
Ad (c 90)%(‘1 z) .
2 _ (c+dx)*cos(a+bx) |
3 b b
(c + dz)*sin?(a + bx) cos(a + bx)
3b
| 3792
3.16.  [(c+ dz)*sin®(a + bz) dz



CHAPTER 3. LISTING OF INTEGRALS

238

4d? (—Ww + 2 [(c+ dz)?sin(a + bz)dz + 2d(0+dx)9212n3(a+bx) _ (ctda)? Sinz(a;gbw) cos(a+bx))
3b?
4d(c + dz)3 sin3(a + bx)
d cos(a+bzx) (+ds))b‘2( +bz)
3d(2d< cosbg z +bc & Sb o )_(c+dz)2 ;os(a+bz)>
4d (c+dz)® ?)in(a+bm) _ -
2 (et dz)* cos(a + bx)
3 b b
(c + dx)*sin?(a + bz) cos(a + bx)
3b
| 3042
4d? (_W%*M + 2 [(c+ dz)?sin(a + bz)dz + 2d(c+dm)gign3(“+b$) _ (ctda)? Sinz(tggbw) cos(a+bz))
3b?
4d(c + dz)3 sin®(a + bx)
dcos(a+bzx) (+d%b'2( +bz)
3d (2d< b2 +b b ) _ (c-}—daf:)2 (l:)os(a+bz) )
4d (c+dzx)3 iin(a+ba:) i -
2 _ (c+ dx)* cos(a + bz)
3 b b
c+ ax)*sin“(a + bx) cos(a + bx
(c + dz)* sin®(a + bz) cos(a + bz)
3b
| 3113
3.16.  [(c+ dz)*sin®(a + bz) dz
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442 (2d2 J (1—cos? (ag—il;bl’)z))dcos(a—i-bz) + % f(c + dI)2 sin(a + bI)d.’L‘ + 2d(c+dx)gii2n3(a+bw) _ (ctdz)? sin2(a3-ll)-bw) cos(a-i-bx))

3b2
4d(c + dx)3sin3(a + bx)
b2
2d< d cosgngbz) + (ct+dz) sli)n(a+bz) )

b

_ (c-}—dar:)2 cos(a+bx) )
b

3d(
+da)? sin(a+b
4d (ct+dz) sl‘.)ln(a x) .

(et dz)* cos(a + bx)

(c+ dz)*sin?(a + bz) cos(a + bz)
3b

l 2009

2d? (cos(a+bz)— % cos®(a-+bx))

4d? (% [(c+ dz)?sin(a + bz)dz + -

2d(c+dz) sin®(a+bx)

b

9b3 9b2

3b2
4d(c + dx)3 sin3(a + bx)
9p2
2d( d coség-kbz) + (ct+dx) s(l)n(a+bz) )

b

_ (c-}—dw)2 cos(a+bz) )
b

+dz)3 sin(a+b
4d (c w)i(a z) _ .

(c+ dz)* cos(a + bx)

(c+ dx)*sin?(a + bz) cos(a + bx)
3b

l'3777

b

3.16.  [(c+ dz)*sin®(a + bz) dz

(c+dz)? sin?(a+bx) cos(a+bx) )
3b




CHAPTER 3. LISTING OF INTEGRALS

240

4d? (2 <2df(c+dx) cos(atbz)dr _ (c+dx)? COS(G‘H)CB)) + 2d° (COS(G‘H’”:)_% cos® (a+bz)) + 2d(c+dzx)sin3(a+bzr)  (c+dz)? sin?(a+
3 b b 9b3 9b2 3
3b?
4d(c + dx)3 sin3(a + bx)
dcos(atbz) | (ctd %b2( bx)
cos(a+bx c x) sin(a+bx
3d (2d( b2 +b b ) _ (c+dx)2 Zos(a-}—bz) )
(c+dz)? sin(a+bz)
44| (etdz %m atbz) -
2 (c+ dz)* cos(a + bx)
3 b b

(c + dx)*sin?(a + bz) cos(a + bx)

3b
| 3042
4d2 (% <2d J(c+dz) sir;(a+b:c+%)dz _ (ct+dz)? (;os(a—i-bz)) + 2d? (cos(a—i—bzggsé cos®(a-+bzx)) n 2d(c+dx)gii2n3(a+bz) _ (c+dz)? sin?(
3b2
4d(c + dz)3 sin®(a + bx)
d b d 9b2 b
3d(2d< e sy QARG COS(a+bz))
b b
4d (c+dzx)3 iin(a-l—ba:) . -
2 c+ dx)*cos(a + bx
_ (c+dz)* cos(a + bz)
3 b b
(c + dx)*sin?(a + bx) cos(a + bx)
3b
| 3777
3.16.  [(c+ dz)*sin®(a + bz) dz
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)— % cos®(a-+bx))

d [ —sin(a+bz)dz | (c+dz)sin(a+bz)
i ( ) <2d< ( + : )
3

(ct+dz)? cos(a+bz) ) 2d? (cos(a+bx
- z +

b 953 +

- 3b2
4d(c + dx)3 sin3(a + bx)
dcos(a+bzx) (+d%b'2( +bzx)
3d (2d( b2 +b b ) _ (c+dx)2 ZOS(‘Z-FbE) )
(c+dz)? sin(a+bz)
4d C i zll’l a T _ ;

2 (c+ dz)* cos(a + bx)
3 b b

(c+ dz)*sin?(a + bz) cos(a + bz)
3b

l25

(ctdz) sin(a+bz) _ d [ sin(atbz)dx
4d? <§ <2d< : )

(ct+dz)? <l:)os(a+bx)> n 2d? (cos(a+bx)— 3 cos® (a+bz))

. 953 9b2
_ 3b2
4d(c + dzx)3sin3(a + bx) n
d cos(a+bz) (+d%b'2( +bz)
3d (Qd( 2 +b b ) _ (ctdn)? ;os<a+bz>)
(c+dzx)3 sin(a+b
4d | (c+do) 5 (a+bz) _ 5
2 B (c + dz)* cos(a + bx)
3 b ’

(c+ dz)*sin?(a + bz) cos(a + bx)
3b

l 3042

3.16.  [(c+ dz)*sin®(a + bz) dz
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sin(a+bz)dx )
b

2d? (cos(a+bz)— % cos®(a+bz))

2d(c+dz) sin®(a+bz)  (c:

c+dz) sin(a+bx J
2 2d (+d)b(+b )4 c+dx)? a+bx
4d? (3 ( ( b — {etdo) (;JOS( L)+ 953 + 962
- 352
4d(c + dx)3 sin3(a + bx)
d b +d. 9b2 b
y (2d( coséz;-k z) | (ctdz) sln]n(a+ m)) (etdn)? cos(a+bz)>
b b
+dz)3 sin(a+b
4d (ct+dz) iln(a x) ;
2 (et dz)* cos(a + bx) B
3 b b
(c+ dz)*sin?(a + bz) cos(a + bz)
3b
| 3118
4d(c + dzx)3sin3(a + bx) n
dcos(atbz) | (c+d 952( +b
3d(2d< cosbg x)+ ct+dz) S(l)n a w)) ~ (ctdn)? cos(a+bz))
b b
(ctdx)? sin(a-+bx)
4d C XL z a T _ ;
2 _ (c+dzx)*cos(a+bz) |
3 b b
2 [ 24 (cos(a-l—bx)—% cos®(a+bz)) 2d(c+dzx) sin3(a+bx) 2 2d<dcosl(,g+bw) 4l sli,n(a+bz)) (c+dx)? cos(a+bx) (c+dx)?
4d 953 + 952 +3 b - b -
3b2
(c+ dz)*sin?(a + bz) cos(a + bz)
3b

input‘ Int[(c + d*x)~4#Sinl[a + b*x]"~3,x]

3.16.

J(c+ dz)*sin’(a + bz) dz



output

CHAPTER 3. LISTING OF INTEGRALS

243

-1/3*((c + d*x)~4*Cos[a + b*x]*Sin[a + b*x]~2)/b + (4*d*(c + d*x) 3*Sin[a
+ b*x]73)/(9*%b"2) - (4*d~2*%((2*d"2*(Cos[a + b*x] - Cos[a + b*x]~3/3))/(9%b
~3) - ((c + d*x)"2+Cos[a + b*x]*Sin[a + b*x]~2)/(3%b) + (2*d*(c + d*x)*Sin
[a + b*x]~3)/(9*%b~2) + (2*(-(((c + d*x) 2*Cos[a + b*x])/b) + (2*d*((d*Cos[
a + b*x])/b"2 + ((c + d*x)*Sin[a + b*x])/b))/b))/3))/(3*b~2) + (2*x(-(((c +
d*x) “4*Cos[a + b*x])/b) + (4*d*(((c + d*x)~3*Sin[a + b*x])/b - (3*d*(-(((
c + dxx)~2xCos[a + b*x])/b) + (2*d*x((d*Cos[a + b*x]) /b2 + ((c + d*x)*Sin[
a + b*x])/b))/b))/b))/b))/3

3.16.3.1 Defintions of rubi rules used

e

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

rule 3042

rule 3113

rule 3118

rule 3777

rule 3792

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
and[(1 - x"2)~((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

/Int[((C_.) + (d_)*(x_)) " (m_.)*sin[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[(
-(c + d*x)"m)*(Cos[e + f*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQ[{c, 4, e, f}, x] && GtQ[m, O]

Int[((c_.) + (d_.)*(x_))"(m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)"(m - 1)*((b*Sin[e + f*x])“"n/(£"2*n~2)), x] + (-Sim
plb*(c + d*x) m*Cos[e + fxx]*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~
2%((n - 1)/n) Intl[(c + d*x) m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m*((m - 1)/(£72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])

/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

3.16.  [(c+ dz)*sin®(a + bz) dz
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3.16.4 Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 181, normalized size of antiderivative = 0.80

method result

2 434 qp 12 212 g4 _ 252 2d2 i —24 4pt49
varallelrisch ( 7(dz+c) bt —36d2 (dz-+c)2b>+8d )cos(3bw+3a) 36(dw+c)<(dx+c) b2 2d )dbs1n(3bx+3a)+( 3(da+c)tbi+
32465

3(d*ztbt+4bc d3z3+6b%cid2 a2 +4bt B da+bict—1202d4 02 —24b% c d3z—12b%c2d%+24d?) cos(bz+a) + 3d(b2d3z3
o 4b5

risch

derivativedivides | Expression too large to display

default Expression too large to display

inputtint((d*x+c)‘4*sin(b*x+a)‘3,x,method=_RETURNVERBOSE) J

output‘1/324*((27*(d*x+c)“4*b‘4—36*d‘2*(d*x+c)“2*b‘2+8*d‘4)*cos(3*b*x+3*a)—36*(d*
| x+c)* ((d¥x+c) “2¥b™2-2/3%d"2) *dxb*sin (3*bkx+3%a)+ (-243% (dxx+c) “4xb~4+2916%d
| ~2%(d¥x+c) "2%b"2-5832%d"4) *cos (b¥x+a) +972% ((d¥x+c) “2%b"2-6%d"2) * (d*x+c) *dx

b*sin(b*x+a)-216%b~4*xc~4+2880*%b~2xc~2%d"2-5824*d"4) /b~5

N J

3.16.5 Fricas [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 351, normalized size of antiderivative = 1.56

/(c + dz)*sin®(a + bx) dx
(27 b*d*z* + 108 bed3z® + 27 bic* — 36 b?c?d? + 8d* + 18 (9b*c?d? — 2b%d*)x? + 36 (3 b*cPd — 2 b%cd®)x)

inputLintegrate((d*x+c)“4*sin(b*x+a)‘3,x, algorithm="fricas") J

output | 1/81*%((27*b~4*d"4*x~4 + 108*%b~4*c*d"3*x"3 + 27*b"4*c~4 - 36*b~2xc~2*d"2 +

8*%d"4 + 18%(9*b~4xc~2*d"2 - 2%b"2*%d"4)*x"2 + 36*(3*b"4*c"3*d - 2%b"2*c*d”"3
Y*x)*cos(b*x + a)~3 - 3% (27*%b"4*d"4*x"4 + 108*b~4*cxd"3*x~3 + 27*b"4*c”4 -
252%b"2%c"2%d"2 + 488*%d~4 + 18*(9%b~4*c”2%d"2 - 14*b~2*d~4)*x"2 + 36*(3*b
~4xc~3*%d - 14%b~2%cxd"3)*x)*cos(b*x + a) + 12%(21*b~3*d~4*x~3 + 63*b~3*c*d
“3%x72 + 21*b"3*%c”"3%d - 122%b*c*d”3 - (3*b"3*d"4*x"3 + 9*b"3*c*kd"3*x"2 + 3
*b"3*%c"3xd — 2*bkckd"3 + (9%b"3*%c"2*%d"2 - 2*b*d"4)*x)*cos(b*x + a)~2 + (63
*b~3%c"2x%d"2 - 122*b*d~4) *x) *sin(b*x + a))/b"5

3.16.  [(c+ dz)*sin®(a + bz) dz
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3.16.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 772 vs. 2(226) = 452.

Time = 0.65 (sec) , antiderivative size = 772, normalized size of antiderivative = 3.43

/(c + dz)*sin®(a + bz) dzx
_ c*sin? (a4bz) cos (a+bz)  2ctcosd (a+bx)  4c3dzsin® (a+bz) cos (a+bz)  8c3drcos® (a+br)  6c?d2z? sin® (a+bz) cos (a+bz)
b 3b b 3b

(043: + 2c3dz? + 2c2d%x® + cd3z* + d45—”5> sin® (a)

inputLintegrate((d*x+c)**4*sin(b*x+a)**3,x) J

output

Piecewise((-c**4xsin(a + b*xx)**2kxcos(a + b*x)/b - 2xcx*x4dxcos(a + b*x)**3/(
3*xb) - 4xc*k*3*xd*xksin(a + bxx)**2xcos(a + b*x)/b - 8xc*k*3*kd*x*kcos(a + b*x)
*x3/(3%b) - 6*ckk2*kd*x*x2kx**x2*sin(a + b*x)**2*cos(a + b*x) /b — 4dkck*x2kd**2*
x**x2%cos (a + b*x)**3/b - 4kxcxd**x3*xx**3*sin(a + b*x)**2*kcos(a + b*x)/b - 8%
ckd*x3*xx*x*k3xcos(a + b*x)**x3/(3*%b) - dx*kdxx*k*d*sin(a + bxx)**2%cos(a + b*x)
/b — 2*dxx4d*xx*x4d*xcos(a + b*x)**3/(3*b) + 28*c**3xd*sin(a + b*xx) **3/(9*b**2
) + 8*xc*k*3*d*sin(a + b*x)*cos(a + b*xx)**2/(3*%b**2) + 28*c**2xd*x*x2xx*sin(a

+ b*x)**3/ (3*b**2) + 8kckx*x2xd**k2kx*ksin(a + b*x)*cos(a + b*xx)**2/b**2 + 28%
ckxd*x*x3xx*x*x2xsin(a + b*x)**3/(3*%b**2) + 8xckxd**k3*kx*k*2*sin(a + b*x)*cos(a +

bxx) **2/b**2 + 28*d**4xx**x3*xsin(a + bkx)**3/(9%b**2) + 8xdx*x4d*xx**3*ksin(a +
b*x)*cos(a + bkx)**x2/(3*%b**2) + 28*kc**x2xd**2xsin(a + b*x)**2*xcos(a + b*x)
/ (3%bx*3) + 80*cx*2xd**2xcos(a + b*x)**x3/(9*b**3) + 56k cxd**3*x*sin(a + b*
x)**2xcos(a + b*x)/(3*b*x3) + 160*ckd**3*x*cos(a + b*x)**3/(9xb**x3) + 28*d
*xk4xxxk2xsin(a + bxx)**2kcos(a + bxx)/(3*%b**3) + 80*d*x4*x**2%cos(a + b*x)
**3/(9%bx*3) - 488xc*d**3*sin(a + b*x)**3/(27*b**4) - 160*cxd**3*sin(a + b
*x)*kcos(a + b*x)**2/(9*%b**4) - 488xd**4xx*sin(a + b*x)**3/(27*b**4) - 160%
dx*4*x*sin(a + bxx)*cos(a + b*x)**2/(9%b**4) - 488xd*x*x4*sin(a + b*x)**2*co
s(a + bxx)/(27*%b**x5) - 1456*d**4*cos(a + b*x)**3/(81*b**5), Ne(b, 0)), ((c
*k4kX + 2kCk*k3kAkxk*k2 + kcHkkkAk*kkx*k*k3 + Cckd*k*k3kx*k*k4 + d**k4kx**5/5)*sin(
a)**3, True))

3.16.  [(c+ dz)*sin®(a + bz) dz



CHAPTER 3. LISTING OF INTEGRALS 246

3.16.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 934 vs. 2(205) = 410.

Time = 0.24 (sec) , antiderivative size = 934, normalized size of antiderivative = 4.15

/ (c + dx)*sin®(a + bz) dz = Too large to display

;
input integrate((d*x+c) “4*sin(b*x+a)”~3,x, algorithm="maxima")

output

N

1/324*(108*(cos(b*x + a)~3 - 3*cos(b*x + a))*c™4 - 432x(cos(b*x + a)~3 - 3
xcos(b*x + a))*axc”3*d/b + 648*(cos(b*x + a)~3 - 3*cos(b*x + a))*a~2%c~2%d
~2/b"2 - 432*x(cos(b*x + a)~3 - 3*cos(b*x + a))*a"3*c*d"3/b"3 + 108*(cos (b*
X + a)”3 - 3xcos(b*x + a))*a~4*d"4/b"4 + 36*%(3*x(b*x + a)*cos(3*b*x + 3*a)
- 27+ (b*x + a)*cos(b*x + a) - sin(3*b*x + 3*a) + 27*sin(b*x + a))*c~3*d/b
108* (3*(b*x + a)*cos(3*bxx + 3*a) - 27*x(b*x + a)*cos(b*x + a) - sin(3*bx*
X + 3%a) + 27*sin(b*x + a))*a*c™2*d"2/b"2 + 108%(3*(b*x + a)*cos(3*b*x + 3
*a) - 27x(bxx + a)*cos(b*x + a) - sin(3*b*x + 3*a) + 27*sin(b*x + a))*a 2%
c*d~3/b"3 - 36%(3*(b*x + a)*cos(3*b*x + 3*a) - 27*x(b*x + a)*cos(b*x + a) -
sin(3*b*x + 3%a) + 27*sin(b*x + a))*a”~3*d"4/b"4 + 18%((9*(b*x + a)"2 - 2)
*xcos (3*bxx + 3*a) - 81%((b*x + a)~2 - 2)*cos(b*x + a) - 6x(b*x + a)*sin(3*
b*x + 3*a) + 162*(b*x + a)*sin(b*x + a))*c™2*d"2/b"2 - 36*((9*(b*x + a)~2
- 2)*cos(3*bxx + 3*a) - 81%((b*x + a)~2 - 2)*cos(b*x + a) - 6%(b*x + a)*si
n(3*bxx + 3*a) + 162*(b*x + a)*sin(b*x + a))*a*xc*d~3/b"3 + 18+ ((9*(b*x + a
)72 - 2)*cos(3*b*x + 3*a) - 81x((b*x + a)”"2 - 2)*cos(b*x + a) - 6x(b*x + a
Y*sin(3*b*x + 3*a) + 162*(b*x + a)*sin(b*x + a))*a~2*xd"4/b~4 + 12x(3*(3*(b
*xX + a)”3 - 2xb*x - 2*a)*cos(3*b*x + 3%a) - 81*((b*x + a)~3 - 6*b*x — 6%a)
xcos(b*x + a) - (9x(b*x + a)~2 - 2)*sin(3*b*x + 3*a) + 243*((b*x + a)~2 -
2)*sin(b*x + a))*c*d"3/b~3 - 12%(3*(3*x(b*x + a)~3 - 2*b*x - 2*a)*cos(3*bxx
+ 3%a) - 81%((b*x + a)~3 - 6%bxx - 6%a)*cos(b*x + a) - (9%(b*x + a)~2 ...

3.16.  [(c+ dz)*sin®(a + bz) dz
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3.16.8 Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 351, normalized size of antiderivative = 1.56

/(c + dz)*sin®(a + bz) dx
(27 bdiz* + 108 bted3z® + 162 b d?z? + 108 biccdx + 27 bict — 36 b2d*z? — T2 b%cd3x — 36 b?c?d® + 8 d'
B 324 b5
_3(b*d'at 4+ 4b%cd’s® + 6b*cPd?a® + 4b'Pda + bt — 120°d*a? — 24 bPed’s — 12b°c*d® + 24d*) cos (b
455
_ (30°d'z® 4+ 9bPcd’a? + 9b°PdPx + b’ d — 2bd*x — 2bed®) sin (3bx + 3 a)
2765
N 3 (b¥d*z?® + 3b3cd3z? + 3b32d%zr + b3c*d — 6 bd*z — 6 bed®) sin (bz + a)
b

input ‘ integrate ((d*x+c) “4*sin(b*x+a) "3,x, algorithm="giac")

output | 1/324* (27*b~4*d"4*x"4 + 108%b~4*cxd~3*x"3 + 162*%b~4*c"2+%d"2*%x~2 + 108*b~4x*
cT3xd*x + 27*b"4*c™4 - 36%b"2*%d"4*x"2 - 72*xb"2xcxd"3*x - 36*%b"2%c"2xd"2 +

8+%d"4)*cos(3*bxx + 3*a)/b"5 - 3/4*%(b"4*d"4*x"4 + 4xb"4*ckd"3*x"3 + 6%b"4*xc
T2%d72%x72 + 4%b74%kcT3*kdkx + bT4%cT4 - 12%b72*%d"4*x72 - 24*xb"2*%ckxd"3%x - 1
2%b"2xc"2*%d"2 + 24*d"4)*cos(b*x + a)/b~5 - 1/27*(3*b"3*d"4*x"3 + 9*b~3*xc*d
“3%x72 + 9*b"3*%c"2%d"2%x + 3*%b"3*%c”3*d - 2*bkd"4*x - 2%b*c*d"3)*sin(3*b*x

+ 3*a)/b"5 + 3*%(b"3*d"4*x"3 + 3*b"3*ckd"3*x"2 + 3*¥b"3*c"2*d"2*x + b~ 3*kc"3*
d - 6*%b*d"4*x - 6xb*xc*d~3)*sin(b*x + a)/b"5

3.16.  [(c+ dz)*sin®(a + bz) dz
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3.16.9 Mupad [B] (verification not implemented)

Time = 1.28 (sec) , antiderivative size = 533, normalized size of antiderivative = 2.37

/(c + dz)*sin’(a + bz) dz = Breos(at bx)39(§300d3 SLLR
2cos (a + bx)® (270 c* — 36062 2 d2 + 728 d*)
- 8165
cos (a4 bz) sin (a + bx)? (27b% c* — 25207 2 d? + 488 dY)
- 27 b5
8cos(a+bx)’ sin(a+bz) (20cd® — 36?2 d)
9b*
2d*z*cos(a+bz)®  4sin(a+bz)® (122c¢d® — 216% 3 d)
- 3b - 27 b
28 d* z3sin (a + bz)®
952
4zsin (a+ bzx)® (122d* — 63b% 2 d?)
- 27 bt
4z2cos(a+bx)’ (20d* — 9b% A2 d?)
+
953
222 cos (a4 bz) sin (a + bz)’ (14d* — 962 2 d?)
+ 363
8cd®z3cos(a+bx)®  d*z?* cos(a+bz)sin(a+bx)?
3b b
8d*z3cos(a+bz) sin(a+bx) 28cd®z?sin(a+bz)’
" 317 " 317
8z cos(a+bz)® sin(a+bz) (20d* — 96?2 d?)
- 94
4z cos(a+bz) sin(a+bz)* (14cd® — 3b2 2 d)
M 357
4cd®z? cos(a+bx) sin(a+ bz)’
b
8cd®z? cos (a+ bz)” sin (a + bx)
+ B

input tint(sin(a + b*x) "3*(c + d*x)~4,x)

3.16.  [(c+dz)*sin’(a + bz) dz
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(8xx*cos(a + bxx) ~3%(20%c*d~3 - 3*b~2%c~3*d))/(9*b~3) - (2*cos(a + b*x) 3%

(728xd"4 + 27*b~4*c™4 - 360*b~2*c~2*d"2))/(81*b~5) - (cos(a + b*x)*sin(a +
b*x) "2%(488*%d~4 + 27*b~4*xc”4 - 252*%b"2%c”"2*xd"2))/(27*b"5) - (8*cos(a + b*
x) "2*sin(a + b*x)*(20*c*d~3 - 3*b~2%c"3*d))/(9%b~4) - (2*xd"4*x"4*cos(a + b
*x)~3)/(3*%b) - (4*sin(a + b*xx) "3*(122*%c*d~3 - 21*b"2*xc~3*d))/(27*%b~4) + (2
8*%d"4*x"3*sin(a + b*x)~3)/(9%b"2) - (4*x*sin(a + b*x) " 3*(122%d"4 - 63*b~2*
c™2xd~2))/(27*xb~4) + (4*x"2*cos(a + b*x) "3*(20%d"4 - 9*b~2*xc~2%d"2))/(9*b~
3) + (2*xx"2xcos(a + b*x)*sin(a + b*x) 2% (14*d~4 - 9*b~2%c"2%d"2))/(3*%b~3)
- (8*cxd"3*x"3*cos(a + b*x)~3)/(3*b) - (d"4*x"4xcos(a + b*x)*sin(a + b*x)~
2)/b + (8*d~4*x~3*cos(a + b*x) 2*sin(a + b*x))/(3*¥b~2) + (28*c*d~3*x~2*sin
(a + b*x)~3)/(3*b"2) - (8*x*cos(a + bxx) 2*sin(a + b*xx)*(20%d"4 - 9*b~2*c~
2%d~2))/(9*b~4) + (4*x*cos(a + b*x)*sin(a + b*x) 2% (14*c*d"3 - 3*b~2xc~3*d
))/(3*%b"3) - (4*c*d"3*x"3*cos(a + b*x)*sin(a + b*x)~2)/b + (8*c*xd~3*x"2*co
s(a + bxx)"2*sin(a + b*x))/b"2

3.16.  [(c+ dz)*sin®(a + bz) dz
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3.17 [(c+ dz)?sin’(a + bz) dz

3.17.1 Optimal result . . . . . . . . . .. 250
3.17.2 Mathematica [A] (verified) . . . . . . . . ... ... Lo 251]
3.17.3 Rubi [A] (verified) . . . . . . .. .. 251]
3.17.4 Maple [A] (verified) . .. . ... ... ...
3.17.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... 257
3.17.6 Sympy [B] (verification not implemented) . . . ... .. ... ... .. ... 257l
3.17.7 Maxima [B] (verification not implemented) . . . . . . .. ... ... ... .. 258
3.17.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 259
3.17.9 Mupad [B] (verification not implemented) . . ... ... ... ... ..... 260

3.17.1 Optimal result

Integrand size = 16, antiderivative size = 175

/(c + dz)?sin®(a + bx) dr =

_ 40d*(c +dz) cos(a +bx)  2(c+ dx)’ cos(a + bx)

963 3b
_ 40d°sin(a +bx) | 2d(c+ dz)*sin(a + bx)
9b* b2

2d%(c + dz) cos(a + bz) sin?(a + bx)
* o
(c+ dz)3 cos(a + bz) sin?(a + bx)

2d3 sin®(a + bx)

3b

d(c + dz)?sin®(a + bx)

27p*

3b?

output‘40/9*d”2*(d*x+c)*cos(b*x+a)/b“3-2/3*(d*x+c)”3*cos(b*x+a)/b—40/9*d”3*sin(b*
\ x+a) /b~ 4+2*xd* (d*x+c) “2*sin(b*x+a) /b~ 2+2/9*%d"2* (d*x+c) *cos (b*x+a) *sin (b*x+a
‘)‘2/b‘3—1/3*(d*x+c)‘3*cos(b*x+a)*sin(b*x+a)‘2/b-2/27*d“3*sin(b*x+a)‘3/b‘4+

‘1/3*d*(d*x+c)‘2*sin(b*x+a)“3/b‘2

3.17.

J(c+ dz)?sin’(a + bz) dz
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3.17.2 Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.73

/(c + dz)3sin®(a + bz) dx

_ —162b(c + dx) (—6d* + b*(c + dx)?) cos(a + bx) + 6b(c + dzx) (—2d° + 3b*(c + dz)?) cos(3(a + bx)) — 4d
B 216b*

-

input LIntegrate [(c + d*x)"3*Sin[a + b*x]~3,x]

—

output‘ (-162*bx(c + d*x)*(-6%d"2 + b~ 2x(c + d*x)~2)*Cos[a + b*x] + 6*bx(c + d*xx)*
\ (-2%d"2 + 3*%b~2x(c + d*x) "2)*Cos[3*(a + b*x)] - 4*d*(242+%d"2 - 117*xb~2x(c
+ dxx)"2 + (-2%d72 + 9%b™2%(c + d*x)"2)*Cos[2*(a + b*x)1)*Sinla + b*x1)/(2
\16*b*4)

EER———.——,

3.17.3 Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 218, normalized size of antiderivative = 1.25,

number of steps used = 16, number of rules used = 16, Lumber of rules _ 1.000, Rules
integrand size

used = {3042, 3792, 3042, 3777, 3042, 3777, 25, 3042, 3777, 3042, 3117, 3791, 3042, 3777,

3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3sin3(a + bx) dz
| 3042
/(c + dz)®sin(a + bz)3dx

l3nm

2d2 d in3 bx)d
_ [(c+ a:;(s);n (a+ bz)dz + g /(c + dz)3sin(a + bx)dz +
(c + dz)3sin?(a + bz) cos(a + bx)

3b
l,3042

d(c + dz)? sin3(a + bz) B
3b2

317.  [(c+dz)3sin®(a + bz) dz
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942 : 3 2 03
_2d? [(c+dz)sin(a + bz)’dx N 2 /(C + dz)? sin(a + bz)dz + d(c +dz)”sin’(a +bz)
3b2 3 3b2
(c + dz)3 sin?(a + bz) cos(a + bx)
3b
| 3777
2d? [(c+ dz)sin(a +bz)3dz 2 (3d [(c+dz)?cos(a+bzx)dz (c+ dx)3 cos(a + bx)
- - +2 - +
3b 3 b b
d(c+dz)?sin®(a+bx)  (c+ dx)®sin®(a + bx) cos(a + bx)
3b2 3b
| 3042
2d? [(c+dz)sin(a + bx)3dr 2 (3d [(c+dz)’sin(a+bz+F)dz (c+ dx)3cos(a + bx)
- +3 - +
3b2 3 b b
d(c+dz)*sin®(a+bx)  (c+ dx)’sin®(a + bx) cos(a + bx)
3b2 3b
| 3777

2d? [(c+ dz)sin(a + bx)3dzx
- 3072 *

2d [ —((c+dz) sin(a+ba))d +da)? sin(a+b
g 3d< J=((c xbsm a+bx))dx + (ct+dx) ?, (a x)) ) (c + dm)3 Cos(a 4 bx)
3 b b
d(c+dz)?sin®*(a+bx)  (c+ dz)3sin%(a + bz) cos(a + bx)
3b2 B 3b

| 25

2d? [(c+ dz)sin(a + bz)3dz

3
c+dz)? sin(a+bx 2d [ (c+dz) sin(a+bz)dz
2 3d(( : 3 (otbe) _ 2] b ) _(c+da:)3cos(a+bx) +
3 b b
d(c+ dx)*sin®(a +bx)  (c+ dz)’sin®(a + bx) cos(a + bzx)
3b2 3b
| 3042
2d? [(c + dz)sin(a + bx)3dzx
N 352 *
(c+dzx)? sin(a+bx) 2d [ (c+dz) sin(a+bz)dz
2 3d( b - b ) _ (c+dx)® cos(a + bx) N
3 b b
d(c + dz)?sin3(a + bx) (et dz)3 sin?(a + bx) cos(a + bx)
3b2 3b
| 3777

317.  [(c+dz)3sin®(a + bz) dz
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2d? [(c+ dz)sin(a + bz)3dz
- 352 *

d [ cos(atbz)dz  (c+dx) cos(a+bx) )
b b

b

3d (ct+dx)?sin(a+bz) 2d(
2 ’ _ (c+ dzx)? cos(a + bzx)
3 b b

d(c+dz)?sin3(a +bx)  (c+ dx)3sin?(a + bz) cos(a + bx)
32 a 3b

l 3042

3 2d? [(c + dz)sin(a + bx)3dzx
3b2

2d<d[ Sin(a{;bz+%)dz_ (c+dx) c;s(a+bz))

c+dx)? sin(a+bz
3| (ctda)sintaion) _ b
2 (c + dz)3 cos(a + bx)

3 b - b +

d(c+dz)?sin®*(a+bx)  (c+ dz)3sin%(a + bz) cos(a + bx)
352 - 3b

l 3117

2d? [(c+ dz)sin(a + bz)3dz  d(c+ dz)?sin3(a + bx)
- 352 * 352 *

2d( dsin53+bz) _ (ctdx) cgs(a+bz)>

+dz)? sin(a+bx
, 3d<(c 2 sin(atte) _ :

) B (¢ + dz)3 cos(a + bx)
3 b b

(c+ dz)®sin?(a + bz) cos(a + bz)
3b

l 3791

2d? (% [(c+ dz)sin(a + bz)dz + dsmz(b‘?rbw) _ (ctdz) sin%a;)bw) cos(a+bx)>

- 302 *
d(c + dz)?sin3(a + bz)
3b?

dsin(a+bzr)  (ct+dx) cos(a+bx))
b

+d 24 +b 2d 5
3d<(c ) zln(a x) ( b -

2 ) (et dz)3 cos(a + bx)
3 b b

(c + dx)3sin?(a + bx) cos(a + bx)
3b

317.  [(c+dz)3sin®(a + bz) dz
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l 3042

952 +
3b?

d(c + dz)? sin3(a + bz)
3b?

dsin(a+bz)  (ct+dz) cos(a+bz)
b2 b

b

242 (% [(c+ dz)sin(a + bz)dz + ¢ sin®(atbx) _ (ct+da) sin?(a;)bw) cos<a+bx>>

c+dx)? sin(a+bx 2d
3d<< Pinattn) _ 24

2 ) _ (c+dz)’cos(a+bx) |
3 b b

(c + dz)3sin?(a + bz) cos(a + bzx)
3b

l 3777

942 (g (d J cos(a+bz)dz  (ct+dx)cos(atbr) ) + dsin®(a+bx) (c+dzx) sin? (a+bx) cos(a-i-b:z:))
3 b o b 92 - 3b

312 *
d(c + dz)?sin3(a + bx)
3b2

dsin(a+bzx c+dz) cos(a+bz
2d( g; ) _ (et )b(+ ))

2 ’ ’ ) B (c+ dz)3 cos(a + bx) B
3 b b

3d (c+dz)?sin(a+bx)
2

(c+ dz)3sin?(a + bz) cos(a + bz)
3b

l 3042

: 36 +
3b2
d(c + dx)?sin3(a + bx) +
3b2

3d (c+dzx)? sin(a+bx) _ Qd(dsing?bz) — (et CI?S(GHH))
2 ’ ’ _ (c+dx)®cos(a+bx) [
3 b b

242( 2 d [ sin(a+bz+%)dx (c+dz) cos(a+bx) dsin®(a+bx) (c+dz) sin? (a+bx) cos(a+bz)
3 - b + 952 -

(c + dz)3 sin?(a + bx) cos(a + bx)
3b

l 3117

317.  [(c+dz)3sin®(a + bz) dz
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242 (% (dsing;—i—bz) _ (ctdzx) clc))s(a—f-bm) ) + dsin®(a+bz)  (ctdz)sin? (a?—:;)bz) cos(a+bx) )

9b2
3b2 +
d(c + dx)?sin3(a + bx)
_|_
3b2
sin(a+bx c+dz) cos(a+bx
3 (c+dn)? sin(atbs) Qd(d 572+b ) _ (ctdz) o (a+ ))
2 b ’ _ (c+dx)® cos(a + bx)
3 b b

(c + dz)3 sin?(a + bx) cos(a + bx)
3b

input LInt[(c + d*x) "3*Sin[a + b*x]~3,x]

output -1/3*((c + d*x)~3*Cos[a + b*x]*Sin[a + b*x]~2)/b + (d*(c + d*x)~2xSin[a +
b*x]~3)/(3%b"2) - (2%d~2%(-1/3*((c + d*x)*Cos[a + b*x]*Sin[a + b*x]~2)/b +
(d*Sin[a + b*x]~3)/(9%b~2) + (2%(-(((c + d*x)*Cos[a + b*x])/b) + (d*Sin[a
+ b*x])/b"2))/3))/(3%b"2) + (2x(-(((c + d*x)~3xCos[a + b*x])/b) + (3*d*((
(c + d*x)~2+Sin[a + b*x])/b - (2*d*(-(((c + d*x)*Cos[a + b*x])/b) + (d*Sin
[a + b*x])/b"2))/b))/b))/3

3.17.3.1 Defintions of rubi rules used

.
rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3117 Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symboll :> Simp[Sin[c + d*x1/d, x] /;
FreeQ[{c, d}, x]

rule 3777 Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£f_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + £xx]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQl{c, 4, e, £}, x] && GtQ[m, O]
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rule 3791 Int[((c_.) + (d_.)*(x_))*((b_.)*sin[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :>
Simp [d*((b*Sin[e + f*x])"n/(£72%n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x

I*((b*Sin[e + f*x])~(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + dx

x)*(b*xSin[e + f*x])"(n - 2), x], x]) /; FreeQ[{b, c, 4, e, f}, x] && GtQ[n,
1]

rule 3792 Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)"(m - 1)*((b*Sin[e + f*x])“ n/(£f"2*n~2)), x] + (-Sim
plbx(c + d*x) m*Cos[e + f*x]*((b*Sin[e + f*x])"(n - 1)/(f*n)), x] + Simp[b~
2%((n - 1)/n) Int[(c + d*x) m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m*((m - 1)/(£72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])
/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

3.17.4 Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.81

method result
. 3(dz+c) ((daf:+c)2b2 — % > bcos(3bz+3a)—3 ((da:+c)2b2 — % ) dsin(3bz+3a)—27 ((daf:+c)2b2 —6d2) (dz+c)bcos(bz+a
parallelrisch 3603
. 3(b2d3z3+3b2c d?x?+3b%c2dx+b?c® —6d3z—6c d?) cos(bw+a) 9d(d2x2b2+2b? cdz+b%c?—2d?) sin(br+a) (3
risch — 103 + e + =
23 (bz+a) (24—sin2 (bw+a)) cos(bz+a) (sina(b:c+a))
3a“d” | — +
a3d3 (2+sin2 (bm+a)) cos(bz+a) a2cd? (2+sin2 (bm+a)) cos(bz+a) n 3 9
derivativedivides sl 2 &
23 (bz+a) (2+sin2 (bz+a)) cos(bz+a) (sinS(b:r+a))
a3d3 (2+sin2 (bz+a)) cos(bz+a) a2cd? (2-§-sin2 (bm+a)) cos(bz+a) B 3 + 9
default 363 - b2 + 73
scd?(tan’ (% +5)) 412023 80cd?  2a30° | (1262 +50cd?) (tan? (5 +5))  5c4242 n 4d(962c2~204%) tan (B¢ + )
norman b3 963 3b 363 5 ot
inputLint((d*x+c)“3*sin(b*x+a)‘3,x,method=_RETURNVERBOSE) J

output‘1/36*(3*(d*x+c)*((d*x+c)“2*b“2—2/3*d‘2)*b*cos(3*b*x+3*a)—3*((d*x+c)‘2*b‘2—
| 2/9%d"2) *d*sin(3xb¥x+3%a) -27* ((d*x+c) "2%b"2-6%d"2) * (d*x+c) ¥b*cos (b*x+a) +81
\*((d*x+c)“2*b“2—2*d‘2)*d*sin(b*x+a)—24*b‘3*c“3+160*c*d‘2*b)/b‘4
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3.17.5 Fricas [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.30

/(c + dz)3sin®(a + bz) dx
3(303d3a® + 9b3cd®x? 4 3b3c® — 2bed? + (9b3c®d — 2bd®)x) cos (bx + a)® — 9 (3B3dP2® + 9 bPed?x? + 3¢

( hY

input integrate((d*x+c) “3*sin(b*x+a)~3,x, algorithm="fricas")

output | 1/27* (3% (3*¥b~3*%d"3*x~3 + 9*b~3*c*d~2*x~2 + 3*b~3%c”~3 - 2%b*c*d~2 + (9*b~3x
c~2%d - 2*b*d~3)*x)*cos(b*x + a)~3 - 9k (3*xb"3*d"3*x"3 + 9*b~3kckd"2kxx"2 +
3*%b~3*%c”3 - 14*bxc*d”2 + (9%b~3*%c"2*d - 14*b*d~3)*x)*cos(b*x + a) + (63%b~
2*%d"3*x72 + 126*%b"2*c*d"2*x + 63*%b"2*%c"2*%d - 122*%d"3 - (9*b~2*%d"3*x"2 + 18
*b"2xckd"2xx + 9*kb"2%c"2+%d - 2*d"3)*cos(b*x + a)~2)*sin(b*x + a))/b"4

3.17.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 495 vs. 2(173) = 346.

Time = 0.48 (sec) , antiderivative size = 495, normalized size of antiderivative = 2.83

/(c + dz)®sin®(a + bx) dz

__ 3sin? (a+bz) cos (a+bz)  2¢3 cosd (a+bz)  3cidzsin? (a+bz) cos (a+bz)  2c2dxcos® (a+bx)  3cd’z?sin? (a+bz) cos (at+bz)
b 3b b b b

272 3.4\ .
(0396 + 34 4 od?gd + de) sin® (a)

~—

input Lintegrate ((d*x+c)**3*sin (b*x+a) **3,x)
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Piecewise ((-c**3*sin(a + b*x)**2xcos(a + b*x)/b - 2*kc**3*cos(a + b*xx)**3/(
3%b) - 3*cx*k2*d*x*ksin(a + b*x)**2*cos(a + b*x)/b - 2*cx*x2*d*x*cos(a + b*x)
*%3/b — 3xckxdkk2kx**2*sin(a + bxx)**2xcos(a + b*x)/b - 2*ckxd*x*x2xx*x*x2*xcos(a
+ b*x)**3/b - d**3*x**3xsin(a + b*x)**2*cos(a + b*x)/b — 2kd**3*x**3*cos(
a + b*x)*x3/(3%b) + T*xck*2*xd*sin(a + b*x)**3/(3*b**2) + 2*c**2*d*sin(a + b
*x)*kcos(a + b*x)**2/b**2 + 1dkckd**2*xx*sin(a + b*x)**x3/(3*%b**2) + 4dkckd**2
*x*sin(a + b*x)*cos(a + b*x)**k2/b*x*2 + Txd*k*3*xx**2*sin(a + b*xx)**3/(3*b**2
) + 2xd*k3*kx*x*x2ksin(a + bxx)*cos(a + bxx)**2/b**2 + 14*kckd**2*sin(a + b*x)
**k2xcos (a + bxx)/(3*%b**3) + 40*ckd**2kcos(a + b*xx)**3/(9%b**3) + 14xd**3*x
*sin(a + b*x)**2*cos(a + bxx)/(3*¥b**3) + 40*d**3xx*cos(a + b*xx)**3/(9*b**3
) - 122xd*x3*sin(a + b*xx)**3/(27*b**4) - 40*d**3*sin(a + b*x)*cos(a + b*x)
**x2/(9%bxx4) , Ne(b, 0)), ((cx*3*x + 3kckx*x2xd*x**2/2 + ckd**x2xx**x3 + d*k*x3*x
**4/4)*sin(a)**3, True))

3.17.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 541 vs. 2(161) = 322.

Time = 0.21 (sec) , antiderivative size = 541, normalized size of antiderivative = 3.09

/(c + dz)3sin®(a + bx) dz

36 (c

108 (cos(bm+a)3—3 cos(bz+a)) ac?d 108 (cos(ba:+a,)3—3 Cos(b:1:+a,)>azcd2
+

36 (cos (bz + a)® — 3 cos (br + a))c® — ;

b2

-

Lintegrate((d*x+c)‘3*sin(b*x+a)‘3,x, algorithm="maxima")

|

1/108%(36*(cos(b*x + a)~3 - 3*xcos(b*x + a))*c~3 - 108*(cos(b*x + a)~3 - 3%
cos(b*x + a))*a*c~2*d/b + 108*(cos(b*x + a)~3 - 3*cos(b*x + a))*a~2%c*d~2/
b2 - 36%(cos(b*x + a)~3 - 3xcos(b*x + a))*a~3*xd~3/b~3 + 9*(3*(b*x + a)*co
s(3*%b*x + 3%a) - 27*(b*x + a)*cos(b*x + a) - sin(3*b*x + 3*a) + 27*sin(b*x
+ a))*c™2xd/b - 18*%(3*(b*x + a)*cos(3*b*x + 3*a) - 27x(b*x + a)*cos(b*x +
a) - sin(3*b*x + 3*a) + 27*sin(b*x + a))*a*c*d~2/b"2 + 9*(3*x(b*x + a)*cos
(3*%b*x + 3*a) - 27*x(b*x + a)*cos(b*x + a) - sin(3*b*x + 3*a) + 27*sin(b*x

+ a))*a"2+%d"3/b"3 + 3*x((9*(b*x + a)~2 - 2)*cos(3*b*x + 3*a) - 81*((b*x + a
)72 - 2)*cos(b*x + a) - 6*(b*x + a)*sin(3*xbxx + 3*a) + 162*(b*x + a)*sin(b
*x + a))*xcxd"2/b"2 - 3k ((9*(b*x + a)”2 - 2)*cos(3*b*x + 3*a) - 81x((b*x +

a)~2 - 2)xcos(b*x + a) — 6%(b*x + a)*sin(3*b*x + 3*a) + 162*(b*x + a)*sin(
bxx + a))*axd~3/b~3 + (3*(3*(b*x + a)”3 - 2%b*x - 2%a)*cos(3*bxx + 3*xa) -

81%((b*x + a)~3 - 6xb*x - 6*a)*cos(b*x + a) - (9x(b*x + a)~2 - 2)*sin(3*b*
X + 3%a) + 243*%((b*x + a)~2 - 2)*sin(b*x + a))*d~3/b"3)/b
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3.17.8 Giac [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.32

/(c + dz)?sin®(a + bx) dx

_ (B0dPx® 4+ 9b3cd?s® 4+ 9b3cPdr + 3b°c® — 2bd®x — 2bcd?) cos (3bx + 3 a)
B 36 b*

_ 3(b°d’s® +3b%cd’s® + 3b°cPdw + bPc® — 6bd’x — 6bed?) cos (bx + a)

4 b4
_ (90°dPa® + 18 b%cd?x + 9b*c*d — 2d°) sin (3bx + 3a)
108 b4
N 9 (b’d3z?* + 2b%cd?x + b2 cAd — 2 d®) sin (bx + a)
4 b*

input  integrate((d*x+c) “3*sin(b*x+a)~3,x, algorithm="giac")

output | 1/36* (3*b~3*d"3*x"3 + 9*b~3*c*d"2*x"2 + 9*b"3*kc"2*d*x + 3*%b"3*%c~3 - 2xb*xd~
3*%x — 2¥bxc*kd"2)*cos(3*b*x + 3*a)/b"4 - 3/4*%(b~3*d"3*x"3 + 3*b"3*ckxd"2*x"2
+ 3*%b"3%c"2*d*x + b"3%c”3 - 6*b*d"3*x - 6%b*c*d"2)*cos(b*x + a)/b"4 - 1/1
08* (9%b™2*%d"3*x"2 + 18*%b~2%c*d"2*x + 9*b"2xc"2xd — 2*d"3) *sin(3*b*x + 3*a)
/74 + 9/4%(b"2*xd"3*x"2 + 2*%b"2*c*kd"2*xx + b~ 2%c"2*%d - 2*d"3)*sin(b*x + a)/
b~4
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3.17.9 Mupad [B] (verification not implemented)

Time = 0.87 (sec) , antiderivative size = 365, normalized size of antiderivative = 2.09

2cos (a+bz)® (20cd? — 302 &)
953
_ sin(a+bz)’ (122d° — 630 2 d)
27 b4
cos(a +bz) sin (a + bz)? (14cd® — 362 )
+
33
B 2cos (a +bx)? sin (a + bz) (20d3 — 9% d)
9b*
N 2z cos (a+bz)® (20d° — 9% d) B 2d° 23 cos (a + bx)°
953 3b
Td®z?sin (a +bz)®  14cd?zsin(a+bx)®
3 b2 3 b2
z cos(a+bz) sin(a+bx)? (14d® — 962 32 d)
+ 363
_ 2cd?z® cos (a+bx)® _ d’2® cos(a+ba) sin (a + bx)?
b b
2d3 z2 cos (a + bzx)” sin (a + bx)
+ b2
3cd?z? cos(a + bzx) sin(a + bz)?
b
4cd®zcos(a+bx)’ sin(a+bx)
+ b

/(c + dz)?sin®(a + bx) dz =

-

Lint(sin(a + b*x)"3*(c + d*x)~3,x)

~—

(2%cos(a + b*xx)~3%(20*%c*xd~2 - 3*%b~2%c~3))/(9%b"3) - (sin(a + b*x) ~3*(122*d
~3 - 63*%b”2*c”2%d))/(27*%b"4) + (cos(a + b*x)*sin(a + b*x) 2*(14*c*xd~2 - 3%
b~2%c~3))/(3*%b~3) - (2%cos(a + b*x) 2*sin(a + b*x)*(20%d~3 - 9*b~2%c~2xd))
/(9%b~4) + (2*x*cos(a + b*x) 3%(20%d"~3 - 9*b~2*c~2*d))/(9*%b~3) - (2%d"3*x"
3*xcos(a + b*x)~3)/(3%b) + (7T*d"3*x"2*sin(a + b*x)~3)/(3*b"2) + (14*c*d™2*x
*sin(a + bxx)~3)/(3*b"2) + (x*cos(a + b*x)*sin(a + b*x) 2% (14*%d"3 - 9*xb~2x*
c”2%d))/(3*%b"3) - (2*c*d"2*x"2*cos(a + b*x)~3)/b - (d"3*x"3*cos(a + b*x)x*s
in(a + b*x)"2)/b + (2*%d"3*x"2*cos(a + b*x) "2*sin(a + b*x))/b"2 - (3*c*xd~2x*
x"2xcos(a + b*x)*sin(a + b*x)~2)/b + (4*c*xd~2*x*cos(a + b*x) "2*xsin(a + b*x

))/b~2
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3.18 [(c+ dz)?sin’(a + bz) dz

3.18.1 Optimal result . . . . . . . . . .. 2611
3.18.2 Mathematica [A] (verified) . . . . . . . ... ... L o 261]
3.18.3 Rubi [A] (verified) . . . . . ... .. 262
3.18.4 Maple [A] (verified) . ... ... . ... ... 265)
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 265
3.18.6 Sympy [B] (verification not implemented) . . .. ... ... ... .. .... 2661
3.18.7 Maxima [B] (verification not implemented) . . . . . . .. ... .. ... ... 2661
3.18.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 267
3.18.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 267

3.18.1 Optimal result

Integrand size = 16, antiderivative size = 123

14d? cos(a + bx)  2(c + dz)? cos(a + bx)
2.3 _ _
/(c + dz)*sin®(a + bz) dz = e m
_ 2d%cos’(a+bx) | 4d(c+ dz)sin(a + bx)
273 3b?
(c+ dz)%cos(a + bz) sin®(a + bx)  2d(c + dzx)sin®(a + bx)
- 3b * 952

output ‘ 14/9%d"2*cos (b*x+a) /b~3-2/3* (d*x+c) “2*cos (b*x+a) /b-2/27*d"2*cos (b*x+a) ~3/b ‘
"3+4/3*d*(d*x+c)*sin(b*x+a)/b‘2-1/3*(d*x+c)‘2*cos(b*x+a)*sin(b*x+a)‘2/b+2/
‘9*d*(d*x+c)*sin(b*x+a)‘3/b‘2 \

3.18.2 Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.70

/(c + dz)?sin®(a + bx) dx

_ —81(—2d? + b*(c + dx)?) cos(a + bx) + (—2d? + 9b*(c + dz)?) cos(3(a + bx)) — 6bd(c + dx)(—27sin(a +
B 1083

input | Integrate[(c + d*x)~2#Sin[a + b*x]~3,x]

N J

3.18.  [(c+dz)?sin®(a + bz) dz
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output‘ (-81%(-2*%d"2 + b~2*(c + d#*x)~2)*Cos[a + b*xx] + (-2*%d"2 + 9*b~2*(c + d*x)~2

\)*Cos [3x(a + b*x)] - 6xb*d*(c + d*x)*(-27*Sin[a + b*x] + Sin[3*(a + b*x)])
)/(108%b"3)

3.18.3 Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.10,

number of steps used = 12, number of rules used — 11, umber of rules _ ( 6eg Ryles
integrand size

used = {3042, 3792, 3042, 3113, 2009, 3777, 3042, 3777, 25, 3042, 3118}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)? sin®(a + bx) dz
| 3042
/(c + dx)?sin(a + bz)3dx

l3nn

B 2d? [ sin®(a + bz)dx
9b2

i3
+ % /(c + dz)?%sin(a + bz)dz + 2d(c + dz)sin’(a + ba) _

9b2
(c+ dz)?sin?(a + bz) cos(a + bx)
3b

l 3042

242 [ si 3 i3
2 / smf;z; bo)dw + g /(c + dz)? sin(a + bx)dz + 2d(c+ da:)gzlzn (a+bz) _

(c + dz)?sin?(a + bz) cos(a + bx)
3b

l 3113

2d2 1— 2 b d b
J (1 —cos (asjl_ﬁ z)) dcos(a + b) + ;/(ch dz)?sin(a + br)dz +

(c + dz)?sin?(a + bz) cos(a + bzx)
3b

l 2009

2d(c + dz) sin®(a + bx) B
9b2

2d? bz) — 1 cos? b in3
5 /(C + dz)?sin(a + bx)dz + (cos(a+b) — 5 cos™(a + ba)) + 2d(c + dz)sin’(a + bz) _
3 93 9b2

(c+ dz)?sin?(a + bz) cos(a + bx)

3b

3.18.  [(c+dz)?sin®(a + bz) dz
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| 3777
2 (2d [(c+ dz)cos(a+bz)dz  (c+ dx)?cos(a + bx) 2d?(cos(a + bz) — 3 cos®(a + bz))
- - + , +
3 b b 9b
2d(c+ dx)sin®(a 4+ bz)  (c+ dx)®sin®(a + bx) cos(a + bx)
9b2 3b
| 3042
2(2d [(c+dz)sin (a+ bz + §) dz (et dz)? cos(a + bx)
3 b b
2d?(cos(a + bz) — 3 cos®>(a+bx))  2d(c+ dx)sin®(a+bzx) (c+ dx)?sin?(a + bx) cos(a + bz)
+ —
9b3 9b2 3b
| 3777
d [ —sin(a+bz)dz +dz) sin(a+b:
2 2d( [—s ( + (e z)s;)n(a z)) ) (c + dz)? cos(a + ba) N
3 b b
2d?(cos(a + bz) — 3 cos®>(a+bx))  2d(c+ dx)sin®(a+bzx) (c+ dx)?sin?(a + bx) cos(a + bx)
953 * 9p2 - 3b

l 25

c+dz) sin(a+bx d [ sin(a+bzx)dz
2 2 (cx)splests) _ dlsn(atbali

(c+ dz)? cos(a + bx)) 4

3 b b
2d? (cos(a + bz) — § cos®(a + bx)) N 2d(c + dz)sin®(a+ bz)  (c+ dx)?sin®(a + bz) cos(a + bx)
9b3 9b2 3b
| 3042
+dz)sin(a+br)  d [ sin(a-+ba)d
2 2d<(c ) % (atin) _ =5 z) (et dz)? cos(a + bx)
3 b b
2d? (cos(a + bz) — § cos®(a + bz)) N 2d(c + dz)sin®(a+ bz)  (c+ dx)®sin®(a + bz) cos(a + bx)
9b3 9b2 3b
| 3118
2d?(cos(a + bz) — % cos®(a + bz)) , 2d(c+dr) sin®(a + bx)
dcos(atbz) | (ctdz)sin(a+b )9b3 w
+ +dz) sin(at
2 (2d< B R e S ) (et dz)? cos(a + bx)) e+ dz)? sin?(a + bx) cos(a + bx)
3 b b 3b

(

inputLInt[(c + d*x)~2xSin[a + b*x]~3,x]

3.18.  [(c+dz)?sin®(a + bz) dz
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output‘(2*d“2*(Cos[a + b*x] - Cos[a + b*x]73/3))/(9%b"3) - ((c + d*x) 2*Cos[a + b
‘*x] *Sin[a + b*x]~2)/(3*b) + (2*d*(c + d*x)*Sin[a + b*x]~3)/(9%b~2) + (2%(-
\(((c + d*x)"2*Cos[a + b*x])/b) + (2+d*((d*Cos[a + b*x])/b~2 + ((c + d*x)*S
‘in[a + b*x])/b))/b))/3

3.18.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-

rule 2009 | Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N\

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3113 Int[sin[(c_.) + (d_.)*(x_)1"(n_), x_Symboll :> Simp[-d~(-1)  Subst[Int[Exp
and[(1 - x"2)"((n - 1)/2), x], x], x, Coslc + d*x]], x] /; FreeQ[{c, d}, x]
&& IGtQ[(n - 1)/2, 0]

rule 3118 | Int[sin[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Cos[c + d*x]/d, x] /; FreeQ
[{c, d}, x]

rule 3777 Int[((c_.) + (d_.)*(x_)) " (m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + £*x]/£f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
os[e + f*x], x], x] /; FreeQl[{c, d, e, £}, x] && GtQ[m, O]

rule 3792 Int[((c_.) + (d_.)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[d*m*(c + d*x)~(m - 1)*((b*Sin[e + f*x])~n/(£72+%n"2)), x] + (-Sim
plb*(c + d*x) “m*Cos[e + fxx]*((b*Sin[e + f*x])~"(n - 1)/(f*n)), x] + Simp[b~
2%((n - 1)/n) Intl[(c + d*x) m*(b*Sin[e + f*x])~(n - 2), x], x] - Simp[d~2
*m*((m - 1)/(£72*n"2)) Int[(c + d*x)"(m - 2)*(b*Sin[e + f*x])"n, x], x])
/; FreeQ[{b, c, d, e, f}, x] && GtQ[n, 1] && GtQ[m, 1]

3.18.  [(c+dz)?sin®(a + bz) dz
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3.18.4 Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.86

method result
. (Q(dx+c)2b2 —2d2> cos(3bz+3a)—6bd(dz+-c) sin(3bz+3a)+ (—81(dx+c)2b2+162d2) cos(bz+a)+162bd(dz+-c) sin(bz+
parallelrisch 085
. 3(d2152b2 +2bzcdw+b202—2d2) cos(bz+a) 3d(dz+c) sin(bx+a) (9d2w2b2+18bzcdac+9b2c2—2d2) cos(3bz+3a
risch - - + ] + R ‘
4b 2b 108b
2 (bz+a) (2+sin2(bw+a)) cos(bz+a) + (sins(ba:+a)) ]
a2d? (2+sin2 (bz+u)) cos(bz+a) " 2acd(2+sin2 (bz+a)) cos(bz+a) 3 9
derivativedivides 2 i &
2 (bz+a) (2+sin2(bz+a)) cos(bz+a) (sing(bz+a))
2 2 .2 . 2 2ad - 3 + 9 i
a“d (2+sm (ln:+a)) cos(bz+a) n 2acd(2+sm (ba:+a)) cos(bz+a)
default it s o2
—36b2c2+80d2 2d2 42 8d2 (tan4(b7z+%)) (736b202+56d2) (tanz(bszr%)) deda 8cdtan(b71+%) 64cd(tan3(b7z+%:
norman 2753 s 363 + 963 ~3b 352 + 552
inputLint((d*x+c)“2*sin(b*x+a)“3,x,method=_RETURNVERBOSE) J

output‘1/108*((9*(d*x+c)“2*b“2-2*d”2)*cos(3*b*x+3*a)-6*b*d*(d*x+c)*sin(3*b*x+3*a)
\+(—81*(d*x+c)‘2*b‘2+162*d‘2)*cos(b*x+a)+162*b*d*(d*x+c)*sin(b*x+a)—72*b‘2*

\c*2+160*d*2)/b*3

3.18.5 Fricas [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.07

/(c + dz)?sin®(a + bz) dz

_ (90°d?z® 4 18 b%cdx + 9 b?*c? — 2d?) cos (bx + )’ — 3 (92d?a? + 18 b2cdx + 9 b2 — 14.d?) cos (bz + a) -

B 270°
inputLintegrate((d*x+c)“2*sin(b*x+a)“3,x, algorithm="fricas") J

output‘1/27*((9*b“2*d“2*x“2 + 18*%b"2%c*d*x + 9*%b"2*%c”2 - 2*d"2)*cos(b*x + a)~3 -

\3*(9*b‘2*d‘2*x‘2 + 18*%b~2%ckxd*x + 9*b~2*%c”2 - 14*d"2)*cos(b*x + a) + 6% (7*
‘b*d‘2*x + Txbxckd - (b*d~2*x + b*c*d)*cos(b*x + a)~2)*sin(b*x + a))/b"3

3.18.  [(c+dz)?sin®(a + bz) dz



input

output

input
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3.18.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 284 vs. 2(121) = 242.

Time = 0.34 (sec) , antiderivative size = 284, normalized size of antiderivative = 2.31

/(c + dz)?sin®(a + bz) dz

_ c*sin? (a4bz) cos (a+bz)  2c%cosd (a+bx)  2cdzsin? (a+bx)cos (a+bz)  4edzcosd (a+bz)  d?z?sin? (a+bx) cos (a+br) 2
b 3b b 3b b

(c2x + cdx? + %) sin® (a)

-

Lintegrate((d*x+c)**2*sin(b*x+a)**3,x)

|

Piecewise ((-c**2*sin(a + b*xx)**2kcos(a + b*x)/b - 2xcx*2xcos(a + b*x)**3/(
3*b) - 2%c*d*x*sin(a + bxx)**2kcos(a + b*x)/b - 4*ckd*x*cos(a + b*x)**3/(3
*b) - d**2*x**2xsin(a + b*x)**x2kcos(a + b*x)/b - 2*d**k2xx**2kcos(a + b*xx)*
*3/(3*%b) + 14*cxd*sin(a + b*x)**3/(9%b**2) + 4*xcxd*sin(a + b*x)*cos(a + b*
X)**2/ (3¥b**2) + 14*d**2xx*sin(a + b*x)**3/(9*b**2) + 4*xd*x*2*x*sin(a + b*x
Ykcos(a + b*x)**2/(3*b**2) + 14xd**2*sin(a + b*xx)**2*xcos(a + b*x)/(9*b**3)
+ 40*d**2*xcos(a + b*x)**x3/(27*b**3), Ne(b, 0)), ((c**2*xx + ckxdkx**2 + dkx*
2*x**x3/3) *sin(a)**3, True))

3.18.7 Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 270 vs. 2(111) = 222.

Time = 0.20 (sec) , antiderivative size = 270, normalized size of antiderivative = 2.20

/(c + dz)*sin®(a + bx) dz

72 (cos(bz+a)®—3 cos(bz+a) )acd 36 (cos(bz+a)®—3 cos(bz+a) )a2d? 6 (3 (bz+

36 (cos (bx + a)® — 3 cos (bz + a))c? — - =

integrate ((d*x+c) “2*sin(b*x+a) “3,x, algorithm="maxima")

\

3.18.  [(c+dz)?sin®(a + bz) dz
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output | 1/108*(36*(cos(b*x + a)~3 - 3*cos(b*x + a))*c™2 - 72*(cos(b*x + a)~3 - 3*c
os(b*x + a))*a*xc*d/b + 36*(cos(b*x + a)~3 - 3*xcos(b*x + a))*a~2*xd~2/b"2 +
6% (3% (b*x + a)*cos(3*b*x + 3*a) - 27*(b*x + a)*cos(b*x + a) - sin(3*bxx +
3*a) + 27xsin(b*x + a))*c*d/b - 6*(3*(b*x + a)*cos(3*b*x + 3*a) - 27*x(b*x
+ a)*cos(b*x + a) - sin(3*b*x + 3*a) + 27*sin(b*x + a))*a*xd~2/b"2 + ((9*(b
*xX + a)”2 - 2)*cos(3*b*x + 3xa) - 81x((b*x + a)~2 - 2)xcos(b*x + a) - 6%(b
*x + a)*sin(3*b*x + 3*a) + 162*(b*x + a)*sin(b*x + a))*d~2/b"2)/b

3.18.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.11

9b%d*z? + 18 b?cdx + 9b*c® — 2d?) cos (3bx + 3a)
108 b3
3 (V?d2z? + 2b%cdx + b*c® — 2d?) cos (b + a)
43
(bd*z + bed) sin (3bx + 3 a) 4 3 (bd?z + bed) sin (br + a)
1853 263

/(c + dz)?sin®(a + bx) dr = (

inputLintegrate((d*x+c)“2*sin(b*x+a)‘3,x, algorithm="giac") J

output‘ 1/108* (9*b~2xd"2+x"2 + 18*b~2*ckxd*x + 9*b~2%c”2 - 2xd~2)*cos(3*bxx + 3*a)/
‘b"3 - 3/4x(b"2*%d"2*%x"2 + 2*%b~2*kckxd*x + b"2*xc"2 - 2*d"2)*cos(b*x + a)/b"3 -
\ 1/18* (b*d"2*x + b*c*d)*sin(3*b*x + 3*a)/b~3 + 3/2*(b*d"2*x + b*c*xd)*sin(b
‘*x + a)/b"3

...

3.18.9 Mupad [B] (verification not implemented)

Time = 0.74 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.41

3d?z sin(a+bx)  d?z sin(3a+3bz) + 3cdsin(a+bz)  cdsin(3a+3bx)

(c+ dz)?sin®(a + bx) dx = 2 18 2 18
b2
3c? cos(a+bx) 2 cos(3a+3bz) + 3d?z? cos(a+bz)  d?z? cos(3a+3bz)  cdz cos(3a+3bx) + 3cdz cos(at+bz)
_ 4 12 4 12 6 2
b

3d?> cos(a+bzx) d?cos(3a+3bx)

263 54 b3

3.18.  [(c+dz)?sin®(a + bz) dz
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input | int(sin(a + bxx)"3%(c + d*x)"2,%)

((3*d"2*x*sin(a + b*x))/2 - (d"2*x*sin(3*a + 3*b*x))/18 + (3*c*d*sin(a + b
*x))/2 - (c*d*sin(3*a + 3*b*x))/18)/b"2 - ((3*c”2*cos(a + b*x))/4 - (c"2*c
os(3*a + 3*b*x))/12 + (3*d"2*x"2*cos(a + b*x))/4 - (d"2*x"2*cos(3*a + 3*bx*
x))/12 - (c*d*x*cos(3*a + 3*b*x))/6 + (3*c*xd*x*cos(a + b*x))/2)/b + (3*d"2
xcos(a + bxx))/(2%b~3) - (d"2*cos(3*a + 3*b*x))/(54*b"~3)

output

3.18.  [(c+dz)?sin®(a + bz) dz



CHAPTER 3. LISTING OF INTEGRALS 269

3.19 [(c+ dz)sin®(a + bx) dz

3.19.1 Optimalresult . . . . .. .. . .. . . 269
3.19.2 Mathematica [A] (verified) . . . . . . . . ... ... L Lo oL 269
3.19.3 Rubi [A] (verified) . . . . . ... .. 270
3.19.4 Maple [A] (verified) . . . . ... . . ... 271]
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 272
3.19.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2721
3.19.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 273
3.19.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 273
3.19.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 273

3.19.1 Optimal result

Integrand size = 14, antiderivative size = 75

2(c + dx) cos(a + bx) N 2dsin(a + bx)
3b 3b2
(c + dz) cos(a + bx) sin?(a + bx) N dsin®(a + bx)
3b 9b?

/(c + dz) sin®(a + bz) dz = —

e B

-2/3%(d*x+c) *cos (b*x+a) /b+2/3*d*sin (b*x+a) /b~2-1/3* (d*x+c) *cos (b*x+a) *sin(
‘b*x+a)‘2/b+1/9*d*sin(b*x+a)‘3/b‘2

output

3.19.2 Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.79

/ (c + dz)sin®(a + br) dx

_ —27b(c + dz) cos(a + bzx) + 3b(c + dzx) cos(3(a + bx)) + d(27sin(a + bx) — sin(3(a + bx)))
3602

input LIntegrate [(c + d*x)*Sin[a + b*x]~3,x] J

output‘ (-27xb*(c + d*x)*Cos[a + bxx] + 3*b*(c + d*x)*Cos[3*(a + b*x)] + d*(27*Sin
‘[a + bxx] - Sin[3x(a + bxx)1))/(36%b~2)

3.19.  [(c+dz)sin®(a + bz)dzx
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3.19.3 Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 499 Ryjles used = {3042,

integrand size
3791, 3042, 3777, 3042, 3117}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz) sin®(a + bzx) dx
| 3042
/(c + dz)sin(a + bz)3dz
| 3791
;3 ;2
2 /(C + da) sin(a + ba)dz + dsin’(a +bz) (c+dz)sin®(a + bz)cos(a + bz)
3 9b2 3b
| 3042
. 3 . 2
2 /(C + dz) sin(a + ba)dz + dsin®(a +bz)  (c+dz)sin®(a + bz) cos(a + bz)
3 9b2 3b
| 3777
2 (d [cos(a+bzx)dz (c+ dz)cos(a+ bx) dsin®(a+bz) (c+ dz)sin®(a + bx) cos(a + bx)
— — + —
3 b b 9b2 3b
| 3042
2 d[sin(a+bz+7)dx _ (c+dz)cos(a + bz) dsin3(a + bz) B
3 b b 9b2
(c+ dz) sin?(a + bz) cos(a + bz)
3b
| 3117

3 b2 b B

2 (dsin(a +bz) (c+ dx)cos(a+ bw)) n dsin®(a +bz) (c+ dzx)sin?(a + bz) cos(a + bx)
B 952 3b

e

input LInt[(c + d*x)*Sin[a + b*x]"3,x]

|

output‘ -1/3%((c + d*x)*Cos[a + b*x]*Sin[a + b*x]~2)/b + (d*Sin[a + b*x]~3)/(9%b"2
‘) + (2%(-(((c + d*x)*Cos[a + b*x])/b) + (d*Sin[a + b*x])/b~2))/3

N J

3.19.  [(c+dz)sin®(a + bz)dzx



rule 3042

rule 3117

rule 3777

rule 3791
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3.19.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[sin[Pi/2 + (c_.) + (d_.)*(x_)], x_Symbol] :> Simp[Sin[c + d*x]/d, x] /;
FreeQ[{c, d}, x]

Int[((c_.) + (A_.)*(x_))"(m_.)*sin[(e_.) + (£_.)*(x_)], x_Symbol]l :> Simpl[(
-(c + d*x)"m)*(Cos[e + f£*x]/f), x] + Simp[d*(m/f) Int[(c + d*x)"(m - 1)*C
osle + f*x], x]1, x] /; FreeQl{c, 4, e, f}, x] && GtQ[m, O]

Int[((c_.) + (A_.)*(x_))*((b_.)*sin[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :>
Simp[d*((b*Sin[e + f*x])"n/(£72*n"2)), x] + (-Simp[b*(c + d*x)*Cos[e + f*x
I*((b*Sin[e + f*x])"(n - 1)/(f*n)), x] + Simp[b~2*((n - 1)/n) Int[(c + d*
x)*(b*Sin[e + f*x])~(n - 2), x], x]) /; FreeQ[{b, c, d, e, f}, x] && GtQ[n,
1]

3.19.4 Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.84

method result
parallelrisch 3b(dz+c) cos(3bxz+3a)—dsin(3bx+3a) —326’2((u)da:+c)b cos(bz+a)—24cb+-27d sin(bz+a)
s __ 3(dz+c) cos(bz+a) 3dsin(bz+a) (dz+c) cos(3bx+3a)  dsin(3bz+3a)
risch T2 = T 126 3602
_ (bz+a) (2+sin2 (bz+a)) cos(bz+a) + (sins(bz+a)) + 2sin(bz+a
da(2+sin2(ba:+a)) cos(bz+a) c(2+sin2(bx+a)) cos(bz+a) " 3 9 3
derivativedivides 3b 3 b

b

(bz+a) (2+sin2 (ba:+a)) cos(bz+a) (
- +

ind
sin (bm+a)) 2sin(bz+a
9 + 3

da(2+sin2(bw+a)) cos(bz+a) c(2+sin2(bw+a)) cos(bz+a) n ( 3

default 3b 3 b

b

norman b 3b 3b2 962 362 3b

4c(tan2(67z+%))_4c 4dtan(b7‘°+%) 32d(tan3(b7‘°+%)>+4d(tan5(b7$+%))_M_Zdw(tanz(%’J-%))+2dz(tan4(%
b

b

(v (1))

-

input tint ((d*x+c)*sin(b*x+a) ~3,x,method=_RETURNVERBOSE)

—

3.19.  [(c+dz)sin®(a + bz)dzx
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output \ 1/36% (3*%b* (d*x+c) *cos (3*b*x+3*a) —~d*sin (3*b*x+3*a)-27* (d*x+c) *bxcos (b*xx+a) - \
L24*c*b+27*d*sin(b*x+a))/b“2 J

3.19.5 Fricas [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.83

/(c + dz) sin®(a + bz) dz

3 (bdz + be) cos (bz + a)® — 9 (bdz + be) cos (bz + a) — (d cos (bz + a)* — 7d) sin (bz + a)
9 b2

e hY
integrate ((d*x+c)*sin(b*x+a)~3,x, algorithm="fricas")

N\ J

input

output‘ 1/9% (3% (b*d*x + b*c)*cos(b*x + a)~3 - 9*(b*d*x + b*c)*cos(b*x + a) - (d*co ‘
's(b*x + a)"2 - 7*d)*sin(b¥x + a))/b"2 |

3.19.6 Sympy [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.68

/ (c + dz)sin®(a + bx) dzx

csin? (a+bzx) cos (a+bx) 2ccos® (a+bzx) dz sin? (a+bx) cos (a+bx) 2dz cos® (a+bx) 7dsin® (a+bx) 2dsin (a+bzx) cos? (a
- b - 3b o b o 3b + 9b2 + 3b2

(cx + d—“i) sin® (a)

inputLintegrate((d*x+c)*sin(b*x+a)**3,x) J

e B

Piecewise((-c*sin(a + b*x)**2*cos(a + b*x)/b - 2*c*cos(a + b*x)**x3/(3*b) -
| dxxxsin(a + b¥x)**2%cos(a + bxx)/b - 2*d*xxcos(a + b¥x)*x3/(3%b) + Trdxsi |
‘n(a + b¥x)**3/(9*b**2) + 2xd*sin(a + b¥x)*cos(a + bxx)*¥2/(3xbxx2), Ne(b, |
LO)), ((c*x + d*x**2/2)*sin(a)**3, True)) J

output

3.19.  [(c+dz)sin®(a + bz)dzx
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3.19.7 Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.39

/(c + dz) sin®(a + bz) dz
12 (cos(bz+a)®—3 cos(bz+a) )ad _ _sin(3
B 12 (COS (b.’lﬁ + a)3 — 3 cos (b.’I? + a))c _ ( ( ) ; ( )> + (3 (bz+a) cos(3 bz+3 a)—27 (bz+a) cosébx+a) sin (3
o 360
inputLintegrate((d*x+c)*sin(b*x+a)“3,x, algorithm="maxima") J

output‘1/36*(12*(cos(b*x + a)~3 - 3*cos(b*x + a))*c - 12*%(cos(b*x + a)~3 - 3*cos(
‘bkx + a))xa*d/b + (3*(bxx + a)*cos(3xb¥x + 3xa) - 27*(b*x + a)*cos(bx + a |
\) - sin(3%b*x + 3%a) + 27*sin(b*x + a))*d/b)/b \

3.19.8 Giac [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.92

3 _ (bdz +bc)cos (3bz +3a) 3 (bdz + be) cos (bz + a)
/(c+da:) sin®(a + bzx) dx = 1952 15
_ dsin(3bz + 3a) 4 3dsin (br + a)
36 b2 42

input‘integrate((d*x+c)*sin(b*x+a)”3,x, algorithm="giac") ‘

output‘ 1/12% (b*d*x + b*c)*cos(3*b*x + 3*a)/b"~2 - 3/4*(bx*d*x + b*c)*cos(b*x + a)/b
\*2 - 1/36*d*sin(3%b*x + 3%a)/b~2 + 3/4*d*sin(b*x + a)/b~2 \

3.19.9 Mupad [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.05

d si b
/(c + dz) sin®(a + bz) dx = 7 51n9(Z2+ )
_ccos(atbx)— w +dz cos(a+bz) — dﬂvcos(?()z+lwf:)3
b
dcos (a+bz)” sin (a + bx)

92

3.19.  [(c+dz)sin®(a + bz)dzx
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inputtint(sin(a + b*x)“3x(c + d*x),x)

output‘(7*d*sin(a + b*x))/(9%b"2) - (c*cos(a + b*x) - (c*cos(a + b*x)~3)/3 + d*x*
‘cos(a + b*x) - (d*x*cos(a + b*x)~3)/3)/b - (d*cos(a + b*x) " 2*xsin(a + b*x))
/(9%072)

3.19.  [(c+dz)sin®(a + bz)dzx
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3.20  [Swlet) g,

ct+dx
3.20.1 Optimalresult . . .. ... . . . ... . . e 275
3.20.2 Mathematica [A] (verified) . . . . . . ... . ..o 2751
3.20.3 Rubi [A] (verified) . . . . . ... .. 276
3.20.4 Maple [A] (verified) . . . .. ... ... .. 27T
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 278
3.20.6 Sympy [F] . . . . . 278
3.20.7 Maxima [C] (verification not implemented) . . . . . . . . ... ... ... .. 278]
3.20.8 Giac [C] (verification not implemented) . . . .. ... ... ... ...... 279
3.20.9 Mupad [F(-1)] . . . . oo 280

3.20.1 Optimal result

Integrand size = 16, antiderivative size = 121

/ sin®(a + bx) Coslntegral (2% + 3bz) sin (3a — )
T A = —
c+dx 4d
N 3 CoslIntegral (%c + bx) sin (a — %C)
4d
+ 3 cos (a — bf) Si(%c + bx) _cos (3a — %3) Si(%bc + 3bw)
4d 4d

output | 3/4%cos (a-bxc/d)*Si (bkc/d+bxx) /d-1/4*cos (3xa-3+bkc/d) *Si (3xbkc/d+3xb*x) /d-
| 1/4%Ci (3¥b*c/d+3+b*x) ¥sin(3+a-3+bxc/d) /d+3/4+Ci (b*c/d+b¥x) *sin(a-b¥c/d) /d

3.20.2 Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.84

/ sin®(a + bx)
T dr =
c+dr
Coslntegral <L}'d“’)> sin (3a — 3’7”0) — 3 CosIntegral (b(g + x)) sin (a — %‘3) — 3cos (a — %C) Si(b(g +

4d

input Integrate[Sin[a + b*x]~3/(c + d*x),x]

3.20. [ rlette) gy
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output‘ -1/4%(CosIntegral [(3*b*(c + d*x))/d]*Sin[3*a - (3*b*c)/d] - 3*CosIntegrall ‘

input LInt [Sin[a + b*x]~3/(c + d*x),x]

output‘ -1/4*%(CosIntegral [(3*bxc)/d + 3*b*x]*Sin[3*a - (3*b*c)/d])/d + (3*CosInteg

'bx(c/d + x)1*Sin[a - (b*c)/d] - 3*Cosl[a - (b*c)/d]*SinIntegrallb*(c/d + x)
1 + Cos[3*a - (3xb*c)/d]*SinIntegral [(3*b*(c + d*x))/d])/d |

3.20.3 Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.00,
number of steps used = 3, number of rules used = 3, Lumber of rules _ () 188 Ryles used

integrand size
= {3042, 3793, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

. 3
/sm (a + bx) dx
c+dzx

J’3042

; 3
/ sin(a + bx) iz
c+dzx
l 3793

[ (st s,

l 2009

sin (3a — %) CoslIntegral (3%0 + 3bw) N 3sin (a — %) Coslntegral (% + b:c) +

4d 4d
3 cos (a — %C) Si(% + ba:) _cos (3a — 371’0) Si(%bc + 3bx)

4d 4d

s

—/

‘ral[(b*c)/d + bxx]*Sin[a - (b*c)/d])/(4%d) + (3*Cos[a - (bxc)/d]*SinIntegr
‘al[(b*c)/d + b*x])/(4%d) - (Cos[3*a - (3*b*c)/d]*SinIntegral[(3*b*c)/d + 3
 *b*x])/(4%d)

C—

3.20. [ rlette) g,



rule 2009

rule 3042

rule 3793

input

output
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3.20.3.1 Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_)*(x_)) " (m_)*sinl(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQl{c, 4, e, f
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 1]))

3.20.4 Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.42

method result

d - d

. 3(—da+cb) —3da+3ch _ _
( 25— S ) cn (SHGEID) 1y St (St e
- 3|/ -—  a
+

d

derivativedivides 12 5

d

. 3(—da+cb) ) —3da+3ch — —
3 Si| —3bz—3a— : 3da+3cd) : 3da+3cb
ol - 1( T a a4 COS( d ) 3 Cl(sz+3a+ d ) Sln( d ) Si(—ba:—a— 7d¢zl+gb
d 3| --— 0 a
+

d

default 12

b

3i(da—cb) . . 3i(da—cb) .
e d Eh(—3ibz—3ia—73(_mj+wb)> A E11(3ibz+3m—73“d‘;‘d’)>

i(da—cb)
3ie” 4 Eip (ibz-+

risch - 8d + 8d

8d

Lint (sin(b*x+a) ~3/(d*x+c) ,x,method=_RETURNVERBOSE)

‘1/b*(-1/12*b*(-3*Si(-3*b*x—3*a—3*(-a*d+b*c)/d)*cos(3*(—a*d+b*c)/d)/d—3*Ci(
\3*b*x+3*a+3*(—a*d+b*c)/d)*sin(3*(—a*d+b*c)/d)/d)+3/4*b*(—Si(—b*x—a—(—a*d+b
\*c)/d)*cos((—a*d+b*c)/d)/d—Ci(b*x+a+(-a*d+b*c)/d)*sin((—a*d+b*c)/d)/d))

3.20. [ rlette) gy
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3.20.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.02

/sm (a-l—bcc) i

c+dx

3 Ci (bdzbe) sin (—be=ed) _ Cj <M) sin (_3(b+l—ad)) — cos (_B(bcd—ad)> g (3(bdm+bc)) 13 cos (=t

4d

inputLintegrate(sin(b*x+a)”3/(d*x+c),x, algorithm="fricas")

output‘1/4*(3*cos_integra1((b*d*x + bxc)/d)*sin(-(b*c - a*d)/d) - cos_integral (3x
‘(b*d*x + b*c)/d)*sin(-3*(b*xc - axd)/d) - cos(-3*(bxc - a*d)/d)*sin_integra
‘1(3*(b*d*x + b*c)/d) + 3*cos(-(b*c - axd)/d)*sin_integral ((b*d*x + b*c)/d)
/4

3.20.6 Sympy [F]

.3 3
/sm (a + bx) dw_/sm (a—i—bx)

c+dzx c+dx

input Lintegrate (sin(b*x+a)**3/ (d*x+c) ,x)

output LIntegral(sin(a + b*x)**3/(c + d*x), x)

3.20.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 279, normalized size of antiderivative = 2.31

.3
/sm (a + bx) dr —
c+dx

d

3b<i B <ibc+i (bx;—a)d—iad) _iE, (_ibc—i—i (bx—i—a)d—z’ad)) cos (_bc;ad) _ b(—i E, <3(—ibc—z’ (b‘:jzc—}—a)d—}—iad)

)+

3.20. [ rlette) gy
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input‘integrate(sin(b*x+a)”3/(d*x+c),x, algorithm="maxima")

output | -1/8*(3*bx(I*xexp_integral_e(1l, (Ixbxc + I*(b*x + a)*d - I*a*xd)/d) - I*exp_
integral_e(1, -(I*bxc + Ix(b*x + a)*d - I*ax*d)/d))*cos(-(bxc - a*d)/d) - b
*(-I*exp_integral_e(1l, 3*(-Ixb*c - Ix(b*x + a)*d + I*axd)/d) + I*exp_integ
ral_e(1, -3*(-Ix*bxc — Ix(b*x + a)*d + I*a*d)/d))*cos(-3*(b*c - a*d)/d) + 3
*b* (exp_integral_e(1l, (I*bxc + I*(b*x + a)*d - I*a*d)/d) + exp_integral_e(
1, —-(I*b*c + I*(b*x + a)*d - Ixa*d)/d))*sin(-(b*c - a*d)/d) - b*(exp_integ
ral_e(1, 3*(-Ixbxc - Ix(b*x + a)*d + I*a*d)/d) + exp_integral_e(1l, -3x(-Ix*
b*c - Ix(b*x + a)*d + Ixaxd)/d))*sin(-3*(b*c - ax*d)/d))/(b*d)

3.20.8 Giac [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.51 (sec) , antiderivative size = 6296, normalized size of antiderivative = 52.03

dx = Too large to display

/ sin3(a + bx)

c+dx

inputLintegrate(sin(b*x+a)”3/(d*x+c),x, algorithm="giac")

3.20. [ rlette) gy
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input

output
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-1/8*(imag_part(cos_integral (3*bxx + 3*b*c/d))*tan(3/2*a) 2xtan(1/2+*a) "2+t

an(3/2xbxc/d) "2*tan(1/2%b*c/d) "2 - 3*imag_part(cos_integral (bxx + b*c/d))*
tan(3/2*a) ~“2*tan(1/2*a) ~2*tan(3/2*b*c/d) “2*tan(1/2*b*c/d) "2 + 3*imag_part(
cos_integral (-b*x - bxc/d))*tan(3/2%a) "2*tan(1/2*a) ~"2*tan(3/2*b*c/d) “2*tan
(1/2%bxc/d)~2 - imag_part(cos_integral (-3*b*x - 3*b*c/d))*tan(3/2*a) 2*tan
(1/2%a) "2*tan(3/2*b*c/d) “2*xtan(1/2*b*c/d) "2 + 2*sin_integral (3*(bxd*x + bx*
c)/d)*tan(3/2*a) “2*xtan(1/2+*a) “2*tan(3/2*xbxc/d) “2*tan(1/2*b*c/d) "2 - 6*sin_
integral ((bxd*x + b*c)/d)*tan(3/2+*a) "2+tan(1/2+*a) "2+tan(3/2*b*c/d) “2*tan(1
/2*%b*c/d) "2 - 6*real_part(cos_integral(b*x + bxc/d))*tan(3/2xa) 2*tan(1/2*
a) "2*tan(3/2%b*c/d) “2*tan(1/2*b*c/d) - 6*real_part(cos_integral(-bxx - b*c
/d) ) *tan(3/2%a) “2xtan(1/2%a) “2xtan(3/2*bxc/d) “2*tan(1/2*%b*c/d) + 2*real_pa
rt(cos_integral (3xb*x + 3*bx*c/d))*tan(3/2*a) 2*tan(1/2*a) " 2*tan(3/2*bxc/d)
*tan(1/2xb*c/d) "2 + 2#real_part(cos_integral (-3*b*x - 3*b*c/d))*tan(3/2*a)
~“2xtan(1/2%a) “2*tan(3/2*b*c/d) *tan(1/2%b*c/d) "2 + 6%real_part(cos_integral
(bxx + bxc/d))*tan(3/2%*a) 2*tan(1/2*a)*tan(3/2*b*c/d) "2*xtan(1/2*bxc/d)"2 +
6*real_part(cos_integral (-b*x - b*c/d))*tan(3/2*a) "2xtan(1/2*a)*tan(3/2*b
*c/d) “2+tan(1/2*b*c/d) "2 - 2xreal_part(cos_integral (3*b*x + 3%b*c/d))*tan(
3/2xa)*tan(1/2*a) "2xtan(3/2*bxc/d) “2+tan(1/2*b*c/d) "2 - 2#real_part(cos_in
tegral (-3*b*x - 3%bxc/d))*tan(3/2+*a)*tan(1/2%a) "2*tan(3/2*b*c/d) “2*tan(1/2
*b*c/d) "2 + imag_part(cos_integral (3*b*x + 3xbxc/d))*tan(3/2*a) 2*tan(l...

s

\

3.20.9 Mupad [F(-1)]

Timed out.

-3 . 3
/sm (a+ bx) dzz/sm(a+bx) i
c+dz c+dz

int(sin(a + b*x)~3/(c + d*x),x)

N

int(sin(a + b*x)~3/(c + d*x), x)

3.20. [ rlette) gy
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3.21 [l g,

(ct+dz)?
3.21.1 Optimalresult . . . . . . . . . . . . 2&T]
3.21.2 Mathematica [A] (verified) . . . . . . . ... Lo 28Tl
3.21.3 Rubi [A] (verified) . . . . ... .. .. 282
3.21.4 Maple [A] (verified) . ... ... ... ... 283
3.21.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. 284
3.21.6 Sympy [F] . . . . . o 284
3.21.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 2851
3.21.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 285
3.21.9 Mupad [F(-1)] . . . . o 280

3.21.1 Optimal result

Integrand size = 16, antiderivative size = 145

/ sin®(a + bx) o — 3bcos (a — %) Coslntegral (% + bx)

(c+ dx)? v 4d?
3bcos (3a — 2¢) CosIntegral (2 + 3bz)  sin®(a + bz)
Bl 4d? "~ d(c+dx)
B 3bsin (a — %C) Si(% + bm) + 3bsin (3a — 3%) Si(‘%bc + 3bm)
4d? 4d?

output‘-3/4*b*Ci(3*b*c/d+3*b*x)*cos(3*a-3*b*c/d)/d”2+3/4*b*Ci(b*c/d+b*x)*cos(a-b*
\c/d)/d‘2+3/4*b*Si(3*b*c/d+3*b*x)*sin(3*a—3*b*c/d)/d‘2—3/4*b*Si(b*c/d+b*x)*
‘sin(a-b*c/d)/d‘2-sin(b*x+a)‘3/d/(d*x+c) \

3.21.2 Mathematica [A] (verified)

Time = 0.76 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.21

sin®(a + bx)
/ (c+ dz)? de

B 3b(c + dz) cos (a — %) Coslntegral (b(% + z)) — 3b(c + dz) cos (3a — 25¢) CosIntegral (M) — 3d co

sin3(a+bx
321 [UlED gy
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input ‘ Integrate[Sin[a + b*x]~3/(c + d*x)~2,x]

output | (3*xbx(c + d*x)*Cos[a - (bxc)/d]*CosIntegrall[b*(c/d + x)] - 3*b*(c + d*x)*C
os[3*a - (3#*b*c)/d]*CosIntegral [(3*b*(c + d*x))/d] - 3*d*Cos[b*x]*Sin[a] +
d*Cos [3*b*x] *Sin[3*a] - 3*d*Cos[a]*Sin[b*x] + d*Cos[3*a]*Sin[3*b*x] - 3*b
*(c + d*x)*Sin[a - (b*c)/d]*SinIntegral[b*(c/d + x)] + 3*b*(c + d*x)*Sin[3
*a — (3%b*c)/d]*SinIntegral [(3*b*(c + d*x))/d])/(4*d"2x(c + d*x))

3.21.3 Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.02,
number of steps used = 3, number of rules used = 3, number of rules _ 0.188, Rules used

integrand size
= {3042, 3794, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

i3
/sm (a + bx) iz
(c+ dz)?
| 3042

: 3
/ sin(a + bx) dx
(c+dx)?

l»3794

+b 3a+3b:
] (T8~ =) & swd(a+ o)

d d(c+ dx)
l 2009

cos (a—%c) CosIntegral(%C—i-bx) cos (3a—37bc) CosIntegra,l(‘gT’;C—iﬁbx) sin (a—%) Si (%’:-i—b:c) sin (30,— 3%6) Si(%c—}-%x)
3b id id id + d

d
sin3(a + bx)
d(c+ dz)

input Tut[Sinla + bcl"3/(c + ar)"2,x] J

sin3(a+bx
321 [UlED gy
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output‘ -(Sin[a + b*x]~3/(d*(c + d*x))) + (3xb*((Cos[a - (b*c)/d]*CosIntegral[(b*c
‘)/d + bx*x])/(4*%d) - (Cos[3*a - (3*b*c)/d]*CosIntegral [(3*b*c)/d + 3xbx*x])/
‘(4*d) - (Sin[a - (b*c)/d]l*SinIntegral[(b*c)/d + b*x])/(4xd) + (Sin[3*a - (
‘3*b*c)/d]*SinIntegral[(3*b*c)/d + 3*bxx])/(4xd)))/d

3.21.3.1 Defintions of rubi rules used

rule 2009 LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

rule 3794 Int[((c_.) + (d_.)*(x_)) " (m_)*sinl[(e_.) + (f_.)*(x_)1"(n_), x_Symbol] :> Si
mpl(c + d*x)~(m + 1)*(Sinfe + f*x]"n/(d*(m + 1))), x] - Simp[f*(n/(d*(m + 1

)))  Int[ExpandTrigReduce[(c + d*x)"(m + 1), Cos[e + f*x]*Sinf[e + f*x] (n

& LtQ[m, -1]

- 1), x], x], x] /; FreeQ[{c, 4, e, f, m}, x] && IGtQ[n, 1] && GeQ[m, -2] &

3.21.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 245, normalized size of antiderivative = 1.69

method result
9 Si(—sz—3a— 3(—da+tcb) ) sin(=3dat3eh) Ci(3ba-+3a-+ =3datdeb ) oo (=3datich)
b2 3sin(3bz+3a) d + d
~ (—datcbrd(bata))d +— d
. . .. — +
derivativedivides 12 5
9 si (7317173(17 3(_‘13"'6”) ) sin(=3dat3cb) 4 (3ba+3a-+ =3det3eb) go5 (=3dartSch)
2 3 sin(3bz+3a) + d + d
~ (—da+cb+d(bz+a))d d
- +
default 12 .
3i(da—cb) . . 31(da cb) _ z(da cb)
. 3be d Eiq (—3iba¢—3ia—%§+wb)) 3be™ Ei; (31bw+3w, M) 3be” Eiq (zbz
risch 3 + 8d? - 842

input Lint (sin(b*x+a) ~3/(d*x+c) ~2,x,method=_RETURNVERBOSE)

sm3a X
321 [ Ul 4y
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output | 1/b*(-1/12*%b~ 2% (-3*sin (3*b*x+3*a) / (-d*a+c*b+d* (bxx+a) ) /d+3* (-3*Si (-3*b*x-3
*a—-3* (—axd+b*c) /d) *sin (3* (—a*d+b*c) /d) /d+3*Ci (3*xb*x+3*a+3* (—a*d+b*c) /d) *co
s(3*(-axd+bxc)/d) /d) /d)+3/4%b"2* (-sin (b*x+a) / (-d*a+c*b+d* (b*x+a) ) /d+(-Si(-
b*x-a-(-axd+b*c) /d) *sin ((-a*d+b*c) /d) /d+Ci (b*x+a+(-a*xd+b*c) /d) *cos ((-a*d+b
xc)/d)/d)/d))

3.21.5 Fricas [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.30

sin®(a + bx)
/ (c+ dz)? de

3 (bdz + bc) cos <—M> Ci <3(bd++bc)) — 3 (bdz + be) cos (—524) Ci (bdetbe) — 3 (bdz + be) sin (—
4 (d3x 4

e

inputLintegrate(sin(b*x+a)‘3/(d*x+c)‘2,x, algorithm="fricas")

~—  /

output | -1/4* (3% (b*d*x + b*c)*cos(-3*(b*c - a*d)/d)*cos_integral (3*(bxd*x + bxc)/d
) - 3x(bxd*x + b*c)*cos(-(b*c - a*d)/d)*cos_integral ((b*d*x + b*c)/d) - 3
(b*d*x + bxc)*sin(-3*(bxc - a*d)/d)*sin_integral (3*x(bxd*x + b*c)/d) + 3*(b
*d*x + b*c)*sin(-(b*c - a*d)/d)*sin_integral ((bxd*x + b*c)/d) - 4*(d*cos(b
*x + a)”2 - d)*sin(bxx + a))/(d"3*x + c*d~2)

3.21.6 Sympy [F]

.3 .3
/sm (a + bx) dp — / sin (a+b2x) i
(c+da)? (c+do)

input ‘ integrate (sin(b*x+a)**3/(d*x+c) **2,x) J

output‘ Integral(sin(a + bxx)**3/(c + d*x)**2, x) ‘

sin3(a+bx
321 [ Ul 4y
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3.21.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.31 (sec) , antiderivative size = 306, normalized size of antiderivative = 2.11

/ sin®(a + bz) i —
(c+ dz)?
332 (z B, (ibc—}-i (bw;—a)d—iad) B, (_ibc—i—i (bw:l—a)d—i ad>) cos (_ bc;ad) B2 (—z’ E, (3 (—ibc—i (b‘:ic-i-a)d-i-i ad))

inputLintegrate(sin(b*x+a)“3/(d*x+c)‘2,x, algorithm="maxima") J

output

p
inputLintegrate(sin(b*x+a)”3/(d*x+c)“2,x, algorithm="giac")

-

-1/8%(3*%b~2x(I*exp_integral_e(2, (I*bxc + I*(b*x + a)*d - I*a*xd)/d) - I*ex
p_integral_e(2, -(I*b*c + I*(b*x + a)*d - Ixa*d)/d))*cos(-(b*c - a*d)/d) -
b~2%(-Ixexp_integral_e(2, 3*(-I*bxc — I*(b*x + a)*d + I*a*xd)/d) + I*exp_i
ntegral_e(2, -3*(-Ixbxc - Ix(b*x + a)xd + I*a*d)/d))*cos(-3*(b*xc - a*d)/d)
+ 3*%b"2x(exp_integral_e(2, (Ixbxc + Ix(b*x + a)*d - I*a*d)/d) + exp_integ
ral_e(2, -(Ixbxc + I*(b*x + a)*d - I*axd)/d))*sin(-(bxc - a*d)/d) - b~2x(e
xp_integral_e(2, 3*(-Ixbxc - I*(b*x + a)*d + I*a*xd)/d) + exp_integral_e(2,
-3*%(-I*b*c - I*(b*x + a)*d + Ixa*d)/d))*sin(-3*(bxc - a*d)/d))/((bxc*d +

(b*x + a)*d™2 - a*d™2)*Db)

3.21.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1000 vs. 2(137) = 274.

Time = 0.43 (sec) , antiderivative size = 1000, normalized size of antiderivative = 6.90

dx = Too large to display

/ sin®(a + bx)

(c+ dz)?

~—

sm3a X
321 [ Ul 4y



output

input

output
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-1/4%(3*%(d*x + c)*(b - bxc/(d*x + c) + a*xd/(d*x + c))*b~2*cos(-3*(bxc - ax
d)/d)*cos_integral (3*((d*x + c)*(b - bxc/(d*x + c) + a*d/(d*x + c)) + bxc
- a*d)/d) + 3*b~3*cxcos(-3*(b*c - a*d)/d)*cos_integral(3*x((d*x + c)*(b - b
*xc/(d*x + c) + axd/(d*x + c)) + b*c - a*xd)/d) - 3*a*b~2*d*cos(-3*(b*xc - ax
d)/d)*cos_integral (3*((d*x + c)*(b - b*c/(d*x + c) + a*d/(d*x + c)) + bxc
- axd)/d) - 3*(d*x + c)*(b - bxc/(d*x + c) + axd/(d*x + c))*b~2xcos(-(b*c
- axd)/d)*cos_integral (((d*x + c)*(b - bxc/(d*x + c) + axd/(d*x + c)) + bx
c - a*d)/d) - 3*b~3*cxcos(-(b*c - a*d)/d)*cos_integral (((d*x + c)*(b - b*c
/(d*x + c) + axd/(d*x + c)) + b*c - axd)/d) + 3xaxb~2xd*cos(-(bxc - axd)/d
)*cos_integral (((d*x + c)*(b - b*c/(d*x + c) + axd/(d*x + c)) + b*c - axd)
/d) - 3%(d*x + c)*(b - bxc/(d*x + c) + a*xd/(d*x + c))*b"2*sin(-(b*c - a*d)
/d)*sin_integral (-((d*x + c)*(b - bkxc/(d*x + c) + a*d/(d*x + c)) + bxc - a
*d) /d) - 3#b~3*c*sin(-(b*c - a*d)/d)*sin_integral(-((d*x + c)*(b - b*c/(d*
X + ¢c) + axd/(d*x + c)) + bxc - a*d)/d) + 3*axb"2xd*sin(-(b*c - a*d)/d)*si
n_integral(-((d*x + c)*(b - b*c/(d*x + c) + a*d/(d*x + c)) + bxc - a*xd)/d)
+ 3*(d*x + c)*(b - b*c/(d*x + c) + a*d/(d*x + c))*b~2*sin(-3*(b*c - axd)/
d)*sin_integral (-3*((d*x + c)*(b - b*c/(d*x + c) + a*d/(d*x + c)) + bxc -
axd)/d) + 3*b~3*c*ksin(-3*(b*c - a*d)/d)*sin_integral (-3*((d*x + c)*(b - b*
c/(d*x + c) + a*d/(d*x + c)) + b*c - a*d)/d) - 3*axb~2*d*sin(-3*(bxc - a*d
)/d)*sin_integral (-3*((d*x + c)*(b - bxc/(d*x + c) + axd/(d*x + c)) + b...

3.21.9 Mupad [F(-1)]

Timed out.
-3 . 3
/ sin®(a + be) oo [ it (a+ bxz) i
(c+ dz) (c+dx)
(int(sin(a + b*x)~3/(c + d*x)"2,x%)

-

Lint(sin(a + b*x)~3/(c + d*x)"2, x)

~—

sin3(a+bx
321 [Tl g
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3.22 [l g,

(ct+dz)3
3.22.1 Optimalresult . . . . . . . . . . . . 287
3.22.2 Mathematica [A] (verified) . . . . . . . ... .. Lo 288]
3.22.3 Rubi [A] (verified) . . . . . ... .. 288
3.22.4 Maple [A] (verified) . ... ... . . ... 291]
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 292
3.22.6 Sympy [F] . . . . . 292
3.22.7 Maxima [C] (verification not implemented) . . . . . . .. ... ... ... .. 2931
3.22.8 Giac [C] (verification not implemented) . . . . ... ... ... ....... 293
3.22.9 Mupad [F(-1)] . . . . . oo 294

3.22.1 Optimal result

Integrand size = 16, antiderivative size = 184

/ sin3(a + bx) o — 9b? Coslntegral (3¢ + 3bz) sin (3a — 2¢)
(c+ dx)3 8d3
B 3b? Coslntegral (¥ + bz) sin (a — %)
83
_ 3bcos(a + bx)sin*(a+bx)  sin’(a+ bx)
2d?(c + dzx) 2d(c + dx)?
B 3b? cos (a - %c) Si(% + bx) N 9b? cos (3a - 371’0) Si(% + 3bm)
8d3 ]d3

output(-3/8*b“2*cos(a-b*c/d)*Si(b*c/d+b*x)/d“3+9/8*b“2*cos(3*a-3*b*c/d)*Si(3*b*c/
\d+3*b*x)/d‘3+9/8*b‘2*Ci(3*b*c/d+3*b*x)*sin(3*a—3*b*c/d)/d‘3-3/8*b“2*Ci(b*c
‘ /d+b*xx)*sin(a-b*c/d) /d"3-3/2*b*cos (b*x+a)*sin(b*x+a) ~2/d"2/ (d*x+c)-1/2*sin
L(b*X+a)‘3/d/(d*x+c)‘2

| S —

sin3(a+bx
3.22. [Ult)dg
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3.22.2 Mathematica [A] (verified)

Time = 0.56 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.20

.3
/sm (a+bx) i
(c+ dz)?

—6d cos(bz)(b(c + dzx) cos(a) + dsin(a)) + 2d cos(3bz)(3b(c + dz) cos(3a) + dsin(3a)) + 6d(—d cos(a) +

-

input LIntegrate [Sin[a + b*x]~3/(c + d*x)~3,x]

|

output | (-6*d*Cos [b*x]*(b*x(c + d*x)*Cos[a] + d*Sin[a]) + 2*d*Cos[3*b*x]*(3*b*(c +
d*x) *Cos[3*a] + d*Sin[3*a]) + 6*d*(-(d*Cos[a]) + bx(c + d*x)*Sin[a])*Sin[b
*x] + 2xd*(d*Cos[3*a] - 3*bx(c + d*x)*Sin[3+*a])*Sin[3*b*x] + 6*%b~2x(c + dx*
x) "2*(3*CosIntegral [(3*b*(c + d*x))/d]*Sin[3*a - (3*b*c)/d] - CosIntegrall
b*(c/d + x)]*Sin[a - (b*c)/d] - Cos[a - (b*c)/d]*SinIntegral[b*(c/d + x)]
+ 3%Cos[3*a - (3*b*c)/d]*SinIntegral [(3*bx(c + d*x))/d]))/(16xd"3*(c + d*x
)"2)

3.22.3 Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.32,

_ _ o number of rules _
number of steps used = 9, number of rules used = 9, integrand size — 0.562, Rules used

= {3042, 3795, 3042, 3784, 3042, 3780, 3783, 3793, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

.3
/sm (a + bx) iz
(c+dz)3

| 3042

/ sin(a + bx)3 iz
(c+dx)3

l 3795

_9b2 / 7Sini5f,;;bx) dz N 3 [ Si“c(_‘ijf””) dr  3bsin®(a + bx) cos(a +bx)  sin’(a + bx)
2d? d? 2d?(c + dx) 2d(c + dz)?

l 3042

sin3(a+bx
3.22. [Ult)dg
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30% [ %dﬂf 9v? [ S“‘ﬁi%'f)dw 3bsin?(a + bx) cos(a + bx) B sin®(a + bx)

d? 2d? 2d%(c + dx) 2d(c + dzx)?
| 3784
. c cos( 2 +bz c sin( 2 +bz
T I =
f ct+dz x + —
2d2 2
3bsin?(a + bx) cos(a + bx) B sin3(a + bx)
2d?(c + dx) 2d(c + dx)?
| 3042
. c sin( % +bz+ZT sin( % +bz
92 f sin(a+bx)3 dx 3b° (Sln (a - %) f ( dc—i—dx 2> dz - cos (a’ - %) f <c—idz ) dx)
_ ct+dx + —_
2d2 d?
3bsin?(a + bx) cos(a + bx) B sin®(a + bx)
2d?(c + dx) 2d(c + dz)?
| 3780
in( 2e bac—i—E) cos(a——)Sl(bc—i-bx)
3b2 | sin (a — & Sm(d+ 2L dx + .
( ( d) f ct+dz d ~ 9p2 ]‘ smﬁi-zl;xﬁ de B
d? 2d?
3bsin?(a + bx) cos(a + bx) 3 sin®(a + bx)
2d%(c + dx) 2d(c + dx)?
| 3783
)+ naste? 352 (sin(a—?) CosI;tegral(%”-i—bm) + cos(a—)ClSI(bc+bz)>
_gb f ct+dx dz _
2d2 d?
3bsin?(a + bx) cos(a + bx) B sin(a + bx)
2d%(c + dx) 2d(c + dzx)?
| 3793
sin a—— CosIntegral( +bz) cos (a—%)Si(%+bm>
3sin(a+b in(3a+3b 3b? (o-%) +
952 [ ( z(nc(fdxf) _ SHZ((ci dz)@) dz N ( d a )
2d2 d?
3bsin?(a + bx) cos(a + bx) B sin3(a + bx)
2d?(c + dx) 2d(c + dx)?
| 2009

Sln3 a X
3.22. [TEEdy
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3b2 ( sin (a— —) Coslntegral < be +bz) " cos (a,— %) Si (%c +bm> )

d d
d2
9 sin <3a— 3—1’0) CosIntegral < Sbe +3bx) 3sin (a— —) Coslntegral ( be -I—bac) 3cos ( gc) Si ( be -I—bac) cos (3a— ‘%C) Si (s%lc +3bz‘
97| — i + i + id - d |
2d2
3bsin?(a + bx) cos(a + bx)  sin(a + bx)
2d?(c + dx) "~ 2d(c + dx)?

;
input Int[Sin[a + b*x]~3/(c + d*x)~3,x]

output | (-3*bxCos[a + b*x]*Sin[a + b*x]72)/(2*d"2*(c + d*x)) - Sin[a + b*x]~3/(2*d
*(c + d*x)"2) + (3*b~2*((CosIntegral[(bxc)/d + b*x]*Sinf[a - (bxc)/d])/d +

(Cos[a - (bxc)/d]l*SinIntegral[(b*c)/d + b*x])/d))/d"2 - (9*b~2*(-1/4*(CosI
ntegral [(3*b*c)/d + 3*b*x]*Sin[3*a - (3*bxc)/d])/d + (3*CosIntegrall[(b*c)/
d + bxx]*Sin[a - (b*c)/d])/(4*d) + (3*Cos[a - (b*c)/d]*SinIntegral[(b*c)/d
+ bxx])/(4*%d) - (Cos[3*a - (3*bxc)/d]*SinIntegral[(3*b*c)/d + 3*b*x])/(4*
d)))/(2xd~2)

3.22.3.1 Defintions of rubi rules used

ruk32009‘Int[u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

ruk33042‘Int[u_, x_Symbol] :> Int([DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
\Q[u, x]

rule 3780 Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[SinInte
gralle + f£xx]/d, x] /; FreeQ[{c, 4, e, £}, x] && EqQ[d*e - cxf, 0]

rule 3783  Int[sinl[(e_.) + (f_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[CosInte
gralle - Pi/2 + f*x]/d, x] /; FreeQ[{c, d, e, £}, x] &% EqQ[d*(e - Pi/2) -
c*xf, 0]

sm3a X
3.22. [Ult)dg



rule 3784

rule 3793

rule 3795
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Int[sin[(e_.) + (£_.)*(x_)1/((c_.) + (d_.)*(x_)), x_Symbol] :> Simp[Cos[(d*
e - cxf)/d] Int[Sin[c*(£f/d) + f*x]/(c + d*x), x], x] + Simp[Sin[(d*e - cx*
£)/d] Int[Cos[c*(f/d) + f*x]/(c + d*x), x], x] /; FreeQ[{c, 4, e, f}, x]
&& NeQ[d*e - cxf, 0]

Int[((c_.) + (d_.)*(x_)) " (m_)*sin[(e_.) + (£_.)*(x_)]1"(n_), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQl{c, d, e, £
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 11))

Int[((c_.) + (A_)*(x_)) " (m_)*((b_.)*sin[(e_.) + (£_.)*(x_)1)"(n_), x_Symbo
1] :> Simp[(c + d*x)~(m + 1)*((b*Sin[e + f*x])"n/(d*(m + 1))), x] + (-Simp[
bxfxnkx(c + d*x)~(m + 2)*Cos[e + fxx]*((b*Sin[e + f*x])~"(n - 1)/(d"2%(m + 1)
*(m + 2))), x] + Simp[b™2*£"2*%n*((n - 1)/(d"2*(m + 1)*(m + 2))) Int[(c +

d*x)"(m + 2)*(b*Sinfe + £*x])"(n - 2), x], x] - Simp[£~2*(n"2/(d"2*x(m + 1)x*
(m + 2))) Intl[(c + d*x)~(m + 2)*(b*Sin[e + f*x])"n, x], x]) /; FreeQ[{b,

c, d, e, f}, x] && GtQ[n, 1] && LtQ[m, -2]

3.22.4 Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 318, normalized size of antiderivative = 1.73

method result
. 3 Si(—3bz—3a— 3(_d‘dl+6b) ) cos( 73dad+3cb) 3 Ci(3bx+3a+:
- d
9 cos(3bz+3a)
»3 | — 3sin(3bz+3a) ~ 2(—=da+tcbtd(bz+a))d _
2(—da+cb+d(bz+a))2d d
derivativedivides | — 12
3 Si(_3bz_3a_ 3(7dg+cb) ) cos( 3daideb) i (3ba+3a+ =
9 - d
9 cos(3bz+3a)
s3] — 3sin(3bz+3a) T ~ 2(—da+tcbtd(bz+a))d
2(—da+cb+d(bz+a))2d d
default — 12
3i(da—cb) . . _ 3i(da—cb) o
ch 9ibe Eiy (—3ibo—3ia— 2=1agHie) ) gipZe Eiy (3iba-+3ia—21d4-))
IS¢ 1643 - 1643

input Lint (sin(b*x+a) "3/ (d*x+c) ~3,x,method=_RETURNVERBOSE)

sm3a X
3.22. [Ult)dg




output

input

output
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1/b% (-1/12xb~3% (-3/2*sin (3*b*x+3%a) / (-d*a+c*xb+d* (b*x+a)) ~2/d+3/2* (-3*cos (3
*bxx+3*a) / (~d*a+c*b+d* (b*x+a)) /d-3* (-3*Si (-3*b*x-3*a-3* (-a*d+b*c) /d) *cos (3
* (—axd+b*xc) /d) /d-3*Ci (3*xb*x+3*a+3* (—axd+b*xc) /d) *sin (3* (—a*xd+b*c)/d) /d) /d) /
d)+3/4%b" 3% (-1/2*sin (b*x+a) / (-d*a+c*b+d* (b*x+a)) ~2/d+1/2* (-cos (b*x+a) / (-d*
a+cxb+d* (b*x+a))/d- (-Si(-b*x-a-(-a*d+b*c) /d) *cos ((—a*d+b*c) /d) /d-Ci (b*x+a+
(-axd+b*c) /d) *sin((-axd+b*c)/d) /d) /d)/4d))

3.22.5 Fricas [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 315, normalized size of antiderivative = 1.71

.3
/ sin®(a + bx) i
(c+ dx)3

12 (bd2z + bed) cos (br + a)® — 3 (2d?2? + 2 b2cdz + b2c?) Ci (%42tbe) sin (—%e=ed) 4 9 (b2d%2? + 2 b2cdz

p
Lintegrate(sin(b*x+a)‘3/(d*x+c)‘3,x, algorithm="fricas")

-/

1/8%(12% (b*d~2*x + b*c*d)*cos(b*x + a)~3 - 3*(b"2%d"2*%x"2 + 2¥b~2xc*xd*x +

b~2%c~2)*cos_integral ((bxd*x + b*c)/d)*sin(-(b*c - a*d)/d) + 9*(b"2*d ~2*x"~
2 + 2*b"2*c*d*x + b~2%c”2)*cos_integral (3% (b*d*x + b*c)/d)*sin(-3*(b*c - a
*d) /d) + 9x(b"2%d"2*x"2 + 2*b"2%c*kd*x + b~2*c"2)*cos(-3*(b*c - axd)/d)*sin
_integral (3x(bxd*x + bxc)/d) - 3x(b"2xd"2*x"2 + 2%b~2xc*d*x + b~ 2%c”2)*cos
(-(b*c - axd)/d)*sin_integral ((b*d*x + b*c)/d) - 12%(b*d~2*x + b*c*d)*cos(
b*x + a) + 4*%(d"2xcos(b*x + a)”2 - d"2)*sin(b*x + a))/(d"5*x"2 + 2xc*d~4+*x
+ ¢72*d"3)

3.22.6 Sympy [F]

.3 .3
/ sin®(a + bx) dr — / sin® (a + b;v) i
(c+dzx)? (c+ dzx)

inputLintegrate(sin(b*x+a)**3/(d*x+c)**3,x)

outputtlntegral(sin(a + b*x)**3/(c + d*x)**3, x)

sm3a X
3.22. [Ult)dg
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3.22.7 Maxima [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.40 (sec) , antiderivative size = 341, normalized size of antiderivative = 1.85

sin(a+bz) ,
[ty e

33 (z E; (ibc—f-i (bw—f-a)d—iad) — i Es (_ibc+i (bz+a)d—i ad)) COS (_ bc;ad) _p (_2- Es (3 (—ibc—i (b‘:ic-i-a)d-i-i ad))

d d

inputLintegrate(sin(b*x+a)“3/(d*x+c)‘3,x, algorithm="maxima")

output

-1/8%(3*%b~3*(I*exp_integral_e(3, (I*bxc + I*(b*x + a)*d - I*a*xd)/d) - I*ex
p_integral_e(3, -(I*b*c + I*(b*x + a)*d - Ixa*d)/d))*cos(-(b*c - a*d)/d) -
b~3%(-Ixexp_integral_e(3, 3*(-I*bxc — I*(b*x + a)*d + I*a*xd)/d) + I*exp_i
ntegral_e(3, -3*(-Ixbxc - Ix(b*x + a)xd + I*a*d)/d))*cos(-3*(b*xc - a*d)/d)
+ 3*b~3*(exp_integral_e(3, (I*bxc + Ix(b*x + a)*d - I*a*d)/d) + exp_integ
ral_e(3, -(Ixbxc + I*(b*x + a)*d - I*axd)/d))*sin(-(bxc - a*d)/d) - b~3*(e
xp_integral_e(3, 3*(-Ixbxc - I*(b*x + a)*d + I*a*xd)/d) + exp_integral_e(3,
-3*%(-I*b*c - I*(bxx + a)*d + Ixa*d)/d))*sin(-3*(b*c - a*d)/d))/((b~2%c~2x%
d - 2%axbxcxd™2 + (b*x + a)"2*xd"3 + a”2xd"3 + 2x(b*c*d"2 - a*d~3)*(b*x + a
) ) *b)

3.22.8 Giac [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 3.31 (sec) , antiderivative size = 116534, normalized size of antiderivative = 633.34

dx = Too large to display

[

inputLintegrate(sin(b*x+a)“3/(d*x+c)“3,x, algorithm="giac")

sm3a X
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output
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1/16* (9*b~2*d~2*x"2*imag_part(cos_integral (3*xb*x + 3%b*c/d))*tan(3/2%b*x)"~

2¥tan(1/2%b*x) “2*tan(3/2*a) “2*tan(1/2*a) ~2*tan(3/2*bxc/d) “2*tan(1/2*b*c/d)
~2 - 3%b"2+d"2*x"2ximag_part(cos_integral (b*x + b*c/d))*tan(3/2*xb*x) "2*tan
(1/2*%b*x) ~2*tan(3/2%a) “2*tan(1/2%a) "2*tan(3/2*b*c/d) “2*tan(1/2*b*c/d) "2 +

3%b~2*d"2*x"2*imag_part(cos_integral (-b*x - b*c/d))*tan(3/2*b*x) ~2*tan(1/2
*b*x) “2*%tan (3/2*a) “2xtan(1/2%a) “2*tan(3/2*b*c/d) “2*tan(1/2*bxc/d) "2 - 9*b~
2xd"2*x"2*imag_part (cos_integral (-3*b*x - 3%b*c/d))*tan(3/2*b*x) "2*tan(1/2
*b*x) “2*%tan (3/2*a) “2*xtan(1/2*a) “2*tan(3/2*b*c/d) “2*xtan(1/2*bxc/d) "2 + 18%b
~2xd"2xx"2*sin_integral (3% (bxd*x + bx*c)/d)*tan(3/2%b*x) "2*tan(1/2*b*x) ~2%t
an(3/2%a) “2*tan(1/2*a) ~2xtan(3/2%bxc/d) “2*tan(1/2%b*c/d) "2 - 6xb~2%d"2%x"~2
*sin_integral ((b*d*x + b*c)/d)*tan(3/2xbxx) ~2xtan(1/2%bxx) ~2xtan(3/2%a) ~2*
tan(1/2*a) "2xtan(3/2*bxc/d) “2+tan(1/2%b*c/d) "2 - 6%¥b~2*d"2*x"2*real_part(c
os_integral(b*x + b*c/d))*tan(3/2*b*x) “2*tan(1/2*b*x) ~2*tan(3/2+*a) "2*tan(1
/2*a) ~2+tan(3/2*b*c/d) “2*tan(1/2*bxc/d) - 6%b~2*d~2*x"2*real_part(cos_inte
gral(-bxx - bxc/d))*tan(3/2*b*x) ~2*tan(1/2%b*x) “2*tan(3/2*a) ~"2*tan(1/2%a)"
2xtan (3/2*%bxc/d) “2*tan(1/2*b*c/d) + 18%b~2xd~2*x"2*real_part(cos_integral(
3%bxx + 3*b*c/d))*tan(3/2*b*x) "2*tan(1/2xb*x) “2*tan(3/2*a) ~2xtan(1/2%a) ~2*
tan(3/2*bxc/d) *tan(1/2xb*c/d) "2 + 18%b~2xd~2*x"2*real_part(cos_integral(-3
*b*x - 3xbxc/d))*tan(3/2xb*x) “2*tan(1/2*%b*x) ~2*tan(3/2*a) “2*tan(1/2*a) ~2*t
an(3/2*b*c/d) *tan(1/2*%b*c/d) "2 + 6*b~2*d"2xx"2*real_part(cos_integral(b...

3.22.9 Mupad [F(-1)]
Timed out.
/ sin®(a + bx) . sin (a + bx)®
(c+dx)3 B (c+dz)®

inputlint(sin(a + b*x)"3/(c + d*x)~3,x)

outputtint(sin(a + b*xx)~3/(c + d*x)~3, x)

-/

sm3a X
3.22. [Ty



output

CHAPTER 3. LISTING OF INTEGRALS 295

3.23 [(c+ dz)? csc(a + bz) dzx
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3.23.3 Rubi [A] (verified) . . . . . ... . 296
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3.23.7 Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ..
3.23.8 Giac [F] . . . . . .
3.23.9 Mupad [F(-1)] . . . . o

3.23.1 Optimal result

Integrand size = 14, antiderivative size = 185

2 + d 3 tanh i(a+bx)
/(c + da:)3 csc(a + bx) dz = — (c+dzx) arcban (e )
3id(c + dz)? PolyLog (2, —e'(+02))
+ 2
3id(c + dg;)2 PolyLog (2, ei(a+bw))
_ s
6d?(c + dz) PolyLog (3, —e'(+%))
_ -
6d2(c + dx) PolyLog (3, ei(a+bx))
+ =
6id® PolyLog (4, —€/@*t2))  6id? PolyLog (4, ei(@+t2))
B bt + i

-2% (d*x+c) ~3*arctanh (exp (I* (b*x+a))) /b+3*I*d* (d*x+c) ~2*polylog(2,-exp(I*(b
*xx+a))) /b~2-3*I*d* (d*x+c) “2*polylog(2,exp (I*(b*x+a)))/b~2-6+d"2* (d*x+c)*po
lylog(3,-exp(I*(b*x+a)))/b~3+6+d~2* (d*x+c)*polylog(3,exp (I*(b*x+a)))/b"3-6
*I*d~3*polylog(4,-exp (I*(b*x+a)))/b~4+6*%I*d"3*polylog(4,exp(I*(b*x+a)))/b”
4
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3.23.2 Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.19

/(c + dz)3 csc(a + bx) dzx
_ —2b%(c + dz)®arctanh(cos(a + bx) + isin(a + bx)) + 3id(b*(c + dz)? PolyLog(2, — cos(a + bx) — isin(a

input LIntegrate [(c + d*x)~3*Csc[a + b*x],x] J

output | (-2*%b~3*(c + d*x) “3*ArcTanh[Cos[a + b*x] + I*Sin[a + b*x]] + (3*I)*dx(b~2x*
(c + d*x)"2#PolyLog[2, -Cos[a + b*x] - IxSin[a + b*x]] + (2*I)*b*d*(c + d*
x)*PolyLog[3, -Cos[a + b*x] - I*Sin[a + b*x]] - 2xd"2%PolyLog[4, -Cos[a +
b*x] - I*Sin[a + b*x]]) - (3*I)*d*(b~2x(c + d*x) 2*PolyLog[2, Cos[a + b*x]
+ I*Sinf[a + b*x]] + (2xI)*bxd*(c + d*x)*PolyLog[3, Cos[a + b*x] + I*Sin[a
+ b*x]] - 2%d"2*PolyLog[4, Cos[a + b*x] + I*Sin[a + b*x]]))/b"4

3.23.3 Rubi [A] (verified)
Time = 0.67 (sec) , antiderivative size = 203, normalized size of antiderivative = 1.10,
number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 499 Ryles used

integrand size
= {3042, 4671, 3011, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dz)3 csc(a + bx) dz
| 3042
/(c + dz)3 csc(a + bx)dx

l 4671

3d [(c+ dz)?log (1 — €¥(a+%2)) dg N 3d [(c+ dz)?log (1 + €(a+%2)) dg
b

2(c + dz)3arctanh (ei(a+t2))
b

l,3011

3.23.  [(c+dz)3csc(a+ bz)dzx
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3d(i(c+d:p)2 PolyLog (2,_ei(a+bz)) 2id [ (c+dz) PolyLog (27_ei(a+ba:))dx>
0 B b

b
i(c+dz)? PolyLog(2,¢1(a+52))  2id [ (c+dz) PolyLog (2,ei(a+%2)) dz ‘
’ b
| 7163
) 93 [ 14 FolvLos (31,7_ei(a+bm) )dz _i(ctda) PolyL0§ (3,—cila+be))
3d i(ct+dz)? PolyLog(Q’_eZ(a+bz))
’ B b
b - -
‘ 2id | 41 POIyLOg(i’el(aJr “))dz _i(ctda) Polny;g(3,el(a+ =)
3d i(c+dz)? PolyLog (2,ez(a+bz))
° a b

b
2(c + dz)3arctanh (e?(@+b2))

b
| 2720
{4y emi(atb2) poiyLog(3,—ei(@+b2)) 4eila+be) iy da) PolyLog(3,—ei(atb2))
. 2id S 3 :
3d i(c+dz)2 PolyLog (2,_el(a+bz)) ;
’ - b
%id d [ e—iatba) PolyLog(B,ei(a+bz))dei(aJFbx) i(ctdx) PolyLog(S,ei(a+bm))
) i -
i(C+da:)2 PolyLog(27ez(a+bz)) v >

3d z — ;

b
2(c + dz)3arctanh (e?(@+b2))

b
| 7143
2(c + dz)3arctanh (e'(@+b2))
- +
9 dPolyLog(4,_ei(a+bZ)) i(c+d) PolyLog(&_ei(aerz))
. 2 —
3d i(c+dz)? PolyLog (2,—3’(‘14‘“)) b2 b
b - b
d dPOlyLOg(4,€i(a+bm)) i(ctdz) PolyLog(S,ei(a+bz))
. 12 —_
3d i(c+dz)? PolyLog(2,e*(@+02)) b2 b
b N b
b
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input‘Int[(c + d*x)~3*Csc[a + b*x],x]

output (-2*(c + d*x) 3*ArcTanh[E~(I*(a + b*x))])/b + (3*%d*((I*(c + d*x) 2*PolyLog
[2, -E"(I*(a + b*x))]1)/b - ((2*I)*d*(((-I)*(c + d*x)*PolyLogl[3, -E~(I*(a +
b*x))])/b + (d*PolyLogl[4, -E~(I*(a + b*x))]1)/b72))/b))/b - (3*d*((I*(c +

d*x) “2xPolyLog[2, E~(I*(a + b*x))]1)/b - ((2*I)*d*(((-I)*(c + d*x)*PolyLogl
3, E7(I*(a + b*x))])/b + (d*PolyLogl4, E~(I*(a + b*x))]1)/b72))/b))/b

3.23.3.1 Defintions of rubi rules used

rule 2720 | Int [u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Log[1l + (e_.)*((F_)~((c_.)*((a_.) + (b_)*(x_))))"(n_.)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"n]/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + gxx)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

N\

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4671 Int[cscl(e_.) + (£_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[-
2x(c + d*x) "m* (ArcTanh[E~(I*(e + f*x))]1/f), x] + (-Simp[d*(m/f) Int[(c +
d*x)~(m - 1)*Log[l - E~(I*(e + £*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)" (m - 1)*Logl[1l + E~(I*(e + f*x))], x], x]) /; FreeQl{c, 4, e, £}, x] && IG
tQ[m, 0]

ruk37143‘1nt[PolyLog[n_, (c_)x((a_.) + (b_)*(x))~(p_.)1/C(d_.) + (e_.)*(x_)), x_S
‘ymbol] :> Simp[PolyLogl[n + 1, c*(a + b*x)"pl/(e*xp), x] /; FreeQ[{a, b, c, 4
L, e, n, pt, x] && EqQ[b*d, axel]

3.23.  [(c+dz)3csc(a+ bz)dzx
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Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))"pl/ (bxcxp*xLog[F1)), x] - Simp[f*(m/(b*c*p*Log[F]l)) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

3.23.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the

leaf count of optimal. 632 vs. 2(167) = 334.

Time = 0.28 (sec) , antiderivative size = 633, normalized size of antiderivative = 3.42

method | result

risch = = = =

6icd? Lis (—ei(bx"'“))x . 6icd? Lia (e“bm‘“‘))x + 6id3 Liy (ei(b“""“)) + 2d3q3 arctanh(ei(b“""“)) i 6cd? Lis (—ei(bz‘*'“))

b3

-

inputLint((d*x+c)“3*csc(b*x+a),x,method=_RETURNVERBOSE)

output

\ >

6*Ixd~3*polylog(4,exp(I*(b*x+a)))/b~4-2/b*c”3*arctanh(exp (I*(b*x+a)))+2/b"
4*d~3*a”~3*arctanh (exp (I*(b*x+a)))-6/b~3*c*d~2*polylog(3,-exp(I*(b*x+a)))+6
/b~3*%cxd~2*polylog(3,exp(I*(b*x+a)))-1/b*xd"3*1n(exp(I*(b*x+a))+1)*x~3+1/b*
d"3*1n(1-exp (I*(b*x+a)))*x"3-1/b"4*d"3*1n (exp (I* (b*x+a))+1) *a~3+1/b~4*d~3*
1n(1-exp(I*(b*x+a)))*a~3-6/b"3*xd"3*polylog(3,-exp(I*(b*x+a)))*x+6/b"3*d"3*
polylog(3,exp(I*(bxx+a)))*x+6+I/b~2*c*d ~2*polylog(2,-exp (I*(bxx+a)))*x-6*I
/b~ 2%c*d"~2xpolylog(2, exp (I* (b*x+a)))*x—-3*I/b"2xc”~2*d*polylog(2, exp (I* (b*x+
a)))+3*I/b~2%c~2*d*polylog(2,-exp (I*(b*x+a)))-6/b~3*c*d"2*a~2*arctanh (exp(
Ix(b*x+a)))+6/b~2*c"2*d*a*arctanh (exp (I*(b*x+a)))-3/bxc”2*d*1n (exp (I* (b*x+
a))+1) *x+3/b*c”2xd*1n (1-exp (I* (b*x+a) ) ) *x-3/b*c*d~2*1n (exp (I* (bxx+a) ) +1) *x
~2+3/b*c*xd"2*1n(1-exp (I*(b*x+a)))*x~2-3/b~2*c~2*d*1n (exp (I* (b*x+a))+1) *a+3
/b~2%c”2*d*1n (1-exp (I*(b*x+a)))*a+3/b~3*c*d~2*1n(exp (I*(b*x+a))+1)*a~2-3/b
~3*c*d"2*1n(1-exp (I* (b*x+a)))*a~2+3*%I/b~2*d"3*polylog(2,-exp(I*(b*x+a)))*x
~2-3*I/b~2*d"3*polylog(2, exp (I*(b*x+a)))*x~2-6%I*d~3*polylog(4,-exp(I*(b*x
+a))) /b4
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3.23.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 820 vs. 2(161) = 322.

Time = 0.36 (sec) , antiderivative size = 820, normalized size of antiderivative = 4.43

/(c + dz)? csc(a + bx) dx
_ 6 d’polylog(4, cos (bx + a) + i sin (bx + a)) — 6i d’polylog(4, cos (bz + a) — i sin (bx + a)) + 6i d®polylo

.
input | integrate ((d*x+c) “3*csc(b*x+a) ,x, algorithm="fricas")

output | 1/2x(6xI*d~3*polylog(4, cos(b*x + a) + I*sin(b*x + a)) - 6*I*d"3*polylog(4
, cos(bx*x + a) - Ixsin(b*x + a)) + 6xIxd"3*polylog(4, -cos(b*x + a) + Ix*si
n(b*x + a)) - 6*Ixd"3*polylog(4, -cos(b*x + a) — Ixsin(b*x + a)) - 3*(I*b~
2xd"3*x"2 + 2*xI*b"2xc*d"2*x + I*b~2%c~2*d)*dilog(cos(b*x + a) + I*sin(b*x
+ a)) - 3x(-Ixb"2xd"3*x"2 - 2%xIxb~2%c*d~2*x - I*b~2%c~2*d)*dilog(cos(b*x +

a) - Ixsin(b*x + a)) - 3*(I*b~2*d"3*x"2 + 2%xI*b~2*ckd~2*x + I*b~2%c~2%d)*
dilog(-cos(b*x + a) + I*sin(b*x + a)) - 3*%(-Ixb"2%d"3*x"2 - 2%xIxb~2*c*xd~2*
x - I*b~2xc”2xd)*dilog(-cos(b*x + a) - I*sin(b*x + a)) - (b~3%d"3*x~3 + 3%
b~3*c*kd"2*x"2 + 3*%b"3xc"2*d*x + b~3*c”3)*log(cos(b*x + a) + Ixsin(b*x + a)

+ 1) - (b™3*d"3%x"3 + 3*b"3*cxd"2*x"2 + 3*b~3*c"2xd*x + b~ 3*c”~3)*Llog(cos(
b*x + a) - I*sin(b*x + a) + 1) + (b"3%c™3 - 3*axb~™2xc™2%d + 3*a”2*bxc*d"2

- a~3%d"3)*log(-1/2*cos(b*x + a) + 1/2*I*sin(b*x + a) + 1/2) + (b~3%c"3 -

3xa*b~2+c"2+d + 3*a~2*bxc*d"2 - a~3*d"3)*log(-1/2*cos(b*x + a) - 1/2*%I*sin
(bxx + a) + 1/2) + (b™3*d"3*x"3 + 3*%b~3*c*kd~2*x"2 + 3*b~3*c"2xd*x + 3*axb”
2%c™2%d - 3*%a~2*%bkc*d"2 + a~3*d"3)*log(-cos(b*x + a) + I*sin(b*x + a) + 1)

+ (b7™3*d"3*x"3 + 3*%b~3*kcxd"2*x"2 + 3*b~3*kc"2*d*x + 3*axb~2kc"2*kd - 3*a"2x*
bxc*d~2 + a~3%d"3)*log(-cos(b*x + a) - I*sin(b*x + a) + 1) + 6x(b*d™3*x +

b*c*d~2)*polylog(3, cos(b*x + a) + I*sin(b*x + a)) + 6x(b*d~3*x + bxc*d~2)
*polylog(3, cos(b*x + a) - I*sin(b*x + a)) - 6*(b*d~3*x + b*c*d~2)*polylog
(8, -cos(bxx + a) + I*sin(b*x + a)) - 6%(b*d~3*x + b*c*d~2)*polylog(3,
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3.23.6 Sympy [F(-1)]

Timed out.
/(c + dz)? csc(a + bx) dz = Timed out

e—

p
input Lintegrate ((d*x+c) **3*csc(b*x+a) ,x)

-

output LTimed out

-/

3.23.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 716 vs. 2(161) = 322.

Time = 0.29 (sec) , antiderivative size = 716, normalized size of antiderivative = 3.87

/(c + dx)? csc(a + bx) dx =
~ 9 C3 log (COt (bl’ + a) + csc (b.27 + a)) _ 6a,c2dlog(cot(bmb+a)+csc(ba:+a,)) + 6 a’cd? log(cot(bljr;+a)+csc(bz+a)) _ 2 a3d® log
input Lintegrate ((d*x+c) "3*csc(b*x+a) ,x, algorithm="maxima") J

3.23.  [(c+dz)3csc(a+ bz)dzx
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-1/2%(2+c~3*1log(cot(b*x + a) + csc(b*x + a)) - 6*axc™2*dxlog(cot(b*x + a)
+ csc(b*x + a))/b + 6%a"2xcxd"2*log(cot(b*x + a) + csc(b*x + a))/b"2 - 2xa
~3%d"3*log(cot(b*x + a) + csc(b*x + a))/b"3 + (12*I*d~3*polylog(4, -e~(I*b
*x + I*a)) - 12%I*d"3*polylog(4, e~ (I*bxx + I*a)) — 2k(-Ix(b*x + a) 3%d"3
+ 3% (-I*bxc*d"2 + I*a*d~3)*(b*x + a)~2 + 3*(-I*b~2%c~2%d + 2*I*axbxc*d™2 -
I*a~2*d~3)*(b*x + a))*arctan2(sin(b*x + a), cos(b*x + a) + 1) - 2% (-I*x(bx*
X + a)"3%d"3 + 3*%(-I*b*c*xd"2 + I*axd~3)*(b*x + a)~2 + 3*(-Ixb~2%c~2%d + 2%
I*axbkcxd™2 - I*a~2*xd~3)*(b*x + a))*arctan2(sin(b*x + a), -cos(b*x + a) +

1) - 6x(I*b~2%c™2%d - 2xI*ka*xb*cxd~2 + I*(b*x + a)~2%d"3 + I*a~2xd"3 + 2%(I
*bkcxd"2 - I*axd~3)*(b*x + a))*dilog(-e~ (I*bxx + I*a)) - 6%(-I*b~2%kc™2xd +
2*Ixaxbxc*d™2 - Ix(bxx + a)~2*d"3 - I*a"2*%d"3 + 2% (-Ixbxc*xd~2 + Ixaxd~3)x*
(b*x + a))*dilog(e~(Ixb*x + Ixa)) + ((bxx + a)~3*d"3 + 3*(b*c*d~2 - a*d~3)
*(b*x + a)”2 + 3*%(b"2#c”2+d - 2*axb*cxd"2 + a~2+d”"3)*(b*x + a))*log(cos(b*
X + a)”2 + sin(b*xx + a)~2 + 2xcos(b*x + a) + 1) - ((b*x + a)~3*xd"3 + 3*(b*
cxd”2 - a*d~3)*(b*x + a)~2 + 3%(b"2%c”"2xd - 2%axbxc*d"2 + a~2%d”3)*(b*x +
a))*log(cos(b*x + a)~2 + sin(b*x + a)~2 - 2*cos(b*x + a) + 1) + 12x(b*cxd~
2 + (b*x + a)*d™3 - axd"3)*polylog(3, -e”~(I*bxx + I*a)) - 12x(b*xcxd"2 + (b
*x + a)*d~3 - a*d~3)*polylog(3, e~ (I*b*x + I*a)))/b~3)/b

3.23.8 Giac [F]

/(c + dz)? csc(a + bx) dx = / (dz + ¢)® csc (bz + a) da

;
integrate ((d*x+c) “3*csc(b*x+a) ,x, algorithm="giac")

‘integrate((d*x + c)"3xcsc(b*x + a), x)

3.23.9 Mupad [F(-1)]

Timed out.
(c+dzx)?

3 — )
t/@+d@ csc(a + bx) dz = in (a + b2)

;
int((c + d*x)~3/sin(a + b*x),x)

N

}int((c + d*x)~3/sin(a + b*x), x)

3.23.  [(c+dz)3csc(a+ bz)dzx
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3.24 [(c+ dz)? cse(a + bz) dzx

3.24.1 Optimal result . . . . . . .. . .. 303]
3.24.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL
3.24.3 Rubi [A] (verified) . . . . . . ... 304
3.24.4 Maple [B] (verified) . . . . ... . ... ..
3.24.5 Fricas [B] (verification not implemented) . . . . . . ... ... ... ... ..
3.24.6 Sympy [F(-1)] . . . . o
3.24.7 Maxima [B] (verification not implemented) . . . . . . . . ... ... ... ...
3.24.8 Giac [F] . . . . . .
3.24.9 Mupad [F(-1)] « v v v e oo

3.24.1 Optimal result

Integrand size = 14, antiderivative size = 123

2 dz)2arctanh (ei(etbe)

/(c + dav)2 csc(a + bx) do = — (c+dx) arcban (e )

2id(c + dz) PolyLog (2, —e'(@*%2))
+ -

2id(c + dz) PolyLog (2, e'i(a-',-bw))
_ b2

2d2 PolyLog (3, —ei(®%)) 242 PolyLog (3, ei(*+t2))
B b3 + 73

output‘—2*(d*x+c)‘2*arctanh(exp(1*(b*x+a)))/b+2*I*d*(d*x+c)*polylog(2,—exp(I*(b*x
‘+a)))/b‘2—2*I*d*(d*x+c)*polylog(2,exp(I*(b*x+a)))/b‘2—2*d‘2*polylog(3,—exp
(I*(b*x+a)))/b~3+2*d"2*polylog(3,exp(I*(b*x+a)))/b"3

N\ J

3.24.2 Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.20

/(c + dz)? csc(a + bx) dx

i ; % c+dzx) PolyLo —e#(a+b2)) 4id PolyLo _ei(atbz)

b2
b

324.  [(c+dz)*csc(a+ bz)dzx
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input‘ Integrate[(c + d*x)~2*Csc[a + b*x],x] ‘

output‘f((c + dxx) "2xLog[1l - E~(I*(a + b*x))] - (c + d*x)~2xLogl[l + E~(Ix(a + b*x) \‘
\)] + ((2%I)*d*(bx(c + d*x)*PolyLogl[2, -E~(I*(a + b*x))] + Ixd*PolyLogl[3, - \
‘E"(I*(a + b*x))1))/b"2 + (2*d*((-I)*b*(c + d*x)*PolyLog[2, E~(I*(a + b*x)) \
L] + d*PolyLog[3, E~(I*(a + b*x))]))/b~2)/b J

3.24.3 Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.07,
number of steps used = 6, number of rules used = 5, Bumber of rules _ 357 Ryjes yged

integrand size
= {3042, 4671, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(c + dx)? csc(a + bx) dz
| 3042
/(c + dz)? csc(a + bx)dx

J'4671

2d [ (c+ dz) log (1 — el@+b)) dx N 2d [(c+ dz) log (1 + ei@*+b)) dx
- b

2(c + dz)?arctanh (ei(a+%2))
b

l 3011

2 < i(c+dz) PolyLog(2,—et(a+02)) id [ PolyLog(2,—e*(@+52))dy )
b - b

b
i(c+dz) PolyLog (2,e(21%2))  4d [ PolyLog(2,e'(252))dz .
2d( b ( L (b ) ) 2(c + dz)?arctanh (ei(a+%2))

b b
l 2720

2d(i(c+dx) PolyLog (2,—e(a+52)) d [ e=4a+b2) PolyLog (2, —e(a+b2)) geilatbz) )
b - b2

b
i(c+dz) PolyLog(?,ei(““'bz)) af e—i(atba) PolyLog(2,ei(a+bx>)dei(a+bx) .
2d( b - b2 2(c + dz)?arctanh (ei(¢+t2))

b b

324.  [(c+dz)*csc(a+ bz)dzx
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rule 2720

rule 3011

rule 3042

rule 4671
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| 7143
; i(c+dz) PolyLog (2,—et(a+t2)) d PolyLog(3,—e*(>1b2))
2(c + dz)?arctanh (ei(a+t2)) N 2d< 5 ( - - )
- b
i(c+dx) PolyLog(2,e*(¢+b2)) dPolyLog(3,e*(a+b2))
2d< b - b2 )
b

-

Int[(c + d*x)"2*Csc[a + b*x],x]

N\

‘ (-2x(c + dxx)~2*ArcTanh[E~(I*(a + b*x))])/b + (2*%d*((I*(c + d*x)+*PolyLogl[2
, "E"(I*(a + b*x))])/b - (d*PolyLogl[3, -E~(I*(a + b*x))]1)/b"2))/b - (2xd*(
‘ (I*(c + d*x)*PolyLog[2, E~(I*(a + b*x))])/b - (d*PolyLog[3, E~(I*(a + b*x)
D1/672) /b

3.24.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_)*x_))N)"@_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(cx(a +
b*x)))"n]/(bxc*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(e_.) + (£_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> Simp[-
2x(c + d*x) “m*(ArcTanh[E~(I*(e + f*x))]1/£f), x] + (-Simp[d*(m/f) 1Int[(c +
d*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Simp[d*(m/f) Int[(c + d*x
)~ (m - 1)*Logl[l + E~(Ix(e + £*x))]1, x], x]1) /; FreeQl{c, d, e, f}, x] && IG

tQ[m, 0]

324.  [(c+dz)*csc(a+ bz)dzx
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rule 7143‘Int[PolyLog[n_, (c_)x((a_.) + (b_)*(x_))"(p_.21/C(d_.) + (e_.)*(x)), x_S ‘
‘ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe] ‘

3.24.4 Maple [B] (verified)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 360 vs. 2(111) = 222.

Time = 0.20 (sec) , antiderivative size = 361, normalized size of antiderivative = 2.93

method | result

. 2cdln(1—ei(bw+a))x 2cdln(ei(b“”+”‘)+1)a: d2 ln(ei(bﬂ'3""")+1)a2 d2 ln(l—ei(b“”"""))a2 2d2a? arctanh(ei(b:”"’“)) d
risch b - b + 5 - 5 - 53 -

input Lint ((d*x+c) ~2*csc (b*x+a) ,x ,method=_RETURNVERBOSE) J

e N

output | 2/b*c*d*1n(1-exp (I* (b*x+a)))*x-2/b*c*d*1n(exp (I* (b*x+a))+1)*x+1/b"3*d"2*1n
(exp(I*(b*x+a))+1)*a~2-1/b"3*d"2*1n(1-exp(I*(b*x+a)))*a~2-2/b"3*xd"2*a"2*ar
ctanh (exp (I*(b*x+a)))-1/b*d"2*1n(exp (I*(b*x+a))+1)*x~2-2*d~2*polylog(3,-ex
p(I*(b*x+a))) /b~3+1/b*d"2*1n(1-exp (I* (b*x+a)))*x~2+2*d"2*polylog(3,exp (I*(
bk*x+a))) /b~3+2*I/b~2*d~2*polylog(2,-exp (I* (b*x+a)))*x-2*I/b~2*d~2*polylog(
2,exp (I*(bxx+a)))*x+4/b~2*cxd*a*arctanh (exp (I* (b*x+a)))-2/b~2*cxd*1n(exp (I
* (bxx+a))+1) *a+2*I/b~2*cxd*polylog(2,-exp (I* (bxx+a)))+2/b~2*c*d*1n(1-exp (I
* (b*x+a)))*a-2*I/b~2*c*d*polylog(2,exp (I*(b*x+a)))-2/b*c~2*arctanh (exp (I*(
b*x+a)))

3.24.5 Fricas [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 504 vs. 2(107) = 214.

Time = 0.34 (sec) , antiderivative size = 504, normalized size of antiderivative = 4.10

/(c + dz)? csc(a + bx) dx
_ 2d?polylog(3, cos (b + a) + 1 sin (bx + a)) + 2 d*polylog(3, cos (bx + a) — i sin (bz + a)) — 2 d*polylog(

input Lintegrate ((d*x+c) "2xcsc(b*x+a) ,x, algorithm="fricas") J

324.  [(c+dz)*csc(a+ bz)dzx



CHAPTER 3. LISTING OF INTEGRALS 307

output | 1/2%(2+xd"2*polylog(3, cos(b*x + a) + I*sin(b*x + a)) + 2*d"2*polylog(3, co
s(bxx + a) - I*sin(b*x + a)) - 2*d"2xpolylog(3, -cos(b*x + a) + I*sin(b*x
+ a)) - 2xd"2xpolylog(3, -cos(b*x + a) - Ixsin(b*x + a)) - 2*(I*bxd~2*x +
Ixb*c*d)*dilog(cos(b*x + a) + Iksin(b*x + a)) - 2% (-I*bxd"2*x - I*bkcx*d)*d
ilog(cos(b*x + a) - I*sin(b*x + a)) - 2x(I*bxd~2*x + Ixb*c*d)*dilog(-cos(b
*x + a) + I*sin(b*x + a)) - 2% (-I*b*d"2*x - Ix*b*c*d)*dilog(-cos(b*x + a) -
Ixsin(b*x + a)) - (b™2*d"2#x"2 + 2*b~2%cxd*x + b~2xc~2)*log(cos(b*x + a)
+ Ixsin(b*x + a) + 1) - (D™2*%d"2*x"2 + 2*b~2*c*kd*x + b~2*c”~2)*1log(cos (b*x
+ a) - I*sin(b*x + a) + 1) + (b™2%c™2 - 2*axbxc*d + a~2*d~2)*log(-1/2*cos(
bxx + a) + 1/2%I*sin(b*x + a) + 1/2) + (b"2%c™2 - 2*xa*b*cxd + a~2%d"2)*log
(-1/2%cos(b*x + a) - 1/2xIxsin(b*x + a) + 1/2) + (b"2*d"2*x"2 + 2%b~2kc*d*
X + 2%axbxcxd - a~2xd"2)*log(-cos(b*x + a) + I*sin(b*x + a) + 1) + (b"2xd"
2%xx”2 + 2¥xb~2kckd*x + 2*a*xbxckd - a~2*d"2)*log(-cos(b*x + a) - I*sin(b*x +
a) + 1))/b"3

3.24.6 Sympy [F(-1)]
Timed out.

/(c + dz)? csc(a + bx) dr = Timed out

input‘integrate((d*x+c)**2*csc(b*x+a),X)

-

output LTimed out

~—

3.24.7 Maxima [B] (verification not implemented)

Both result and optimal contain complex but leaf count of result is larger than twice the
leaf count of optimal. 398 vs. 2(107) = 214.

Time = 0.27 (sec) , antiderivative size = 398, normalized size of antiderivative = 3.24

/(c + dx)? csc(a + bx) dx =

4d?Liz(—e

2 C2 lOg (COt (b.Z' + a) + csc (b.Tf + a)) _ 4a,cdlog(cot(bz;—a)+csc(b:1:+a)) + 2a2d? log(cot(bi;-a)+csc(bz+a)) +

input Lintegrate ((d*x+c) "2*xcsc(b*x+a) ,x, algorithm="maxima") J

324.  [(c+dz)*csc(a+ bz)dzx
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-1/2%(2+c"2*1log(cot (b*x + a) + csc(bxx + a)) - 4*axcxd*log(cot(b*x + a) +

csc(bxx + a))/b + 2*a~2xd"2*log(cot(b*x + a) + csc(b*x + a))/b~2 + (4*d™~2x%
polylog(3, -e~(I#b*x + Ixa)) - 4*xd"2*xpolylog(3, e~ (I*bxx + I*a)) — 2x(-I*(
